Exercise on Vector Space
Created by Mr. Francis Hung. Retyped as WORD document on 7 August, 2007 Last updated: 08 August 2021

Let V be a non-empty set. Vis a VECTOR SPACE over R if it satisfies the following properties:
Define the binary operations ‘+’: VXV - Vand ‘Ct RxV - V

[Al]Forany u, vOV, u+v OV (additive closure)

[A2] Forany u, v, wOV,(u+v)+w= u+(v+w) (associative)

[A3] For any u,

[A4] There is an element 00V such that for all v [J V, O+v= v (existence of zero)

[A5] For all v OV, thereis a vector (—v )0 Vsuchthat (-v )+ v= 0
(Existence of additive inverse)

vOV, u+v= v+u (additive commutative)

[M1] For any a UR, and any v UV, av OV (multiplicative closure)

[M2] For any a, b 1R, and any vV, a(bv)=(ab)v (associative)

[M3]Foranya, bR, and u, vOV,(a+b)v =av+bv;a(u+v)=au+av (distributive)
[M4] For all vV, 10ORsuchthat 1v=v (multiplication identity)

Elements in V are called vectors; elements in R are scalars.

Q1 Let RZbe the set of all order pair of positive numbers. Define addition and multiplication in
R? as follows: For all (a1, a2), (b1, b2) OR? and ¢ OR,
(a1, a2) + (b1, b2) = (a1b1, axb2) and H(ai, a2) = (ai’, a2").

Show that R? with these operations is a vector space over R.

Definitions: Let R" be the vector space over R. If u = (u1, uz, ..., up) and v = (v1, v2, ..., vn).
Then the Euclidean inner productis [ =uivi+uv2+ ... + ungvn

\/ﬁDliz\/ulz +uy +etul

The Euclidean distance between u and vV is: D(u,vV)=|i—V|

The Euclidean norm (or Euclidean length) of i is: |u|

Q2 Let u;=(-1,3,2,0), u,=(2,0,4,-1), u3;=(7,1,1,4) and u,= (6, 3, 1, 2). Find scalars

Q3 Show that there do not exist scalars ci, c2, ¢3 such that
c1(1,0,-2, 1)+ ¢22,0,1,2) + c3(1,-2,2,3)=(1, 0, 1, 0).

Q4 Let &, é, be two perpendicular vectors of length 1in R*>and V is any vector.

Define |V | = the magnitude of the vector V .
Prove that for any real numbers b; b>:
|V —(V &)é—(VE)eé|<|V-bé-bhé,|
Q5 (a) Find two vectors in R? with Euclidean norm 1 whose Euclidean inner products with
(=2, 4) are zero.

(b) Show that there are infinitely many vectors in R® with Euclidean norm 1 whose inner
product with (-1, 7, 2) is zero.

Q6 Find the Euclidean distance between # and v when:
@ wu =(,1,-1), v =(2,6,0)
(b) I;[ :(6, O’ 1, 3, 0)’ ‘7 :(_1, 4’ 2’ 8’ 3)
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Definition: Let V be a vector space over R. A subset W of V is called a subspace of V if W is itself

a vector space over R. For a normal vector space V, there are at least two vector subspaces. { 0}
(zero subspace) and V itself.

Theorem: Let W be a non-empty subset of a vector space V, then W is a subspace of V if and only
if the following conditions hold:

Q7

Q8

Q9

Q10

Created by Mr. Francis Hung

(@ If u and v OW,then u + v OW.
(b) IfkUORand u W, thenku OW.

Show that the set W of all 2x2 matrices having zeros on the main diagonal is a subspace of
the vector space Mb»; of all 2X2 matrices.

Consider a system of m linear equations in n unknowns:

ayx, tapx, +---+a,x, = b

Ay Xy tapx, +--+a,x, = b,

amlxl +am2x2 +'“+amnxn = bm
Ifb1=br=... =bn=0, the system is known as a homogeneous.

Show that the set of solutions of a homogeneous system is a vector subspace of R".

Let V = R®. Determine which of the following are subspaces of R>.
(a) all vectors of the form (a, 0, 0).

(b) all vectors of the form (a, 1, 1).

(c¢) all vectors of the form (a, b, ¢) where b=a + c.

