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Gram-Schmidt process
Created by Mr. Francis Hung Last updated: 07 August 2021
Let u = 2i + 3j, v =i + 2j. Find the projection vector a of u on v.
Let b =u - a. Show thatb [v.

a—(uD’jv—(le+3x2j(i+2')—§i+E'
vy 12 +22 VeSS

8. 16 2. 1
b=2i+3j- Si+105]=2i-1;
! (5 SJj 5' 57

2. 1 2 2
b= Zi-—j|d+2j)==-==0
(5 Sij J) .

UbUv
Letu =2i+ 3j—k, v=i+ 2j + 2k. Find the projection vector aof uonv.
Let b =u—-a. Show thatb U v.

a:(“B’jV:(ZX1Z+3>:2_1XZJ(i+2j+2k)=gi+ij+ik
vy 1"+2°+2 3 3 3
b=2i+3j-k-|Zi+Tj+dk]=2ie2- Tk
3 33 )3 373
4, 5. 7 4 .10 14
b =|—i+=j-—k [[i+2j+2k)=—+———=0
(3 373 jm I$A=3TT

UbUv

Describe the line spanned by the vector 2i — 3j.

Let v = xi + yj = s(2i — 3j), where s is any real number.
Compare coefficients,

ey 2="3
@) ===

The line spanned by the vector 2i — 3j is 2y = —3x.

Describe the line passes through the point (1, —2) and parallel to the vector 2i — 3j.
Let v = xi + yj be any point on the line.

v — (i — 2j) = s(2i — 3j), where s is any real number.

Compare coefficients,

_ y+2 -3
2)+(1): ——=—
@1 2=
2y+4=-3x+3

The line passes through (1, —2) and parallel to the vector 2i — 3jis 3x + 2y + 1 = 0.
Describe the line spanned by the vector 2i — 3j + k.

Let v =xi + yj + zk = #(2i — 3j + k), where ¢ is any real number.

Compare coefficients,

X =2 eene (1), y==3t ------ (2),7=1 - (3)
X_ Yy _

—=—===z

2 -3

The line spanned by the vector 2i — 3j + Kk is §=L=z.

Describe the line passes through the point (1, -2, 4) and parallel to the vector 2i — 3j + k.
Let v =xi + yj + zk be any point on the line.

v — (i — 2j + 4k) = 1(2i — 3j + k), where ¢ is any real number.

Compare coefficients,
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x—1_y+2 _

The line passes through (1, -2, 4) and parallel to 2i — 3j + k is > -3 =z—-4.

=~

Describe the plane spanned by the vectors i + j, —i + k.
7. Letv=uxi+yj+zk=s(+j)+ t(—+ k), where s and ¢ are any real number.
Compare coefficients,

X = —feenenn (1), y=5 - (2),2=1 e+ (3)

Sub. (2), )into (1): x=y—-z
x-y+z=0
The plane spanned by the vectori+j,-i+kisx—y+z=0.

8.  Describe the plane passes through the point (2, —1, 3) and parallel to the plane spanned by the
vectorsi+j+k, —i+2j+k.

8. Letv=uxi+yj+zk, then v—(2i—j+3Kk) =50+ j + k) + 1(-i + 2j + k), where s, t [IR.
Compare coefficients,
Xm D =g eene (1), y+1=5+2F--- (2),2-3=85+1 (3)

M +@):x+z-5=25----- 4)
B)-)iz—x—-1=2¢----- (5)

Sub. (4) and (5)into (2): 2y +2=x+7-5+27-2x-2
x+2y-3z2+9=0
The plane passes through (2, —1, 3) and parallel to the plane spanned by the vector
i+j+k —i+2j+Kkisx+2y—-3z+9=0.
9.  Consider the plane spanned by the vectors i+j+k, —i+2j+k. Find two mutually
perpendicular unit vectors €1 and e2 on the plane such that e1 // (i + j + k).
itjtk i

B Y e A o
b g
b=(—i+2j+k)—(§i+%j+%kj=_§°

3
-5i+4j+k —51 4] k

ez:J@5Y+42+f Vo a2 a

-5+4+1)=0

|
eldr =
e \/126(

Then |e1ll =1, |e2| = 1 and e1 O ez
10. Find the projection vector a of u = 2i — j + 3k on the plane spanned by the vectors
i+j+k i+ 2j + k. Find also the normal vector b such that a + b = u. Verify that a Jb.

