Hong Kong Mathematics Olympiad (2012 —2013)
Final Event Sample (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

1. #HFa-b-c3di>EXF-15x2+56=0 142 -
FP=a>+b*++d? > FPniE o p=
Let a, b, ¢ and d be the roots of the equation x* — 15x* + 56 =0 .
If P=a?+ b*> + c¢* + &, find the value of P.

2. 4cB®l- 0 AB=AC % AB//ED > % LABC=P°% LADE=Q° > $ Q enig o

In Figure 1, AB=AC and AB // ED. If ZABC = P° and LADE = Q°, 0=
find the value of 0.
E
Y
Bl -
C Figure 1
B
D

3. EF=1+2+22+23+ .. +20% R= logil+F) s £ R i@ o
log?2 R=
23 log(l+F
LetF=1+2+22+23+ ... +2%andR= ooz , find the value of R .
09

4. % f0)F- Bl @HYF 8 En (n)=(m-Dfn-1)% f1)£0 -

f(R) S=
+ S= v R S EiE o
2T (RO (R-3) -
Let f(x) be a function such that f(n) = (n — 1) f(n — 1) and (1) = 0 for all positive integers
f(R
n If §= ( ) , find the value of §'.
(R-1)f(R-3)
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 1 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

. B-%3aBLE>35 fai-o

Figure 1 has a rectangles, find the value of a . a=

Bl Figure |
2. ¢ Je 11111 #c 4% 7 Zi”f °oF b 5 111111..111111“,/TT T ekl Kb eniE o
aiF
Given that 7 divides 111111. b=
If b is the remainder when 111111..111111 is divided by 7, find the value of 5.
a—times
3. ¥c i [(b—z)‘“’z +(b—1)* +bb2Jv$ 113 gl > foc ehiic e o
. . 4b? P €=

If ¢ is the remainder of [(b 2" +(b-1* +b J divided by 3 , find the value of ¢ .
4 F pritholtE=cr kd=p )2+ i

If |x+1]+[y—1]|+]z|=c > find the value of d = x> + % + 22 d=
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 2 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B DA -

1. S i’r’ﬁ‘:ﬁi f(x)=x2+rx+s ‘fr- g(x):x2—9x+6 —ﬁ «"113}'3"]@;:
() it 4ol g(o) iR2fh 2 M) it L gln) it e
F fx) i BBE x=a> RaHhiE o

Given that functions f(x) = x> + rx + s and g(x) = x> — 9x + 6 have the properties that

1N}
Il

the sum of roots of f(x) is the product of the roots of g(x), and the product of roots of
f(x) is the sum of roots of g(x). If f(xx) attains its minimum at x = a, find the value of a .

2. -~ ErMed e A bem?e
FUE - F R RH A Somo OB L2 W Qb—a)em® > R b iE o b=

The surface area of a cube is b cm?. If the length of each side is increased by 3 cm,

its volume is increased by (2b —a) cm?, find the value of b .

3. Kf1)=3-fQ)=52 %73 2 F#n > fn+2)=1f(n+1)+1fn)-
3 f(b) “,% 3 v _co Fe i e o=
Letf(1) =3, f(2) =5 and f(n + 2) = f(n + 1) + f(n) for positive integers # .
If ¢ is the remainder of () divided by 3, find the value of c¢.
4. Bl > Z 4 XYZ chd BB X LZSLYSUX B o LX=6LZ-
FLL B AT i B d° RdehiE o d=
In Figure 2, the angles of triangle XYZ satisty L/ Z< /Y < /X and c¢-£X = 6-LZ.
If the maximum possible value of £Z is d°, find the value of d .
Y
X Z
Bl - Figure 2
FOR OFFICIAL USE
Score for Mult. factor for
X = Team No.
accuracy speed
Bonus Time
score
Total score Min. Sec.