(d) all vectors of the form (a, b, ¢) whereb=a +c + 1

Let V = Ma,, the set of all 2x2 matrices. Determine which of the following are subspaces of M2;.

a
(a) all matrices of the form (
c

b
dJ , where a, b, ¢ and d are integers.

b
(b) all matrices of the form (a dj’ where a + d = 0.

9

(c) all 2x2 matrices A such that A = A", (the transpose of the matrix A)
(d) all 2x2 matrices A such that det(A) = 0.
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Definition: A vector w is called a linear combination of vectors v,, v,, ... ,v, if it can be

r

expressed in the form w =kiv,+ k2v,+ ... + kv, , where ki, k2, ... k- are scalars.

Q11 Express the followings as linear combinations of p,=2+x+4x?, p,=1-x+3x%, p;= 3+2x+5x°
(@) 5+9x+5x°
(b) 2+6x°
() 2+2x+3x

Definitions: Let {v,, v,, ... ,V, } be aset of vectors in V.
Let W = {all linear combination of v, v,, ...V, } ={kiv,+ kv, + ... + kv, : ki, k2, ..., k, O R}
W is called the linear span of {v,, V,,...,v,}. Denote W=<v,, v,,...,v,>

If W=V, then we called {v,, v,, ... ,V, } spans V.
Q12 Determine whether v,=(1,1,2), v, =(1,0,1), v;=(2, 1, 3) span R3.

Q13 Determine which of the following lie in the space spanned by f =cos’xand g=sin’x

(a) cos2x
(b) 3 +x?
© 1

(d) sinx

Q14 Let P, be the set of real polynomials of degree < 2. Determine if the following polynomials spans P»:

2 2

Pi=1+2x—x% p,=3+x% pi=5+4x—x% p,=-2+2x-2x
1 2 3 4

Q15 Find an equation for the plane spanned by the vectors u= (1, 1,-1), v=(2,3,5).

Definition: If S = { v,,v,,...,v, } is a set of vectors, then the vector equation ki v, +ka vV, +...+k, v, =0

has at least one solution, namely k1 =0, k2 =0, ..., k. = 0. If this is the only solution, then S is called
a linear independent set. If there are other solutions, then S is called a linear dependent set.

Q16 Which of the following sets of vectors in R are linear dependent?
(@ (2,-1,4),3,6,2),(2,10,-4)
(b) G,1,1),(2,-1,5),(4,0,-3)
() (1,3,3),(0,1,4),(5,6,3),(7,2,-1)

Q17 Which of the following sets of vectors in P> are linear dependent?
(@) 2—x+4x% 3+ 6x+2x% 2 + 10x — 4x°.
() 1+3x+3x% x+4x% 5+6x+3x%, 7 +2x— x?

Q18 Let V be the vector space of all real valued functions defined on the entire real line. Which of
the following sets of vectors in V are linear dependent?

(@) 2,4sin’x, cos®x (b) x,cosx
(¢) 1, sinx, sin 2x (d) cos 2x, sin’ x, cos® x
e (d+x2%x>+2x3 6 0,x x°
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Q19

Q20

Q21

Q22

Q23

Q24

Q25

Q26

Q27

In each part determine whether the three vectors lie in a plane pass through the origin.
(a) ‘71:(1’ 0’ _2),§2:(3, 1, 2)"73:(1,_1, 0)
(b) ‘7] = (2’ _1’ 4)7 ‘72= (47 27 3)’ ‘73 = (27 77 _6)

In each part determine whether the three vectors lie on the same line.
@ v=@3,-6,9), v, =(2,-4,6), v;=(1,1,1)

by vw=02,-1,4), v, =4,2,3), v;=(2,7,-6)

) vw=4,6,8), v, =(2,3,4), v3=(-2,-3,4)

For which real values of ¢ do the following vectors form a linear dependent set in R>?

- 1 1. . 1 1. . 1 1
V= t7 -, ——_) V =", t’ - ), Vz3=("—, __7t
1=( 5 2) 2 =( 5 2) 3=( ) )

Let S = {v,, V,, ..., V,} be a set of vectors in a vector space V. Show that if one of the
vectors is zero, then S is linear dependent.

