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Advanced Level Pure Mathematics Algebra P.254 Theorem 8-4 by K.S. Ng, Y.K. Kwok. 

Let k be a scalar and A = 








2221

1211

aa

aa
, B = 









2221

1211

bb

bb
, C = 









2221

1211

cc

cc
. Then 

(1) (AB)C = A(BC) 

Proof: (AB)C = 










2222122121221121

2212121121121111

babababa

babababa









2221

1211

cc

cc
 

 = 










222222221221122122121121212222211221112122111121

222212221211122112121111212212211211112112111111

cbacbacbacbacbacbacbacba

cbacbacbacbacbacbacbacba
 

A(BC) = 








2221

1211

aa

aa











2222122121221121

2212121121121111

cbcbcbcb

cbcbcbcb
 

 = 










222222122122221221121121212222112122211221111121

222212122112221211121111212212112112211211111111

cbacbacbacbacbacbacbacba

cbacbacbacbacbacbacbacba
 

 (AB)C = A(BC) 
 
(2) A(B + C) = AB + AC 

Proof: A(B + C) = 








2221

1211

aa

aa











22222121

12121111

cbcb

cbcb
 

 = 










22222222122112212122212211211121

22122212121112112112211211111111

cabacabacabacaba

cabacabacabacaba
 

AB + AC = 










2222122121221121

2212121121121111

babababa

babababa
+ 











2222122121221121

2212121121121111

cacacaca

cacacaca
 

 A(B + C) = AB + AC 
 
(3) (A + B)C = AC + BC 

Proof: (A + B)C = 










22222121

12121111

baba

baba









2221

1211

cc

cc
 

 = 










22222222122112212122212211211121

22122212121112112112211211111111

cbcacbcacbcacbca

cbcacbcacbcacbca
 

AC + BC = 










2222122121221121

2212121121121111

cacacaca

cacacaca
+ 











2222122121221121

2212121121121111

cbcbcbcb

cbcbcbcb
 

 (A + B)C = AC + BC 
(4) A0 = 0A = 0 
Proof: The proof is easy, so is omitted. 
(5) k(AB) = (kA)B = A(kB) 

Proof: k(AB) = k 










2222122121221121

2212121121121111

babababa

babababa
= 











2222122121221121

2212121121121111

bkabkabkabka

bkabkabkabka
 

(kA)B = 








2221

1211

kaka

kaka









2221

1211

bb

bb
= 











2222122121221121

2212121121121111

bkabkabkabka

bkabkabkabka
 

A(kB) = 








2221

1211

aa

aa









2221

1211

kbkb

kbkb
= 











2222122121221121

2212121121121111

bkabkabkabka

bkabkabkabka
 

 k(AB) = (kA)B = A(kB) 
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Let A = [aij]mn, then At = [aji]nm, called the transpose of A. 
(6) (AB)t = BtAt 

Proof: (AB)t =
t

babababa

babababa











2222122121221121

2212121121121111  

BtAt = 








2212

2111

bb

bb









2212

2111

aa

aa
=

t

babababa

babababa











2222122121221121

2212121121121111  

 (AB)t = BtAt 

If A =
















333231

232221

131211

aaa

aaa

aaa

, B =
















333231

232221

131211

bbb

bbb

bbb

, then we can also prove that (AB)t = BtAt 

(AB)t =

t

bababababababababa

bababababababababa

bababababababababa





















333323321331323322321231313321321131

332323221321322322221221312321221121

331323121311321322121211311321121111

 

 =




















333323321331332323221321331323121311

323322321231322322221221321322121211

313321321131312321221121311321121111

bababababababababa

bababababababababa

bababababababababa

 

BtAt =
















332313

322212

312111

bbb

bbb

bbb

















332313

322212

312111

aaa

aaa

aaa

 

 =




















333323321331332323221321331323121311

323322321231322322221221321322121211

313321321131312321221121311321121111

bababababababababa

bababababababababa

bababababababababa

 

Hence result follows. 

If A = 








232221

131211

aaa

aaa
, B =

















3

2

1

b

b

b

, then we can also prove that (AB)t = BtAt 

The proof is left as an exercise. 
 
 
 
 
 
 
 
 
If A1A2  An are well defined product of matrices, then we can use mathematical induction to prove 

that   ttt
n

t
n

t
n AAAAAAA 12121   . 

 
 
 
 
 
If A is a square matrix, then (An)t = (At)n, where n is a positive integer. 
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(7) Let A, B be square matrix of the same order (2 or 3). Then det(AB) = det A det B. 

Using the property of determinant: 
dyc
bxa


 =

dc
ba +

dy
bx . 