C:\Users\85290\Dropbox\Data\My Web\Competitions\HKMO\HKMOFina\HKMO2013final.docx

Final Events (Individual)



Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 3 (Individual)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
K{f?h%\i‘ﬂ]%ﬂg ’ g%jﬁ%&i%g’j‘]ﬁTLiﬁﬁgo

. (7+4\/§)%—(7—4\/§)%

v g eniE o

NE *"
1 \/_ 1
2 _ |7 — 2
If a= (7+4\/§) (7 4 3) , find the value of «a.
3
2. % fx)=x-a % F(,y)=)>+xe° 4%k b=F@3,{(4) & beig -
Suppose f(x)=x—-aand F(x,y)=)>+x. If b=TF(3, f(4)), find the value of b . b=
3. ¢ 5392 “,ﬁct PR AN~ 3 Seal 5 'S
BEEBERDS 8 FHET cB o £ ocHE o
c=
The remainder when 392 is divided by a 2-digit positive integer is b .
If ¢ 1s the number of such 2-digit positive integers, find the value of ¢ .
2
b E x P REA A agy- AT s i Rd b -
X +x+1 d=
: : : . 3x* +3x+C
If x is a real number and d is the maximum value of the function y =2—1 ,
X"+ X+
find the value of d .
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 4 (Individual)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
GABUED  FERATET AL ELIARY

Lo R @i fo)$ 973 7 #icx 2 y s L fy)=1fx)f(y) > & f(0)=0 -
Fa=11)eiE -
Let f(x) be a real value function that satisfies f(xy) = f(x)-f(y) for all real numbers x and y
and f(0) # 0. Find the value of a =1(1) .

2 e Fnis K F(1) = FQ)=F()=a & Fartl)= PO FO=D+L
F(n-2) b=
9 n>3 %0 ke & b=F(6)iE -
Let F(n) be a function with F(1) = F(2) = F(3) = a and F(n+1) = F(”)F'(F(” ;)1)” for
n_
positive integer n > 3, find the value of b = F(6) .
3. EFb-6-b-52b-4 i3 X+l rsx+t=01 Re=r+tehiE o
Ifb—6,b—5,b— 4 are three roots of the equation x* +rx*> +sx + =0, o=

find the value of c=r+¢.

4. K(xo,yo) AT 3 Aglech— BE

Xy =06 d=
XY+ Xy +X+y+C=2

Fed=x5+y; i o

Suppose that (xo, o) is a solution of the system:

Xy =06
XY+ Xy? +X+y+C=2
Find the value of d=x;+YyZ .
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event Sample (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

RAEUER > PR RFTLE XTI A

1. iz b= B E ALY T acm~2cem %2 bem ¥ gfe b EHHT a<2<
beFF qfE* 2F = AR L P iEE» fgaiE o q=
Given some triangles with side lengths a cm, 2 cm and b cm, where a and b are integers
and a < 2 < b. If there are g non-congruent classes of triangles satisfying the above
conditions, find the value of ¢ .

‘ 43X ) s
2. & %EIXI——=M75 KBipR 24 fkehi -
X X k=
. : 4 3 - .
Given that the equation |X|——=——has k distinct real root(s), find the value of k .
X X
Ix Ay 7
3. chxiyiAggEraica -V o Caxoy=7. _
PR TR R "
FW=X+Yy - fwiE o
e : X 7
Given that x and y are non-zero real numbers satistfying the equations £—ﬂ =—
Wy k12
andx—y=7.1fw=x+y, find the value of w .
. 1 C
4. Tavx oy L FED X—Hy?-1=0 o R p =l t > dp it ¢
p=
. 1
Given that x and y are real numbers and |X ~3 +,/y?-1=0.
Letp = |x| + |y|, find the value of p .
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 1 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

Lo & @+ DM+ DEE+ DR+ 1) i e unit digit =
Find the units digit of 23 + D2™* + H2B + 1)(21°+1)..

2. R 16+(040+041+042+...+0.59) i iR A o integral part
Find the integral part of 16 +(0.40 +0.41 +0.42 + ... +0.59) .

3. 1246775z BEFeZ 2k
EL SIS SR L R ¥
Choose three digits from 1, 2, 4, 6, 7 to construct three-digit numbers.

Of these three-digit numbers, how many of them are divisible by 3?

4. * 1-2-3-4-5-623- Bi~#:ABCDEF > #1® A w1 f{“f v AB ic 4 2 B |Greatest 4
“ﬁ% » ABC e #% 3 i},_“ﬁc‘ » ABCD ¢ # 4 ?gf“,!rt » ABCDE 5t #- 5 Z&f“ﬁc‘ » 2 ABCDEF i:
A6 i&_f“éf o 4 ek < A o
Using numbers: 1, 2, 3, 4, 5, 6 to form a six-digit number: ABCDEF such that 4 is

divisible by 1, AB is divisible by 2, ABC is divisible by 3, ABCD is divisible by 4, ABCDE
is divisible by 5, ABCDEF is divisible by 6. Find the greatest value of 4 .
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 2 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

. # P+4+44 §- T34, 279 p 0 Fle & rade) i@ minimum r
If 4% + 47 + 4% is a perfect square and r is a positive integer,

find the minimum value of 7.

