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a, a b, b c, C
LetkbeascalarandAZ( 8 12],82( ! 12],(?:( " 12J.Then
a’Z 1 a’22 b21 b22 C2 1 C22
(1) (AB)C = A(BC)
ab,+a.b, ab,+a,b c, C
PrOOf: (AB)Cz( 1111 12%21 11712 1222 11 12
a'21bll + a22b21 a21b12 + a22b22 C21 C22
:( a‘llbllcll + a‘12b21011 + a‘llb12C21 + a12b22c21 a‘llbllch + a‘12b21012 + a‘llblZCZZ + al2b22c22 )
aZlbllcll + a22b2lcll + a21b12C21 + a22b2202l a'21bllC12 + a‘ZZbZIClZ + a21b12c22 + a‘22b22c22
a'll alZJ [bllcll +bl2c21 bllcl2 +b12022)
b21cll + b22C21 b21C12 + b22c22

A(BC) =[

2 Ay
:( a,0,,C;, +2,,0,6, +a,0,, ¢,y +a,0,,C,  abyC, +8,,0,C5, +815h, 01, +8)5b,,C j
a,0,Cyy +8, 0,0y +85,0,,C +3,0,,C, 0,6, +8,b,C, +8,D, C, + 8,00,
-. (AB)C = A(BC)

(2) AB+C)=AB+AC
PrOOf: A(B+C):(all ale(bll—‘rCll b12+C12j
21 a22 b21 + C21 b22 + C22
2( a'llbll + a11(:11 + a'12b21 + alZCZI a11b12 + a'11(:12 + a12b22 + a12c22 J
a'21bll + a'21Cll + a'22b21 + a‘22021 a21b12 + aZICIZ + a‘22b22 + a22CZ2
AB + AC =(allbll + a'12b21 a'llblZ + a12b22 J+(allcll + a12c21 aIICIZ + a12C22J
a'21bll + a'22b21 a‘21b12 + a'22b22 aZICll + a22021 a'21C12 + a22CZ2
- A(B+C)=AB+AC

(3) (A+B)C=AC+BC
a,+h, a,+b c, C
Proof: (A+B)C:( 11 11 12 12][ 11 12}
a'21 + bZl a22 + b22 C21 C22
:£ a‘llcll + bllcll + a12(‘:21 + b12C21 a11(:12 + b11(‘:12 + a12c22 + b12C22 j
a'21".:11 + b2lcll + a22C21 + b22c21 aZICIZ + b21('.:12 + a22c22 + b22c22

a2lcll + a22c21 a'21(:12 + a22c22 b21Cll + b22C21 b21C12 + b22CZ2
- (A+B)C=AC+BC
(4) A0=0A=0
Proof: The proof'is easy, so is omitted.
(5) k(AB)=(kA)B = A(kB)
allbll + a12b21 allblZ + a12b22 j :(kallbll + ka12b21 kallbl2 + ka‘l2b22 j
aZlbll + a22b21 a21b12 + a22b22 ka‘Zlbll + I(a22b21 I(a21b12 + ka22b22

(B :(ka“ kalz] [b“ bnj :[ka“bn +ka,b, kab,+ kalzbzzj
ka‘Zl ka‘22 b21 b22 kaZlbll + ka22b21 kazlblz + ka22b22

A(kB) :(a“ alzj (kbll kb12 j :( kallbll + kaleZl kallblz + kalzbzzj
2 8y ) (Kb, Kby, ka, b, +ka,,b,, ka,b,+ka,b,,
.. k(AB) = (kA)B = A(kB)

AC + BC :[allcll + a’12C21 allClZ + a’12c22 j_’_(bllcll + b12C21 bllCIZ + blZCZZJ

Proof: k(AB) = k(
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Let A = [aij]mxn, then Al = [aji]nxm, called the transpose of A.

(AB)! = B'A!
allbll + a12b21
a21b11 + a22b21
BA! :(bll bzlj (all
b12 bzz a,
. (AB)t = B'A!

a11 a'12 a'13 bll
IfA=|a, a, a,|,B=|b,
a31 a32 a33 b3l

(6)
Proof: (AB)! =(

a'2 1
a22

ay by +aphy; +a3by
(AB)' = a,,by; +ayby; + b,
ay by + apby; +a55hy,
ay by +aby, +ay3by
ay by, + @by, +ay5by,

ay by + 0,5 + a3y,
bll b21 b31
b12 b22 b32
bl3 b23 b33
ay by +aphy, +a3by
a by, + a0, + 2430y,

all
a12
a13

a21
B'A!

b5 + b5 +ay3bs;

b

Hence result follows.
b,

IfAz(all a12 a13j’B=
a21 a22 a23 b
3

The proofis left as an exercise.

