Exercise on Vectors
Created by Mr. Francis Hung Last updated: 7-Aug-21

The following questions are inter-related. Do these one by one.

1. Let V.=(a,b,c)
V,=(d.e.))
Define the vector dot product by ‘7; D?z =ad + be + cf.

By drawing suitable triangle, show that if ‘7; D‘Z , then \Z UZ =0.

Show that the converse is also true.
W,

and 6 = angle between \Z and \72 .

—_

2. Show that in general \Z UZ =V cos 6, where ‘\7,‘ = (\7, Dl?)/z fori=1,2;

3. Let p,= (xo0, Yo, z0) and p = (x, y, z). Describe the set of all the points (x, y, z) for which

—

Vi

—_—

4. Prove that ‘7;+‘72 <|V,|+|V,| for any vectors 17; and ‘72

5. Let ﬁ = (u1, u2, uz), ‘7 = (v1, v2, v3).
(a) Find the orthogonal projection of U on V interms of dot product.
(b) Hence find two vectors of norm 1 that are orthogonal to (3, —2). (norm = length)
(c) What is the orthogonal projection of each vectors on (3, —2)?

6. Use vectors to find the cosines of the interior angles of the triangle with vertices (-1, 0),

(_2’ 1)’ (1’ 4)
— =2 — =2 —2 —|2
7. Establish the identity ‘U +V +‘U -v| = Z‘U +2‘V
. . o= A= s 1= o2
8.  Establish the identity U [V =Z‘U +V —Z‘U -V

9.  Find the angle between a diagonal of a cube and one of its faces.

Find the angle between a diagonal of a cube and one of its edges.
10. Show that if V is orthogonal to V_V; and WZ, then V is orthogonal to k11771+ sz_V; for
all scalars k1 and k».

11. Let ﬁ and 17 be two non-zero vectors. If k =‘ﬁ‘ and £=“7, show that the vector

W=t
k+(

(k\7 + KFJ) bisects the angle between U and V.
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@Y.

U, Uzl Uy Uz Uy Uy

9 2

12. Define the cross product U xV :(

Vo V31 Vi V3| (Vi Vs
Prove that U [QU xV )= V QU xV ) = 0.

13. Prove the Langrange’s identity U

14. Use Q1, Q12 and Q13 to prove that UxV =‘ﬁ”ﬂsin9ﬁ , where n is the unit normal vector

perpendicular to U and V determined by right hand rule.
15. Find the area of the triangle determined by the points P(2, 2, 0), O(-1, 0, 2), R(0, 4, 3).

u, U, U
16. Provethat U WV xW) =y, v, v,].

W W, Wy

Hence compute ﬁmVxW)when U=(-1,4,7), V= (6.7, 3), W= (4,0, 1).

17. Let U= (—1 3,2)and W= (1, 1, —1). Find all vectors X that satisfy UxX=W.

18. Let U V W be non-zero vectors in 3D- space, no two of which are collinear. Show that
(a) U x (V XW) lies in the plane determined by V and W.
b) (ﬁx V)XW lies in the plane determined by U and V.

19. Prove that }X(§Xz)=(}§);—(}j)z-

20. Given the tetrahedron OABC with OA = a, OB =b, OC =c, BC =d, AC = e, AB = f. Find the

volume in terms of the sides.
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Suggested solutions to exercise on vectors By Mr. Francis Hung

—

V,- V,

1.  Given ‘7; D\Z,to prove ‘7; UZ:O.

(d, e.f)

V,-V,=(d-a,e—b,f-c)

By Pythagoras’ Theorem,

2

2
+

2

—_—

Vi

—_—

‘Z_‘Z Vz

d-aP+e-b’+(f-cP=a?+b*++d+e*+f?

A+ +P+d+ e+ -2ad-2be-2cf=a* +b* + P+ d*+ & +f?
—2ad —2be —2cf=0

ad +be +cf=0

v, ,=0

To show that the converse is also true.

Given ‘7; UZ =0, try to prove that \Z D\Z .

Let 6 be the angle between I_/; and ‘72 .

2 2 2
— + _2

—_—

Vi

—_—

v,

—_—

Vi

—_—

By cosine law, ‘Z —\7; V,|cos©

d—aP+(e—bP+(f-cP=d+ b+ +d+e*+f>—2a* +b* +c> Qld* +¢* + f cos
After expansion and cancelling like terms,
—2ad - 2be — 2cf = —2\a* +b* +c* Qld* +¢* + f cos 6

cos 6 = ad +be +cf
\/a2+b2+czEL/d2+ez+f2

cos 0= ‘_/;DZ
\/612+b2+cz E[/d2+ez+f2

cos0=0

= 0=90°

—

2. Show that \_/£ UZ =V cos 6

i
By cosine law,
d—aP+(e-bP+(f-cP=d+ b+ P+l +*+f -2 a> +b* +c> Qld* +¢* + f cos
—2ad - 2be — 2cf =—2\a* +b* +c* Qld* +¢* + f cos 6
aal+be+cf=\/a2 +b* +c? EL/al2 +e’+ f?cos O
Vl