10. From Q9, e1 = o1 4

B TR e T

The projection vector a = (uléi)er + (uldz2)ez

i e b ) (e ffreniog 2 e ) B e )
;(2 1+3)(i +J+k)+4—12( 10-4+3)(-5i +4j+k)

are the base vectors of the plane.
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I1.

12.

12.

13.

13.

14.

4 11 56 11 37. 4,15
= (i+j+k)-—(-5i+4j+k)="2(i+j+k)-—(-5i+4j+k)=""i+—j+—
3(")42( J)42(")42( J)14 147714
b:u—a:(2i—j+3k)—(£i+4j lskj S0 18,27,

14 147 14 ) 14 147 14
abB=| i+ 2 Dy )22 - 185,27, )2 12( 37x9-4x18+15%27)=0

14 147 14 14 147 14 ) 14

(Dallb

1 1 1 1
Letu=j,v=——i+—k, w=—i——Kk. Show that {u, v, w} form an orthonormal set of
YRR 2

vectors in R%. i.e. Ju|=1,|v|=1, |w| =1 and ul¥ = viv = whi = 1.

e () -0 -

u&_J[éJ_HJ_ ] 0; v = ( j[@_ 5 ]—%—%:O;Wﬁi:(ﬁi—%k]ﬁ]:o

U {u, v, w} form an orthonormal set of vectors in R3.
Let {u, v, w} form an orthonormal set of vectors in R3. For any vector p in R3, show that

= (ulp)u + (VIp)v + (wip)w.
Let p = au + bv + cw, where a, b and c are any real numbers.
ulp = ullau + bv + cw) = qull + hul¥ + culw =a(1) +0+0=a
vip=vi(bu + bv + cw) =avid + bvit + cviw =0+ b(1) +0=>
wip =wllou + bv + cw) =awld + bwh + cwiw =0+ 0+ c(1) =c
U p = (ulp)u+ (vip)v + (wp)w
Letu =}, V=—£i +§k , w:§i+ik .

5 5 5

(a) Show that {u, v, w} form an orthonormal set of vectors in R3.
(b) Expressp=i +j + k in terms of u, v and w.

(@ |u=1]v|= — _1|w| — _1

ulv=j ——1+ k =0;viw =| - 1 —1+ k =0; whi = §i+ik §=0
5 5 5 5 5 5 5 5

O {u, v, w} form an orthonormal set of vectors in R3.
(b) p=i+j+k=lpu+ (vip)yv+ (wip)w

4, 3 4., 3 3. .4 3. .4
=jld+j+k)j+| ——i+=k |[d+j+ k)| ——i+=k [+| -i+=k |[d+j+k)| -i+=k
JmJ)J(SlsjmJ)(SISJ(SISJEJ)(SISJ

. 4 3 4, 3 3,.4)(3. .4
=j+|——+=||——i+=Kk —+—=||=-it+=Kk
55 5 5 5 5)\5 5

17
=u-—-—V+—W
5 5
Find the projection vector a of p =i + j + k on the plane spanned by the vectors v = j,

w=- gi + %k . Find also the normal vector b such that a + b = p. Verify thata L b.

2 2
Note that |[v| =1, |w| = (—gj +(§j =landud=0+0+0=0

O {v, w} form an orthonormal set of vectors in R3.
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The projection vector a = (vIp)v + (WP)w = jld+j+k)j +(—%i +%k) (@ +j +k) (—%i +%k)

R NI

505 5 25 25
b=p-a=i+j+k- ii+j—ik 21 ﬁk
25 25 25 25

alb =[ii+j—ikJ 25, 281{) 12 (4x21+0-3x28)=0
25 25 25 25 25
Ualb.
15. Letu=i+j+k, v=j+k, w=Kk. Apply Gram-Schmidt Process to transform {u, v, w} into
an orthonormal basis.
u i+j+k 1. 1