If {v,, v,, v3} is a linear independent set of vectors, show that the following sets are also
linear independent: @ {v,}

(b) v, v}

(©)  {V, Vi+V,, Vi+V,+Vs5}

If {v,,V,,...,v, } is a linear independent set of vectors, show that every subset of S with one
or more vectors is also linear independent.

Prove that the space spanned by the two vectors in R? is either a line through the origin, a
plane through the origin, or the origin itself.

Let V be the vector space of real-valued functions defined on the entire real line. If f, g
and h are vectors in V that are twice differentiable, then the function w = w(x) defined by
flx) s(x)  hlx)
wo = f'(x) g'x) nlx)
) el b
w is called the Wronskian of f, g and h . Prove that f, g and h form a linear
independent set if the Wronskian is not a zero vector in V. (i.e. w(x) is not identically zero.)

Use the Wronskian to show that the following sets of vector are linear independent.
(@ Lxe

(b) sinx, cos x, x sin x

(c) e, xe x*e

d 1,xx

Created by Mr. Francis Hung Page 4



Suggested solution to Exercise on Vector Space By Mr. Francis Hung

Q1 Let R?be the set of all order pair of positive numbers. Define addition and multiplication in
R? as follows: For all (a1, a2), (b1, b2) OR? and ¢t OR,
(a1, a2) + (b1, b2) = (a1b1, axb2) and H(ai1, a2) = (ai', a2").

Show that R? with these operations is a vector space over R.

[Al] Let u = (a1, a2), v= (b1, b2) DR%r , where ai, a2, b1, bo > 0
u+v=_(ai, a2) + (b1, b2) = (a1b1, axb>), which is an order pair, aib1 > 0 and axb> > 0
O i+vOR?
[A2] Let w=(c1, c2), where c1, ¢ are positive real numbers.
(u+v)+ w=[(a1,a2) + (b1, b2)] + (c1, ¢2)
= (a1b1, azb2) + (c1, ¢2)
= (a1bic1, azbac2)
u+ (v+w)=(ai, a2) + [(b1, b2) + (c1, ¢2)]
= (a1, a2) + (bic1, baca)
= (a1bic1, azbac?)
O(u+v)+w= u+(v+w)
[A3] u+V=(a1, a2) + (b1, b2) = (a1b1, axb>)
V+ii= (b1, b2) + (a1, a2) = (bra1, boao)
For real numbers a1b = biai, axb2 =braz
O u+v= v+u
[A4] Let 0=(1,1)
0+v=(1, 1) + (b1, ba)
= (1xby, 1xb2)
= (b1, by) =v
[AS] OV = (b1, b)) OR?, byand b2 20

Let (—V) = (i ijDRZ

bl b2
1 1
—V)+v =|—,— [+ (b1, b
(=v)+v (b sz (b1, b2)
bl b2
=(1, 1)
=0

[M1] Leta O R, av = a(bi, ba) = (b1“, ba?)
bi,b>0=b1“>0,0>0
=avOR?2
[M2] b OR, a(bv )= a[b(b1, ba)] = a(bi’, b’) = (b1"%, b,
(ab) v = ab (b1, by) = (b1°°, by®)
O a(bv) = (ab)v
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Q2

[M3] (a + b)V = (a + b)(b1, b2) = (b1, b,**P)
av+bv =a(bi, ba)+ b(b, b)
= (b1%, b2 + (b1, b2?)
— (b]axblb, bzaxbzb)
— (bla+h, b2a+h)
U(@+b)yv =av+bv
a(u+v)=al(ai, az) + (b1, b2)]
= a(a1bi, axb2)
= ((a1b1)", (a2b2)")
au+av =ala, az) + a(bi, b2)
= (1%, a2®) + (b1%, b
- (alaxbla’ azaxbza)
= ((a1b1)4, (a2b2)")
Oa(u+v)=au+av
[M4] 1v = 1(b1, b2)
=(b1', byl =v
O1v=vy

By Mr. Francis Hung

O R? is a vector space under the special addition and under the special scalar

multiplication.