0 VW= Vi,
3. |ﬁ_l_jo|=l
|(x — X0, y = yo, 2 — z0)| = 1

(x—x0)>+ -y +(z-z20°=1

O (x, y, z) are points on the surface with centre at (xo, yo, zo) and radius = 1.

cos O
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4. To prove that \71+\72 SV +V,|.
— — —  —|2
Vit Va|) Vi +V,
—2 —2 — -\ [— —
= V| +[Va| +2V, |V, _(Vl +V2)[6Vl +V2)
—2 —2 —2 —2 — —
= Wi| +Vy| #2V|Vo| =V -V, -2V Y,
= 2V |V,|-2V W,
= 2\_/; V, =2V, \Z cos©
:2\2 \Z(l—cose)
v —-1<cosB<1
01-cos8=0
— — —  —2
[ qu +V2)Z—Vl+V2 >0
— — —  —|2
GV1 +V,|] 2|V, +V,
-+ All quantities are positive, take square root:
V,+V,[< V] + ]V
5. (a) Let W be the orthogonal projection of V. >
ULV = ‘UH?‘ cos@

i 8
= ‘U V‘cos@ > :: >
‘W‘:‘U‘cos@: — v

g
_. |U|V|cos@ v v _
W= — —, where -——; 1is the unit vector in the direction of V .
M
— 7 _>_. —|2 — —
W:HV (note that ‘V =VLw)
Vviv
b V=0,-2)
Pl=5 (o) =i
Let U=(x,y)
Normof U=1=x2+y*=1.......... (1)
UOV=UV=0=3x-2y=0........ )
From (2), x :2_3)) .......... 3)
2 2
Sub. (3) into (1): (TyJ +y2 =1
4y + 9y =9
13y?=9
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<1‘Q1

SHESE
<|
1,

From (a), The orthogonal projection on U onV is W=

6.  LetA(-1,0), B(-2, 1), C(1, 4)
AB=0B-0A =(=2,1)=(~1,0)= (-1, 1)
AC=(1,4)—(=1,0)= (2, 4)
BC=(1,4)-(=2,1)=(3,3)

ﬁ Dﬁz‘ﬁ“ﬁ"cosA

%2+ Ixd =y(=1P +124/2% +4% cos A
cosA=_2 -1
J40 1o

A_C: DB_C: = ‘A—C:HB_C:‘ cosC

IX3 + 4x3 =+/22 +42 /32 +32 cos C
18 _ 3
V360 V10

E @ =‘EHB_C:‘ cosB

cos C =

_[3X(=1) + 1x3] =4/(- 1) +124/32 +3% cos B

0
cosB=——=0
J36
— —2 —_ —2 [ — [ — — — — —
7. UV -V = +V)dg +V)+ (0 -V )do -V)
7 54200 (7 47 7 +0 [ =5 V47
=20 [ +2V IV
—2 —2
=4U +4V
= =2 1= =2 1f= =\l =\ If= =\[ —
8 —‘U+V g -V =2U+V|dU +V |-~U -V |dU -V
4 4 4
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9.  Let the cube be OABCDEFG. Then all edges have the same length.
Let OA =1 unit, let OA = x-axis, OC = y-axis, OF = z-axis. i D
Then OG = diagonal = (1, 1, 1)
(a) To find the angle between OG and a face, say OABC.
The required angle = IBOG E

OB=(1,1,0)
OB [DG = ﬁ“%‘ cosUBOG olE-.

1x1 + 1x1 +0x1 = /12 +124/12 +12 +12 cos 0BOG

_2 _ |2 o ©
cosUBOG =—==,|— ,0BOG =353
A4 3

(b) To find the angle between a diagonal (OG) and its edge, say OA. A
The required angle = UAOG X

0A= (1,0, 0)
54 DIY? = @i”&ﬁ‘ cos UAOG

1x1 +0x1 +0x1 = 11> +1* +1% cos JAOG

cosUAOG =L ,HAOG =54.7°

NE

10. Note that the meaning of “orthogonal” = “perpendicular”.
Given that V DV71 and V DV72 , to prove that % LI k1V_V;+ k2V72 ).
VOW,=VIW,=0
VIOW,=VIW,=0
% [(k1‘771+ IQVT/Z)=k1‘7 D’T/l+k2‘7 UVZ
=0+0=0
O VOCkW,+kW,)

1. Ifk:‘ﬁ‘ and ZZ‘I_;

, to show V_I; =ﬁ(kl7 +£5) bisects the angle between 5 and 17 .