If AiAz ... An are well defined product of matrices, then we can use mathematical induction to prove

that (AA, A )=AA, A

a22
a23

t
allblZ + aleZZJ
aZIbIZ + a22b22

):(allbll + a'12bZl
a2]b11 + a22bZl

b12 b13
b22

b32 b33

ay by, + 85,05, +ay3by;
a0y, + 3y, +8x3by,
ay by, +as,0,, +a53h;,
a0y + 8y, +ayby,
a0, +ax,0,, +a3by,
ay0;5 + b3 + ay3bs;

a'3l

a32

a33
a0y +ayh,; +ayby,

8y 1By, + axby, +a,3b5,

ay by3 + Ayby3 +ay3bss

t
allblZ + a12b22 j
a2]b12 + a22b22

b,, |, then we can also prove that (AB)! = B'A!

ay by + 0,5 +ay3bs;
a10;5 + b3 + 3y3bs;
a3,0;; + a,0,5 + ay3by;
ay by +aphy; +a53hy,
3,0y, +apby, +a53h;,
ay b3 +ayh,5 + agsby;

a31by; + a5y, +a5b5
ay,by, + ay)b,, +ay3bs,
3103 + a3h,; + a5

, then we can also prove that (AB)! = B'A!

A

If A is a square matrix, then (A")' = (AY", where n is a positive integer.
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Property of Matrix Multiplication Created by Mr. Francis Hung
(7) Let A, B be square matrix of the same order (2 or 3). Then det(AB) = det A det B.

a bl ,|[x b
c dl |y d

a+x b
c+y d

Using the property of determinant:

Proof: n=2. AB :(au alzJ (bll b12):(a11b11 +aph,,  a;b, +alzbz2j

Ay Ay )by by a5y +ayb,  ay by, +ayb,,

a; b, +aph,,  a b, +a;by,

det(AB) = ayb, +a,by,  ayb, +ay,b,

aph,,  a,by,
anhy,  anby,

aphy,  a by,
anby Ay,

a b, a,b,
b, ayb,

a; b, a;,by,
b, ayby

_ a, ay a, ap a, aj a, Qp
bnblza21 6_121‘*‘b11bzzz_121 22+b12b21a 21‘*‘b21bzza22 a,,
= 0  +bubndetA —b,b, [ 22+ 0
a, @,
= (b11b22 — bi2b21)det A=det A det B
.. det(AB) = det A det B
a+x b cf j|a b ¢ |[x b ¢
Similarly, using the property of determinant: [d+y e f|=/d e f|+|ly e f|,
g+z h g h i| |z h i
a+x b+t c/ |a b ¢/ |[x b cfja t c |x t c
andso [d+y e+u f|=|d e f|+|ly e f|+|d u f|+|ly u f|.
g+z h+w i| |[g h i| |z h i|] |g w i| |z i
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Property of Matrix Multiplication

ap by +apphyy +agshs;
n= 3 AB = a21b11 +322b21 +az3b31

a1y +aybyy +ay3bs;
APy +ansbyy +aj3hs;