Let i, = (-1, 3,2, 0), ii,=(2,0,4,-1), ii=(7,1,1,4) and ii,= (6,3, 1, 2). Find scalars

-1 2 7 6) (0
SIER N R R R T
No | Plal L] Y1) |6
0 -1 4 2) (-3
-1 2 7 6|0 -1 2 7 6|0 -1 2 7 6|0
3 0 1 3|5 R,+3R| 0 6 22 21|5| R| O -1 4 2|-3
2 4 1 1/6| R,+2R|0 8 15 13]6| |0 8 15 13]6
0 -1 4 2|-3 0 -1 4 2[-3) RO 6 22 215
-1 2 7 6|0 -1 2 7 60
0 -1 4 2/|-3 0 -1 4 2|-3
TR, +8R,| 0 0 47 29|-18] 0 0 47 29|-18
R,+6R,\ 0 0 46 33|-13) 47R,—46R,( 0 0 0 217|217
-1 2 7 6|/0) R-6R (-1 2 7 0|-6 -1 2 7 0|6
0 -1 4 2|-3| R,-2R, |0 -1 4 0|-5 0 -1 4 0[-5
~R4 0 0 47 29|-18| R,—-29R,| 0 0 47 0|-47 ~% 0 1 0[-1
S50 0 0 1|1 0 0 0 1|1 0 0 0 1|1
TR,-R(1 -2 0 0|-1) R +2R,(1 0 0 0|1
4R, ~R,| 0 0 01| P T
0 0 1 0]-1 001 0[-1
0 0 0 1[1 000 1|1
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Q3

Q4

Show that there do not exist scalars ci, ¢2, ¢3 such that
c1(1,0,-2, 1)+ ¢22,0,1,2) + 3(1,-2,2,3)=(1, 0, 1, 0).

| 2 1Y (1
0 o| [-2| |o
IS e R A PO
| 2 3 lo
12 1N 12 11 12 11
0 0 -2/0 —%0010 00 1/0
21 2[1 R 43R[0 5 4]3 05 4|3
1 2 300) g-g (0 0 2-1) R,-2R,(0 0 0|1

Equation (iv) 0 + 0 + 0 = —1, which is a contradiction. L] no solution.

By Mr. Francis Hung

Let &, & betwo perpendicular vectors of length 1 in R*and V is any vector.

Define |V | = the length of the vector V .
Prove that for any real numbers b; b>:

|V —(VIE)é,—(V2,)&,|<|V-bié,—bé,|

Proof: |V —bié,—bae,? = |V —(V &) é,— (V [&,))é,[

Q5

=|VP+ b? + b} —2bi(V &) —2bx(V [&,) + 2b1b2( &, [F,)

(VP +(VE)+(VE) -2V E)NV E)-2V E)VE)+2VE)VE,) (R,

= b2 + b} —2bi(V (&) -2bx(V &) + (V&) + (V [&,)?
(bi— VE)2+(ba— V)20
OV (VE)E-(VE)E|S|V ~bi6-brd,

(a) Find two vectors in R? with Euclidean norm 1 whose Euclidean inner products with

(=2, 4) are zero.

(b) Show that there are infinitely many vectors in R® with Euclidean norm 1 whose inner

product with (-1, 7, 2) is zero.
(a) Let v=(x,y), u=(-2,4)
|v|=1and v@E=0

Jxi+y =1land 2x+4y=0

¥ +y*=1and x =2y

4y +y? =1
y2_l :>y_+i x—+i
5 VARG

= (5 (F%)
V5745 V57 5
b)) u=(-1,7,2), v=(x,y,2)
[v|]=1land u =0

Jxi+y*+z22=landx+7y+2z=0

¥+y+2=landx=T7y+2z
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Q6

Q7

(7y+2z)2+y2+z2=1
49y + 28yz + 47 +y* + 2 =1
5092 +28yz + 52— 1=0

_—14z/1962> -501f52 1)

,letz=1¢, where t O R

50
~147+£50-547" 5 5
= valid for -—=<z7<——
50 343 3.3
—987+ 7450 -547 2t 7450 - 541
x=Ty+2z= +2z7=
50 50
‘= 2t +7/50 = 54¢°
50
—_ =+ ,‘[ —_ 2
O<y= 142+ 5?)0 342 , where ¢ [J R. [J There are infinitely many solution in ¢.
z=t

Find the Euclidean distance between # and v when:
(@ u ={,1,-1), v=(2,6,0)

(b) u =(6,0,1,3,0), v=(-1,4,2,8,3)

@ u=01,1,-1), v=(2,6,0)

| —VI=\/(2-1)2+(6-1)2+[0-(-1)]2=\/12+52+12=\/E=3\/5
5| =y[6-(-1)] +(0-4) +(1-2)* +(3-8) +(0-3)’

=7 +42 +12+52 +32 =/49+16+1+25+9 =-/100 = 10

Show that the set W of all 2x2 matrices having zeros on the main diagonal is a subspace of
the vector space Mbo; of all 2X2 matrices.