Let a and [3 be the angles as shown. 5

Ui =001 (kv +@)
k+/

c

=l

[ |cosar =—— (0 ¥ + 0 )
k+/

‘U Wcosa :ﬁ[k‘ﬁ”ﬂcos(a + ,8)+£‘ﬁ

2 a
B ’.3

k‘V_i;‘cosa' =ﬁ[k2£cos(a+,8)+£k2]

‘W‘cosa: ke
k+/
On the other hand,
VW=V el (kv + D)
k+/

VlW|cosa = e 7 + 7 )
k+1
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12.

13.

i cosa = L[|+ 7 cos(a+ )
W cosa’:ﬁ[kﬁz + 0%k cos(a + )

kk-fg [cos(a’ + ,8) + 1] ................ (2)

(1)=Q2)=cosa=cos 3

a=p

‘W‘cosa’:

—_ = u u u u,| U u
2 Uz 1 Uz Uy Uy

UXxV= 7 , =lu, U, U,
Vo V31 Vi V3| (Vi Vs

—_ - = u,
U QU xV') = (u1, uz, u3) . ,
Vo V3 Vi Vi Vi Vs

u, U u, U u . u,

= cofactor expansion of a determinant
uy, U, U

=lu, u, u,|=0(. first row is identical to second row)

- — = u u u u u u
VIQU XV )=, v 2 O L 2

Vo Vil M V3’V1 V)
Vi Vo W
SUy Uy Us
Vi Vo V3

=0 (- first row is identical to third row)
2

LHS :‘va
2
2 2 2
u, u u, u u, u
— [f2 M) L [ Bl L M2
V, V3 ViV, Vi W,
=(uyvy —1v, ) + (v =ug, ) + (v, —upv, )’
=\U, V3 T Uz, Uv; —usv, Uy, —u,v,
_ 2.2 2.2 2 2 2.2 2.2 2.2 _ _
=u,v; tuyvy tu vy tuyvy Fugvy Yun vy = 2u,u,v,v, = 2uusv, vy — 2uu,v, v,
—|21—|2 — —
RHS =|U] |V o

2 2
R 2, 2, 2°_ 2
—\/”1 tu, tu, \/Vl Ty, tvg (”1"1 tu,v, +”3V3)

2, 2, 22, 2, 2 2
(”1 tu, tuy )(V1 v, +V3) (“1"'1 tu,v, +u3v3)

20, 022, 022, 22, 22, 22, 22, 22, 22
upvy Fuyvy Fugvy Furvy Yuy vy tugv, tupvy Yuy vy tugv;

2.2 2.2 2.2
U vy —UyVs —UVy ~ 22U U,V v, — 22U UV Vs~ 2U, UV, Y,
_ 22 2.2 2.2 2.2 22 2.2 _ _
=uyvy tuivy tuy vy tuivy tugvy usvy = 2u,uv,v, = 2uu,v,v, = 2uu,v,v,

U LHS =RHS
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4. ByQu3, [Uxv[ =0[ [ -0 @)

— =2 —|2|—12 —||—
0 [oxv[ =[]y —GUHV‘COSH)Z

:‘52\72(1—cos2 9)

2 2

— =2 — 2| —
UxV =‘U V| sin? 6

Take positive square root: ‘ﬁ xV|= ‘ﬁ”ﬂsm G (1)

ByQI2, UU xV )= VU xV)=0

— UxVOU and UxV OV

O 5 X\_; = kn, where 7 is the unit normal vector perpendicular to 5 and \7 ,and k is a

non-negative constant.

U V| =l
- ‘EHV‘SmH:kxl:k by (1)
O 5><V=‘5H17‘sin0ﬁ

15. P(2,2,0), O(-1,0, 2), R0, 4, 3)

PR=0OR-OP
= (0’ 4’ 3) - (27 2’ 0) = (_2’ 2’ 3)

PQ=0Q~0P
= (-1,0,2)~ (2,2,0) = (-3,-2,2)

Area = FR”@‘ sin QPR

PRXPQ

— —

l J
=2 2
-3 -2

N W =Y

=—[10i =5 +10k

=%J102 +(-5) +10°

= 7.5 sq. units.
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~.
bl

16. U WV xW)=(u1, uz, us)y, v, v,
Wi W, W,
Wy, W,

W Wy w w,

= cofactor expansion of a determinant

=V vy Vs
W W, W

U=(-1,4,7), V=(6,-7,3), W=(4,0, 1)

-1 4 7
UV xW)=|6 -7 3/=227
4 0 1

17. U=(-1,3,2), W=(1,1,-1); UxX=W
Let }:(xl,xz, X3)
i j ok
-1 3 2/=(,1,-1)
X X X
(Bxz — 2x2, 2x1 + x3, X2 —x3) = (1, 1, -1)
-2x, +3x; =1
2x, +x; =1
-3x, —x, =-1
0 -2 31
~2 0 11
-3 -1 0-1
-2 31
0 11| (Ri—-3R2-2R3 - R3)
0 00
—2x, +3x, =1....(1)
:{le +x, =1 2)
Letxs=t

!
S o O

Sub. into (1): x2 :%t—

p—

, where ¢t R

|
|
~N|w[\)|
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18.

