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Example 1 Let A = 






 −
11

24
. 

(a) Solve for λ in the equation: det(A – λI) = 0. 

(b) Let λ1 and λ2 be the roots of in (a), where λ1 < λ2. 

Find 








1

1

y

x
 and 









2

2

y

x
 such that 







 −
11

24









1

1

y

x
= λ1 









1

1

y

x
 and 







 −
11

24









2

2

y

x
= λ2 









2

2

y

x
, 

where x1
2 + y1

2 ≠ 0 and x2
2 + y2

2 ≠ 0. 

(c) Let P = 








21

21

yy

xx
. Show that P is non-singular. Hence find P–1. 

(d) Find P–1AP. Hence find A100. 

(a) det(A – λI) = 0. 

0
10

01

11

24
det =
















λ−







 −
 

0
11

24
=

λ−
−λ−

 

(4 – λ)(1 – λ) + 2 = 0 

λ2 – 5λ + 6 = 0 

(λ – 2)(λ – 3) = 0 

λ = 2 or λ = 3 

(b) 






 −
11

24









1

1

y

x
= 2 









1

1

y

x
 x1 = y1 

Let x1 = y1 = 1 








 −
11

24









2

2

y

x
= 3 









2

2

y

x
 x2 = 2y2 

Let x2 = 2, y2 = 1 

(c) P = 








11

21
. det P = –1 ≠ 0  P is non-singular. 

P–1 = 








−
−

−
11

21
= 









−
−

11

21
 

(d) P–1AP = 








−
−

11

21







 −
11

24









11

21
= 









−
−

33

42









11

21
= 









30

02
. 

(P–1AP)100 = ( )( ) ( )
����� ������ ��

⋯

  times100

111 APPAPPAPP −−− = ( )PAPAPAPPP 111 −−−
⋯ = PAAAP 









−
�����
⋯

 times100

1  

P–1A100P =

100

30

02








= 










100

100

30

02
 

A100 = P 









100

100

30

02
P–1 = 









11

21











100

100

30

02









−
−

11

21
= 









 ⋅
100100

100100

32

322









−
−

11

21
 

 = 










−−
⋅−⋅+−
100101100100

100101100100

3223

322322
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Example 2 Let A =
















−
−

−

111

111

111

. 

(a) Solve for λ in the equation: det(A – λI) = 0. 

(b) Let λ1, λ2 and λ3 be the roots of in (a), where λ1 ≤ λ2 < λ3. 

Find 
















i

i

i

z

y

x

 such that 
















−
−

−

111

111

111

















i

i

i

z

y

x

= λi

















i

i

i

z

y

x

 where xi
2 + yi

2 + zi
2 ≠ 0 for i = 1, 2, 3. 

(c) Let P =
















321

321

321

zzz

yyy

xxx

. Show that P is non-singular. Hence find P–1. 

(d) Find P–1AP. Hence find A10. 

(a) 0

111

111

111

=
λ−−

λ−−
λ−−

 

–(λ + 1)3 + 2 + 3(1 + λ) = 0 

λ3 + 3λ2 + 3λ + 1 – 3λ – 5 = 0 

λ3 + 3λ2 – 4 = 0 

(λ + 2)2(λ – 1) = 0 

λ1 = –2 = λ2 and λ3 = 1 

(b) 
















−
−

−

111

111

111

















z

y

x

= –2
















z

y

x

 

x + y + z = 0 

x = t, y = s, z = – t – s, t, s∈R. 

















z

y

x

= st

















−
+

















− 1

1

0

1

0

1

 

















1

1

1

z

y

x

=
















−1

0

1

, 
















2

2

2

z

y

x

=
















−1

1

0

 

















−
−

−

111

111

111

















3

3

3

z

y

x

=
















3

3

3

z

y

x


















−
−

−

0

0

0

211

121

112

~

321

21

1

2

0

0

0

000

330

112

RRR

RR

R

++
+

−

















−
−−

 

~ 2

21

3

1

3

0

0

0

000

110

606

R

RR

−

−

















−
−

 

From (2), y3 = k, z3 = k, where k∈R 

Sub. z3 = k into (1), we have x3 = k 

















3

3

3

z

y

x

=
















1

1

1
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(c) P =
















−− 111

110

101

 

det P =

111

110

101

−−
= 3 ≠ 0  P is non-singular. 

A11 = 2, A12 = –1, A13 = 1 

A21 = –1, A22 = 2, A23 = 1 

A31 = –1, A32 = –1, A33 = 1 

P–1 = ( )Padj
P

⋅
det

1
=

3

1

t

















−−
−

−

111

121

112

=
3

1

















−−
−−

111

121

112

 

(d) P–1AP =
3

1

















−−
−−

111

121

112

















−
−

−

111

111

111

















−− 111

110

101

=
3

1

















−
−

111

242

224

















−− 111

110

101

 

 =
3

1

















−
−

300

060

006

=
















−
−

100

020

002

 

(P–1AP)10 = ( )( ) ( )
���� ����� ��

⋯

  times10

111
APPAPPAPP

−−− = ( )PAPAPAPPP 111 −−−
⋯ = PAAAP 







−
�����
⋯

 times10

1  

P–1A10P =

10

100

020

002

















−
−

=
















100

010240

001024

 

A10 = P
















100

010240

001024

P–1 =
















−− 111

110

101

















100

010240

001024

3

1

















−−
−−

111

121

112

 

 =
3

1

















−− 110241024

110240

101024

















−−
−−

111

121

112

=
3

1

















−−
−−
−−

204910231023

102320491023

102310232049

 

 =
















−−
−−
−−

683341341

341683341

341341683

 