Proof: n = 2. AB = 








2221

1211

aa

aa









2221

1211

bb

bb
= 











2222122121221121

2212121121121111

babababa

babababa
 

det(AB) =
2222122121221121

2212121121121111

babababa
babababa




 

 =
22222122

22122112

12212122

12112112

22221121

22121111

12211121

12111111

baba
baba

baba
baba

baba
baba

baba
baba   

 =
2222

1212
2221

2122

1112
2112

2221

1211
2211

2121

1111
1211 aa

aa
bb

aa
aa

bb
aa
aa

bb
aa
aa

bb   

 =      0    + b11b22 det A  –
2221

1211
2112 aa

aa
bb +       0 

 = (b11b22 – b12b21)det A = det A det B 

 det(AB) = det A det B 
 

Similarly, using the property of determinant: 
ihzg
feyd
cbxa





=
ihg
fed
cba

+
ihz
fey
cbx

, 

and so 
iwhzg
fueyd
ctbxa





=
ihg
fed
cba

+
ihz
fey
cbx

+
iwg
fud
cta

+
iwz
fuy
ctx

. 
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n = 3. AB =




















333323321331323322321231313321321131

332323221321322322221221312321221121

331323121311321322121211311321121111

bababababababababa

bababababababababa

bababababababababa

 

det(AB) =

133112311131

132112211121

131112111111

bababa

bababa

bababa

+

233212311131

232212211121

231212111111

bababa

bababa

bababa

+

333312311131

332312211121

331312111111

bababa

bababa

bababa

 

  +

133122321131

132122221121

131122121111

bababa

bababa

bababa

+

233222321131

232222221121

231222121111

bababa

bababa

bababa

+

333322321131

332322221121

331322121111

bababa

bababa

bababa

 

  +

133132331131

132132231121

131132131111

bababa

bababa

bababa

+

233232331131

232232231121

231232131111

bababa

bababa

bababa

+

333332331131

332332231121

331332131111

bababa

bababa

bababa

 

  +

133112312132

132112212122

131112112112

bababa

bababa

bababa

+

233212312132

232212212122

231212112112

bababa

bababa

bababa

+

333312312132

332312212122

331312112112

bababa

bababa

bababa

 

  +

133122322132

132122222122

131122122112

bababa

bababa

bababa

+

233222322132

232222222122

231222122112

bababa

bababa

bababa

+

333322322132

332322222122

331322122112

bababa

bababa

bababa

 

  +

133132332132

132132232122

131132132112

bababa

bababa

bababa

+

233232332132

232232232122

231232132112

bababa

bababa

bababa

+

333332332132

332332232122

331332132112

bababa

bababa

bababa

 

  +

133112313133

132112213123

131112113113

bababa

bababa

bababa

+

233212313133

232212213123

231212113113

bababa

bababa

bababa

+

333312313133

332312213123

331312113113

bababa

bababa

bababa

 

  +

133122323133

132122223123

131122123113

bababa

bababa

bababa

+

233222323133

232222223123

231222123113

bababa

bababa

bababa

+

333322323133

332322223123

331322123113

bababa

bababa

bababa

 

  +

133132333133

132132233123

131132133113

bababa

bababa

bababa

+

233232333133

232232233123

231232133113

bababa

bababa

bababa

+

333332333133

332332233123

331332133113

bababa

bababa

bababa

 

=

333322321131

332322221121

331322121111

bababa

bababa

bababa

+

233232331131

232232231121

231232131111

bababa

bababa

bababa

+

333312312132

332312212122

331312112112

bababa

bababa

bababa

 

  +

133132332132

132132232122

131132132112

bababa

bababa

bababa

+

233212313133

232212213123

231212113113

bababa

bababa

bababa

+

133122323133

132122223123

131122123113

bababa

bababa

bababa

  

=

333231

232221

131211

332211

aaa

aaa

aaa

bbb –

333231

232221

131211

322311

aaa

aaa

aaa

bbb –

333231

232221

131211

332112

aaa

aaa

aaa

bbb  

  +

333231

232221

131211

322113

aaa

aaa

aaa

bbb +

333231

232221

131211

312312

aaa

aaa

aaa

bbb –

333231

232221

131211

312213

aaa

aaa

aaa

bbb  

= (b11b22b33 + b12b23b31 + b13b21b32 – b11b23b32 – b12b21b33 – b13b22b31)det(A) 
= det A det B 

  

(terms other than the 
underlying terms are 
zero) 
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Let A be a square matrix of order 2 or 3.  
Define the cofactor matrix of A as cof(A) = the matrix formed by the cofactors of A. 
Define the adjoint matrix of A as adj(A) = cof(A)t. (The transpose of the cofactor matrix A.) 

Example 1 Let A =
3 2

1 4

 
  

, then Cofactors 

A11 = (–1)1+1M11 = 4 A12 = (–1)1+2M12 = 1 

A21 = (–1)2+1M21 = –2 A22 = (–1)2+2M22 = –3

cof(A) =
4 1

2 3

 
   

, adj(A) =cof(A)t =
4 2

1 3

 
  

. 