L A L A
a=v—(e1@)e1=j+k_[j_ \/_J+\/_ jmj+k)[\/_1+%j+%kj

1 2,1, 1
=j+k—{1+1)i+j+k)=——i+—-j+=-k
=] 3( Ji+j+k) Ji+3its

k

o _a_ “2itjtk 2Ly
== |+ =+ —
|a| 22 +17+17 NN RN

b =w - (e1l)e1 — (e2lW)ez

_k_(Li+Lj+ijm(LHLjJ,Lk]_[_iHLjJ,L ][k[_iﬂiﬁ_kj
BB B W BB Jo Voo Ve Jo V6! e
1 1 1 1
=k——li+j+k)——(-2i+j+k)=——j+—k
3( j+k) 6( jrk)=—Zi+o

—J+k 1 1

,/ +12

Then {e1, €2, e3} will form an orthonormal basis of vectors in R3.
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Determine whether the following points are collinear. If they are not collinear, determine the
shortest distance from C to the line determined by AB. Find the point D on the line AB which
is nearest to C.

(a)
(b)

(a)

(b)

A(1, -2, 4), B(5, -8, 6), C(-1, 1, 3).
A(1, -2, 4), B(5, -8, 6), C(0, 1, 3).

AB = 5i—8j + 6k — (i — 2j + 4K) = 4i — 6j + 2k
AC=-i+j+3k—(i-2j+4Kk)=—2i+3j-k

AB=-2AC

[ A, B, C are collinear.

AB = 5i - 8j + 6k — (i — 2j + 4k) = 4i — 6 + 2k

AC = "=+ 3k - (-2 +4K) =i +3j -k

If AB=mAC ,thend=—m - (1), ~6=3m -+ (2),2=—m eeeee 3)

(1) contradicts with (3)
O A, B, C are not collinear.

The projection vector of AC on AB is A_C.Df. AB.
ABTAB

AB[AB
(=i +3j-Kk)[(4i—6j+2K)

The normal vector is fTé [LMJAB

=(-H+3j-k)- 4i - 6j + 2k
N (TIrS T Iy Frav ey R A
—4-18-2
—i+3j-k)— 4i—6j + 2k

:(—i+3j—k)+%(4i—6j+2k)

NENER N
7 7 7

. 5V (3Y 1y 1
The shortest distance = 7 + = +| = =—\/§

7 7 7

. (ACMB

AD=0D-0A= AB———(41—6J+2k)
AB[AB

0D-1—2J+4k——(41—6J+2k)=—§1+§J+%k
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17. Determine whether the following points are coplanar. If they are not coplanar, determine the
shortest distance from D to the plane determined by ABC. Find the coordinates of the
projection E of D on the plane ABC.

(a) AQ,-1,3),B(-9,0,0), C0,0, 3), DO, 4.5, 0).

(b) A(2,-1,3),B(-9,0,0), C(0,0, 3), DO, -5, 0).

(@) AB=(-9,0,0)—(2,-1,3)=(-11,1,-3)
AC=(0,0,3)-(2,-1,3)=(-2,1,0)
AD=(0,-45,0)-(2,-1,3)=(-2,-3.5,-3)

The volume of paralleleplped formed by AB AC and AD:
=AD E]AB x AC )
-2 =35 -3 -9 -35 -3
=-11 1 =3=-9 1 =3 (Ci+2C2 - (1)
-2 1 0 0 1 0
=0
U A, B, C, D are coplanar.

() AB=(-11,1,-3), AC=(-2,1,0), AD=(0,-5,0)~(2,-1,3)=(-2,~4,-3)

The volume of paralleleplped formed by AB AC and AD:

=AD [UAB x AC)
-2 -4 =3 [-10 -4 -3
=|-11 1 =3|=-9 1 =3 (Ci+2C2 - 1)
-2 1 0 0 1 0
=|-(30-27)|=3#0
U A, B, C, D are not coplanar.
i j Kk
Base area of the parallelepiped =[~-11 1 -3|=3i + 6j — 9k| =32 +6% +9> =314
-2 1 0
Let the height of the parallelepiped be 4.
W14 h=3
1
T
ABXAC

AE=0OE-OA=AD +—— , where E is the projection of D on ABC.

1 (3i+6j-9k)
J14 [3i +6j-9K|
1 (3i+6j-9k)

Ji14 - 126

=—5j+ﬁ(i+2j—3k)

OE=(2,-1,3) + (=2, -4, -3) +

=(0,-5,0) +

1, 34, 3

= — ——J——

4 7" 14
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