Coplanar and volume of tetrahedron
Created by Mr. Francis Hung on 2022-10-31
1. (a) Inthe figure, O, A, B are three points of the horizontal plane Tt C
is a point not lying on Tt OB Ul BC, OA L1 AB, OA UAC, OA =a,
OB=b,0C=c,AB=p,BC=¢q,AC=r.
Show that AB L1 BC.

(b) Let e1 and e2 be two mutually perpendicular unit vectors and V be any vector.
Define c¢1 = Vié1 and c2 = Vidz .
For any real numbers b1 and b, prove that [V — cie1 — c2e2| < [V — bie1 — boez|.
(¢) Let the coordinates of A(1, 2, 0), B(-1, 3, 0), C(0, 1, -1), E(0, 0,1).
(i)  Find the unit vector e1 in the direction of FA.
(i) Find a unit vector ez in the plane FAB such that e1 [] e2.
(111) Using the result of (b), find the projection vector ED of EC onthe plane EAB.
(iv) Find a point D on the plane such that D is nearest to C.
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2. (a) Inthe figure, O, A, B are three points of the plane Tt
C is any point in the 3-dimensional space.
OA= aii + axj + a3k,
OB = bii + baj + b3k ,
OC=cii+j+ck.
al a2 a3
If O, A, B, C are coplanar, show that (b, b, b,|=0.
G 6 G
It is known that the converse is also true.

O

(b) If C does not lie on the plane OAB (1), find the height (CD) of the
tetrahedron. Hence the point D on (T7) which is nearest to C.

(c) Let the coordinates of A(1, 2, 0), B(-1, 3, 0), C(0, 1, -1), E(0, 0,1).
(i) Show that A, B, C and E are not coplanar.
(i1)) Find the volume of the tetrahedron ABCE.
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1. (a) InAOBC,b*+ ¢*=c* (Pythagoras’ theorem) ------ (1)
In AOAC, a* + * =c¢* (Pythagoras’ theorem) ------ ()
In AOAB, a* + p* = b* (Pythagoras’ theorem) ------ 3)
(D)= Q)+ (3): B> +¢*—r* +p*=b?
pPrg=r
U ABUBC (converse, Pythagoras’ theorem)
(b) Method 1
|V—bie1— baez|* — V- cie1— cae2]
=|VP +b} +b; — 2b1 Ve — 2b: V82 + 2b1bre1léz2 — [[V] +cf +c;— 2c1 V81 — 2c2VIdz + 2ciczeié]
=bl+b;—2b1c1 —2brc2— (¢ +c3—2¢f-2¢3)
=(b1—-c1)?+(b2-c2)*20
O |V=cie1— c2e2| < |V- bie1— baer|
Method 2 Let the plane determined by er and e2 be Tt Let V = EC.
cie1= (VId1)e1 = projection vector of V on e1 =FA (EAUAC)
c2e2 = (Vlé2)e2 = projection vector of V on e2= ED (EDODC)
cie1 + cxe2=EA+ED=EB (where EABD is a parallelogram)
V —cie1 — c2e2= EC— EB=BC
BC 81 = (V - cie1 — c2e2)[@1
= Vlidi — (Vié1)eilér — (VIe2)ezl€1
=Vidi - Vidi=0
O BCOer
BC 6= (V — cie1 — c2e2)[€2
= Vlid2 — (Vid1)eilez — (Vie2)ezlé
=Vie2 - Vig2=0
0 BCOe
BC [(EB = BC [{c1e1 + c2€2)

=1 BC 61 + c2 BC [
=0
0 EBUBC
-+ e1 and e2 are mutually perpendicular unit vectors

O EAOED

-+ EABD is a parallelogram

0 EA OAB(int. Us, AB // ED), also ED 1 DB
By the result of (a), AB I BC and DB L1 BC

O BCUOT
For any real numbers b1 and b»,

EF = bie1 + baez is any vector lying on Tt

V — bie1 — bre2 = FC

Consider ABCF, BF 1 BC

BC? + BF? = CF? (Pythagoras’ theorem)
BC<CE

[V —cie1 — coe2| S|V — bie1 — baer)
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(© () EA=(12-1),EB=(-13-1),EC=(0,1-2)
|EA| =y +22+(-1)" =6
1
e1=—=\i+2j-k
S li+2ik)
(1) The projection vector of EB oneris (EB@1)er
The normal vector perpendicular to this projection vector is

EB- (EB[@1)e1 = (—1,3,-1) - [(—1,3,—1)[—)1—(i +2j—k)]i(i+2j—k)

3 %

IOt 1 05-k)

=(=1,3-1)——

=(-1,3,-1)-(1,2,-1)
=(-2,1,0)

1 1
e2= (=2i+j+0k)=—(-2i+}j)
V(=2 41 +07 Js

(111) The projection vector ED= cie1 + c2€2

. 1 1 2J6
c1 =V =EC 61 =00,1,-2)F—=(i+2j-k)=—(0+2+2) =4
1 JE( i=k) 6 3

. 1 1 J5
c2=V@2=EC [82=(0,1,2)3=(=2i+j)=—(0+1+0)="=
’ \/5( j) 5 5
— 2J6 1 5 1
ED="""—(i+2j-Kk)+—— 3= (-2i+]j

3 Gl ATRe B )
2 1
=Z(i+2j-k)+=(-2i+j
3(l i-k) 5( i+j)

4. 23. 2
=—1t—]——

15 15° 3

(iv) OD=OE+ED= (0,0, 1)+ii+§j—zk=ii+§j+lk
15 157 3 15 15° 3
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i j k
. a, a a a a, a
2. (@ OAxXOB=|a, a, a|=|> ‘li-|'" Zlj+ "
bZ b3 bl b3 bl b2
bl b2 b3
This is the normal vector perpendicular to the plane (T7) determined by
O, A, B.
Let the angle between OAxOB and OC be 8.
(0Ax0B) (]|
€08 0 =|———
loAx0Blloc] |
a, 4|, |4 45|, |4
i— + citc,jtck
(bz bl b3t b, jml J*ek)
B l0Ax0Blloc] |
If O, A, B, C are coplanar, then 8 =90°, so cos 6 =0
a, a a, a, a, 4
G~ ) 6=
b2 b3 bl b3 bl b2
a 4a, 4a

b, b, b,|=0 (cofactor expansion along the third row)

C C G

(b)  The projection vector of OC on the normal vector OAXOB is DC

a a, a,

(0Ax0B)@C| 1 b b b

|55|=0Cc0s9:| OAxOB] |_ = = =
OAXOB \/(azb3—a3b2) +(alb3—a3b1) +(a1b2—azb1) ¢

G G

~_|(0Ax0B) C| 0Ax0B _|(0Ax0B)C|+ -
P oaxonl |[oaxoBl | loaxod |

OD=0C-DC

. a a, al|i j k
=cii+cj+ k- - b b, byla, a, a,

\/(a2b3—a3b2)2+(a1b3—a3b1)2+(a1b2—a2b1) ¢ ¢ Gl|b b, b,

() () EFEA=(12-1),EB=(-13,-1),EC=(0,1,-2)

1 2 -1
-1 3 -1|=-5-212)+1=-8#00U A, B, C, E are not coplanar
0o 1 =2
i j k
(i) EAXEB=|1 2 ~-l=i+2j+5k,|EAXEB|=+/30
-1 3 -1
-8 | 430

Area of the triangle EAB (the base) =%\/%

1J_4*1/_4

Volume of the tetrahedron =— x 3

3
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