19.

20.

(@ ByQl4, VxWOV and VxWOW
O Ux(VxW)OU and U x (V xW)O(V xW)
=Ux(VxW)I(VxW)and VWOV and VxWOW
—U x (17 XW) lies in the plane determined by V and W.
() UxVOU and UxV OV
OWx V)xWOW and(Ux V)xWO(Ux V)
= (Ux V)xWOWx V)and UxVOU and U xV 0OV
= (ﬁ x V )XVT/ lies in the plane determined by U and V.
XX (; x7) = (x1, X2, x3)X(Y2 23 — Y3 22, Y3 21 — V1 23, Y122 — Y2 Z1)
[ j k
= X X, X3
Y223 T V34 V34 T Vi ViZa T Va4
= [xa(y1 22— y2 21) — x3(y3 21 — y1 23)] i + [x3(v2 23 — y3 22)
+ X1y 21 — 1 23) — x2(y2 23 — y3 22)1k

Last updated: 2021-08-07

—xiyz2=y22)1J

(3;&T );— (;Cj)2= (X121 +x2 22+ x3 23)(V1, ¥2, ¥3) — (X1 Y1 + X2 y2 + X3 ¥3)(21, 22, 23)

=[(x1 21+ X222 +x323)y1 — (01 y1 + X2 y2 + X3 ya)zil i
+ (121 + X222 + X3 23)y2 — (01 Y1+ X2 V2 + X3 y3)z2] ]

+ [(x1 21 + X2 22+ X3 23)y3 — (X1 Y1 + X2 Y2 + X3 V3)73] k

0 xx(yxz)=(xB3)y—(x)3
As shown in the figure, let JBOC=a, OA=d, OB=b,0C =¢.

Suppose OA makes an angle 8 with the plane OBC.
The height of the tetrahedron from A onto the plane OBC is h.

bx¢ is perpendicular to the plane OBC.
Also, bx¢ makes an angle 90° — 6 with OA.

volume V =%base area X height

V=%El;—bcsina’ X h
=é[‘]§x5‘x h
:l‘EXE‘x h

6
:é‘ng‘X acos(90° —9)
:éa ”xa)
a a, as

1
6

Created by Mr. Francis Hung

=—|b, b, b,|,where d=(ai,as as), b= (b1, by bs), ¢=(c1,c2 c3)
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| a a, ayla, b ¢
V2 =% b, b, bk, b, c,
¢ ¢ Gllag by ¢
| a12 +a§ +a32 ab, +a,b, +ab; ac, ta,c, +asc,
nglal +b,a, +bsa, b12 "'bz2 "'1732 bc, +b,c, +bsc,
a,c, ta,c, +a,c; b, +b,c, +bic, ¢l +c; +c3
ila alb a
- L% 50 i
36| —~ -
aléd bl cl@
| a’ abcosJAOB accosJAOC
=26 abcos JAOB b* bccosOBOC| ... (1) A
accos[JAOC bccosOBOC c?
Using cosine law, f% = a* + b> — 2ab cos JAOB a f
= ab cos JAOB :%(a2 +b*—f?)
Similarly, ac cos DAOC:E(a +c"—e)
and bc cos DBOC:%(b2+c2—dz)
a? _(az_l_bz_fz) %(az +e2 _ez)
111 1
Sub. into (1): V2=—|—(a? +b* - 2 b* —p?+c*-d?
: v =seplat v 1) A
l(a2+c2—ez) l(l)2+c2—d2) c?
2 2
2(12 a2+b2_f2 a2+c2_62
V2 _2%‘8a2 +b2_f2 2b2 b2+c2_d2
a*+ct—e* bP+ct-d? 2¢2
2a° a’+b*—f* a’+c’-e’
=—— |la* +b* - f* 2b* b*+c*-d?
12\/5 2 2 f2 2 2 2 2
a tc —e b +c"—d 2c
As anexample,a=9,b=10,c=11,d=12,e =13, f= 14,
2x9? 9°+10* -14> 9*+11*-13° 9 N
then V:ﬁ 92 +10* -14° 2%10? 10 +11* =122
97 +117 =13 10°+11*> -12? 2x11°
12
162 -15 33 10

1242

33 77 242
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-15 200 77 :L«/6531822 =150.6 cubic units.

Page 11