2. 29 B BBy e+ GGGy k- B FR TS BiEE
) - 93 ¢4AaF- 935 L% goAT - L3
2) B fLn G 3f
s LipHikd | gR o fs g

Three boys Bi, B2, Bz and three girls G1, G2, G3 are to be seated in a row according to the following rules:
1)  Aboy will not sit next to another boy and a girl will not sit next to another girl ,

2)  Boy Bi must sit next to girl G

If s 1s the number of different such seating arrangements, find the value of s .

s R =T s () ek ek b A L e
X2+E =
F =f0) 1 -

Let f(x) = Xra , where x is a real number and the maximum value of f(x) is 1 and
X2+ 2
2

the minimum value of f(x) is —1. If ¢ =1(0), find the value of ¢ .

4, tB= > ABC §- %"= 47, # ¢ LABC=u° > AB=BC=a fv AC=b -
F- % qrax’—2-bx+a=0% 3 BEI > v PG HL L V2 o Ru i o

0=
In Figure 3, ABC is an isosceles triangle with ZABC =u°, AB=BC=aand AC=b.
If the quadratic equation ax®— J2-bx+a=0 has two real roots, whose absolute
difference is /2 , find the value of u .
B
b
Bl = Figure3
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 3 (Group)

Unless otherwise stated, all answers should be expressed in numerals in their simplest form.

GAFUER 0 FRET EF R B -

l. F mAon &0 Flc? m?>—n?=43 > m’-—n’hig -
If m and n are positive integers with m? — n?> = 43, find the value of m® — n3 .

2. EKxivx2~.ovxwo R PEREEHE TR 1<x<2H Y j=1~2~...~10-
F xitxat+t ... +xp0=11"> ."f"\X12+X22+---+X120§1/”§x"‘? At 1B ©
Let x1,x2,...,x10 benon-zero integers satisfying —1 <x;<2for i=1,2,...,

If x1 + x2 ++-++x10 = 11, find the maximum possible value for X7 +XZ +---+ X2 .

3. F fm)=a"+b"> B¢ nE 1 FH2 {3)=[fDP+1)> & absiE -
If f(n)=a"+ b", where n is a positive integer and  f(3) = [f(1)]* + £(1),
find the value of a-b .

4. wWe > AD~BC v CD 2071 O fe[flw ® 3 j& AB=12 [ err & o
% AD=4> £ BC iz o

10.

In Figure 4, AD, BC and CD are tangents to the circle with centre at O and diameter AB

= 12.If AD = 4, find the value of BC .

m —n =

Maximum

ab=

A4 D
O
B C
Bz Figure 4
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Hong Kong Mathematics Olympiad (2012 —2013)
Final Event 4 (Group)
Unless otherwise stated, all answers should be expressed in numerals in their simplest form.
FALELER 0 FRATET RE > LR

1. F P i Fi#c 3,659,893,456,789,325,678 £ 342,973,489,379,256 3k ff o no. of digits
F P e dic o
In P be the product of 3,659,893,456,789,325,678 and 342,973,489,379,256 ,

find the number of digits of P .

2 %LL BESAE S A & 1872+ 48x 2013« HiE
2 "\2013"x) " a X+ 2013
it 2od 2 1)o7 find the value of 1872+48x| 220 )
4 2013 x 4 X+2013

3.0 - BAHAR 10% > 4Rds 91 4RO o lcE 8IS o el T RES
L SN FRRRNE L S

The remainders of an integer when divided by 10, 9, 8, --- , 2 are 9,8, 7, --- , 1

respectively. Find the smallest such an integer .

4. BT " A-B~-C-D-E 242 Bz o $FA+B+C+D+E g -
In Figure 5, 4, B, C, D, E represent different digits.
Find the value of A+ B+ C+ D+ E .

ABCDE

X 9
1AAAO0E

Bl Figure 5
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