azibyy +asphyy +asshs;  asbyy +azbyy +asshs,

apbyy  ayby apbiz| japbyy apbpy  apbys| |abyp apbp  apbs;
det(AB) =layib;;  ayibiy  aybis|tjasby aybyy  axnbys|tlagby axby,  abss
azibyr agbyy  azbis| jazbyp azby  abys| |azibyy aszb;  azsbss
apbry  apby  apbiz| janbyr apbn  apbys| |apby apby  asbss
Tlagihyy  apby  aybiz|tjagbyr @by axpbys|tlasiby axpby;  ax3bss
azibyp  az;by  agbiz] |aziby @by am;bys| |azbyp @by asbsz
apbyy  apsbsy apbyz| (apby asbsy  apbys| ayby apzbs;  aghs;
Tlagibyr  axnbsy  aybiz|Tlagibyr  axbsy  aynbis|tlayhy axbs;  axbs;
a3y asshsy asibiz| |azibyy  assbsy  as;bys| jasibyp aszbiy azshss
appbyr apbyy  aybis| |apby  apbiy  apbys| |apby apbp  abss
Tlaxnbyy agibyy @bz Flaxnby  axbyy  axnbystlanby axb;  axbss
anby  azbyy  azbiz] |a3by asbyy ambys| |aby azb;  asbsz
apby  apby,  abis| |anpby  apby  apbys| |anpby @by ashss
Tlanhy anby, @y bi|tlanby  apbyy  axpbis|tlanby  axpby;  axbs;
apby  apby  aybs| [apby a;byy  anby| |apby appby;  assbs;
apbyr a;byy apbiz| |anpby  asbsy  apby| |apby apzhs;  agshs;
Tlaggbyy axsbsy  axibyz|Tlanby  axbsy  anbys|tlaxnby  axbs;  axpbs;
anby;  assbsy  aszibyz| [azby assbs; anbys| |ashy; asshi;  asshs;
aisbyy apby  apbys| (asby oAby apbys| |ashsr  apby  apbs;
Tlagshsr aybiy  axbiz|Tlaxsbs @by @bz tlaxbs; axby;  axbs;
aby; agbyy  asbiz| |assby; azbiy  as;bys| [asshs; azbpy azshss
aisby;  appbyy apbz| |ashsy  apbyy  apbys| |azhsy apby  azhs;
Tlagshsr  axpbyy  aybis|tlaxhs; @by  aybis|tlasbs; axpbyy  axpbs;
azby;  apbyy asibyz| [asshs; @by anbys| |assbs apby;  assbs;
aisby;  apsbsy aybys| |ashyy  a;shsy  apbys| jajshsy  apsbi;  agshss
Tlagshsy  axbs;  aybiz| Tlagbs; axsbs  axpbys|tlaxhs;  axby;  axsbss
azby; assbyy  ag b3 jassbs; assbiy  apbos| |asshs assby;  assbss
apbyy  appbyy  asbsz| |aybyp apshsy  apbys| |apby apb;  agzbs;
=lagiby  apbyy  @xbaz|Tlagbyr @by axpbys|tlaxnby  ayb;  axbs;
aziby @by asshsz| |asibyp assbsy  asbys| janby asb;  asshs;
apphyy  apsbyy apbiz| [asbyy apbyy  apbys| asbs  aphy, apby;
Tlaggbyy ansbsy  ayibyz|Tlaghs;  aybyy  axpbys|tlazshs axnby  ayb;;
apby assbsy aybiz| |asshs; aszbyy  ambys| jassby azby  azbys
a2 a3 a4 a3 air 4 a3
=byibyabasjayr @y axs|—bybxsbszjaz @z ax|—bpbyibszjay ax;  ax
a3 az a3 a3 daszp  a33 a3 dazx  a33
a4 a3 a8 a3 a4 ap
Thisbybsajay; @y x| Thipbysbsifay @y axs|—bisbypbsijay; @y  ass
a3 az a3 a3 az a3 a3 aszp a3
= (b11b22b33 + b12b23b31 + bi3b21b32 — biib2sbsz — bi2b21bss — bisb22bsi)det(A)

=det AdetB
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ajiby3 +a203 +ay3bs3
b3 +axnbys +abss
a3 b3 +azby3 +a3shs;

(terms other than the
underlying terms are
Zero)
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Property of Matrix Multiplication Created by Mr. Francis Hung

Let A be a square matrix of order 2 or 3.
Define the cofactor matrix of A as cof(A) = the matrix formed by the cofactors of A.
Define the adjoint matrix of A as adj(A) = cof(A)". (The transpose of the cofactor matrix A.)