Example 2 Let A =

1 1 0

2 2 5

3 4 1

 
 
 
 
 

, then Cofactors 

A11 = (–1)1+1M11= (–1)2(2–20) = –18 A12 =(–1)1+2M12 = (–1)3( –13) = 13 A13 = (–1)1+3M13 = (–1)4 2 = 2
A21 = (–1)2+1M21 = (–1)(–1) = 1 A22 = (–1)2+2M22 = 1 A23 = (–1)2+3M23 = (–1)7 = –7

A31 = (–1)3+1M31 = –5 A32 = (–1)3+2M32 = –5 A33 = (–1)3+3M33 = 4 

cof(A) =

18 13 2

1 1 7

5 5 4

 
  
   

, adj(A) =cof(A)t =

18 1 5

13 1 5

2 7 4

  
  
  

. 

Theorem A adj(A) = adj(A)A = det(A)I 

Proof: n = 2. Let A = 







dc

ba
, det(A) = ad – bc. cof(A) =

d c

b a

 
  

, adj(A) =
d b

c a

 
  

. 

A adj(A) = 







dc

ba d b

c a

 
  

=
0

0

ad bc

ad bc

 
  

=   1 0

0 1
ad bc

 
  

 
det(A)I 

adj(A)A =
d b

c a

 
  









dc

ba
=

0

0

ad bc

ad bc

 
  

=   1 0

0 1
ad bc

 
  

 
=det(A)I 

n = 3. Let A =
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 
 
 
 

, cof(A) =
11 12 13

21 22 23

31 32 33

A A A

A A A

A A A

 
 
 
 
 

, adj(A) =
11 21 31

12 22 32

13 23 33

A A A

A A A

A A A

 
 
 
 
 

 

A adj(A) =
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 
 
 
 

11 21 31

12 22 32

13 23 33

A A A

A A A

A A A

 
 
 
 
 

 

 =
11 11 12 12 13 13 11 21 12 22 13 23 11 31 12 32 13 33

21 11 22 12 23 33 21 21 22 22 23 23 21 31 22 32 23 33

31 11 32 12 33 13 31 21 32 22 33 23 31 31 32 32 33 33

a A a A a A a A a A a A a A a A a A

a A a A a A a A a A a A a A a A a A

a A a A a A a A a A a A a A a A a A

      
       
       

 

 = 

det 0 0

0 det 0

0 0 det

A

A

A

 
 
 
 
 

=  
1 0 0

det 0 1 0

0 0 1

A

 
 
 
 
 

= det(A)I 

adj(A)A =
11 21 31

12 22 32

13 23 33

A A A

A A A

A A A

 
 
 
 
 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 
 
 
 
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 =
11 11 12 12 13 13 12 11 22 21 32 31 13 11 23 21 33 31

11 12 21 22 31 32 12 12 22 22 32 32 13 12 23 22 33 32

11 13 21 23 31 33 12 13 22 23 32 33 13 13 23 23 33 33

a A a A a A a A a A a A a A a A a A

a A a A a A a A a A a A a A a A a A

a A a A a A a A a A a A a A a A a A

      
       
       

 

 = 

det 0 0

0 det 0

0 0 det

A

A

A

 
 
 
 
 

=  
1 0 0

det 0 1 0

0 0 1

A

 
 
 
 
 

= det(A)I 

If det A  0, then A–1 =  1
adj

det
A

A
. 

Prove that (At)–1 = (A–1)t 
 
 
 
 
 
 
 
 
 
Prove that (AB)–1 = B–1 A–1. 
 
 
 
 
 
 
If A1A2  An are well defined product of non-singular matrices, then we can use mathematical 

induction to prove that   1
1

1
2

1
1

11
21




  AAAAAAA nnn  . 

 
 
 
 
If A is a non-singular matrix, then (An)–1 = (A–1)n, where n is a positive integer. 
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Let A = 










21

12
. 

(a) Find the value of A2 – 4A. 
(b) Use (a) to find A–1. 
(c) Find A3. 
(d) Find the remainder when  x101 – 1 is divided by x2 – 4x + 3. 
(e) Find the matrix A101 – I. 
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(a) 






















21

12
4

21

12
2

= 





















84

48

54

45
= 











30

03
= –3I 

(b) By (a), A2 – 4A = –3I 

  IIAA  4
3

1
 

A–1 =  AI 4
3

1
= 




























21

12

40

04

3

1
= 








21

12

3

1
=

















3

2

3

1
3

1

3

2

 

(c) A(A2 – 4A) = –3AI 

A3 = 4A2 – 3A = 4(4A – 3I) – 3A = 13A – 12I = 


















10

01
12

21

12
13 = 











1413

1314
 

(d) x101 – 1 = (x2 – 4x + 3)Q(x) + ax + b 
x101 – 1 = (x – 1)(x – 3)Q(x) + ax + b 
Put x = 1, 0 = a + b  (1) 
Put x = 3, 3101 – 1 = 3a + b  (2) 

[(2) – (1)]2: a =  13
2

1 101   

b =  10131
2

1
  

The remainder =  13
2

1 101  x +  10131
2

1
 . 

(e) A101 – I =  13
2

1 101  A +  10131
2

1
 I 

 =  13
2

1 101 



























10

01

21

12
 

 =  13
2

1 101  










11

11
 