2
Example 1 Let A :( 4] , then Cofactors

An =DM =4
Az =(-1)*"M2 =2

An=D)"Mp=1
A»n=(-1)**Mn=-3

f(A) ‘ol dj(A) =cof(A)! + 2

cof(A) = , a =Co = :

2 3)" 1 -3
1 -1 0

Example 2 LetA=| 2 2 5|, then Cofactors
3 4 1

A1 =(=1)""M=(-1)*(2-20)=—18

A2 =(—1)""Mp, = (-1)}(-13) =13

Ai=CD)"Mi=(1)2=2

A2t =(=D*' M2 = (-1)(=1) =1

An=(-1"Mn=1

A= (1)’ M =(1)x7=-7

Azl = (-1)*"'"M31=-5

An=(-1"?M3z=-5

Asz=(-1)"M3z3 =4

~18 13 2 ~18 1 -5
cof(Ay=| 1 1 =7/ adj(A)=cof(A)t=| 13 1 -5]|.
5 -5 4 2 -7 4

Theorem A adj(A) = adj(A)A = det(A)l
a b d -c _ d -b
Proof: n=2.Let A= , det(A) = ad — bc. cof(A) = ,adj(A) = .
c d b a - a

Aadj(A)=(a bj(d _bj{ad_bc 0 JZ(ad—bc)(l OJdet(A)I
d/{-c a 0 ad —bc 0 1

C
, (d -b)(fa b) (ad-bc 0 \_ .., 1 0)_
adJ(A)A—[_C a](c d}[ 0 ad—bc] (ad bc)[0 1] det(A)l
a, a, a; A Ay A Al AL A
n=3.LetA=|a, a, a,]|,cof(A)=lA, A, A;|,ad(A)=A, A, A,
& A Ay A A, A A Ay A
a, a, a;|(A A, A
AadjA)=|a, a, a;||A, A, A,
a, a, a;)(A; A A

a'11'6‘31 +a12'6‘32 +a‘13A53
a2lA31 +a22A32 +a23A33
a31A31 +a32A32 +a33A33

a'll'A‘ll +a12A2 +a13'AI3
aZlAll + a'22'AI2 + a23A33
aSIAll +a32A12 +a33A3

allAZI + a‘lZAZZ + a13 A23
a'21'6‘21 + a22A22 + a‘23A23
a31A21 + a‘32A22 + a33A23

detA 0 0 1 00
=1 0 detA 0 |=(detA)|0 1 0]|=det(A)l
0 0 detA 0 0 1
All AZl ASl a11 a12 a13
adjAA=l A, A, A, ||, a, a;
A13 A23 A33 a31 a32 a33
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al]All+a12A12+a]3A13 a12A11+a22A2]+a32A31 a13A11+a'23A21+a33A31
= allAIZ + a2]'6‘22 + a31A32 a‘]2A12 + a22A22 + a32A32 a13A12 + a23A22 + a33A32
a’llAl3+a21A23+a'3lA33 alZAI3+a22A23+a32A53 a13A13+a23A23+a33A33

detA 0 0 1 00
=1 0 detA 0 |=(detA)|0 1 0]|=det(A)l
0 0 detA 0 0 1

Ifdet A= 0, then Al = !
det

adj(A).
A
Prove that (AY) ! = (A1)t

Prove that (AB) ' =B ' A,

If AiAz2 ... An are well defined product of non-singular matrices, then we can use mathematical

induction to prove that (AA,---A )" = A'A - A'AT

If A is a non-singular matrix, then (A")"! = (A™)", where n is a positive integer.
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2 -1

LetA= .

-1 2
(@) Find the value of A> — 4A.
(b) Use (a)to find A
(¢) Find A,
(d) Find the remainder when x!°! — 1 is divided by x*> — 4x + 3.
() Find the matrix A% — .
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(2 —1}2 (2 —1j (5 —4) (8 —4) (—3
() —4 - _ _
1 2 1 2) (-4 5) -4 8 0
(b) By (a), A2 4A=-3I

—%A(A—4I):I

e R

—4A) = 3A

A=

W | —

(c) AN
2
AS=4A2 - 3A=4(4A3I)3A=13A12I=13(1

101
101

(d) —1=(¢-4x+3)Q(x) +ax+b

—1=xx-1DXx-3)Q(X)+ax+b
Putx=1,0=a+b (1)
Putx=3,3"" ~1=3a+hb

[(2)— (1)]:2: a =%(31°1 ~1)

1

b—2(1 3101)

The remainder =%(3101 - l)X +%(1 -3 )
1

A+ 5(1 3“”)|

2 - 0
-1 2 1]
1 -

(1 !

@ A"_|= l(3101 1)

C:\Users\twhung. CLSMSS.002\Dropbox\Data\MathsData\Pure Maths\Linear Algebra\matrices\Matrix_multiplication.docx

Created by Mr. Francis Hung

H% )

Page 8