<)

:l

(b)

c

0
W={( g}:p,qDD}.ClearlyW ov
q

b
V=M :{(a dj ra,b,c,d D} . It is known that V is a vector space.

-~ (0 0
Let O :(O O] UW, W Z @ (W is a non-empty subset of V.)

0
Let u:( plj, vz( pz], . VOW
g, O g, O
0 0 0 +
ﬁ+\7:( p1j+( pz]:( P pz]DW (close under addition)
g O g, O q, 749, 0

(0 p 0 kp, o
Ok OR, ku=k = LW (close under scalar multiplication)
g O kg, 0

U W is a vector subspace of V (= M22)
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Q8 Consider a system of m linear equations in n unknowns:

apx; tapx, +-+a,x, = b
Ay Xy tapx, ++a,x, = b,
aml'xl +am2x2 +“'+amn'xn = bm
If b1 =br=... =bn=0, the system is known as a homogeneous.

By Mr. Francis Hung

Show that the set of solutions of a homogeneous system is a vector subspace of R".

V =R", clearly V is a vector space over R.

Ay Gy Gy,

Gy Qyp Gy, . .. . )
LetA= , this is the coefficient matrix of the system of equations.

aml am2 amn

W= {7OR:AV=0}

To show that W is a subspace of R".
0V OW = vOR"and Av=0

OW O R" (W is a subset of R")

Let 0=(0,0, ..., 0) OR", then A0 =0
000W

W # @ (W is a non-empty subset of R")
Let ii,v OW = Aii=0,Av =0
u+vOR"and A(u+v)=Au+Av

=0+0
=0

U u+v OW (W is closed under addition)

Letk OR, A(kii ) = k(Aii) = k0 =0

ku [JR™ and ku [JW (W is closed under scalar multiplication)
LW is a vector subspace of V (= R")

Q9 Let V =R3. Determine which of the following are subspaces of R>.

(a)
(b)
(©)
(d)
(a)

all vectors of the form (a, 0, 0).
all vectors of the form (a, 1, 1).
all vectors of the form (a, b, ¢) where b =a + c.
all vectors of the form (a, b, ¢) where b=a +c+ 1
W =<(a, 0, 0)> = {(a, 0, 0)r: LI R"}

={(at,0,0): t R}
OvOW = v=(at,0,0) OROW OR?
Lett=0, 0=(0,0,0)=0(a,0,0) OW £ ¢
Let i=(at, 0,0), V= (at, 0, 0), then #,v OR>
i+v = (at1, 0,0) + (at2, 0, 0) = (at1 + a2, 0, 0) OR?

=(a(ti+1n),0,00 W

Created by Mr. Francis Hung
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Uk OR, ku = k(at, 0, 0) = (akt, 0, 0) O W
00 W is vector subspace of R>.
(b) W={(a,1,1):alR}
Let u=(a, 1,1), v=(b,1,1)
u+v=_@, 1, )+, 1,1
=(a+b,2,2)
O u+vUOW
W is not a vector subspace of R?
) W={@b,c)b=a+c}
i 0W = ii=(a,b,c) OR. 0 WOR?
0=(0,0,0),0=0+0.000W=W=z¢

By Mr. Francis Hung

Let u= (a1, b1, c1), where by = a1 + c1 and vV = (az, ba, ¢2), where by = az + ca.

u+v=_(ar+az b1+ b ci+c2)
bi+b=ai+ci+a+c2
= (a1 +a2) + (c1+ ¢2)

O u+vUOW
Uk OR, ku = (kai, kb1, kci)
kby = k(a1 + c1) = ka1 + kcy
OkulW
W is a vector subspace of R?

d W={(ab,c)b=a+c+1}
Let u=(a,b,c)dW=b=a+c+1
2u=(2a,2b,2c)
2b=2(a+c+1)=2a+2c+1+1#2a+2c+1
O2ul0W
W is not a vector subspace of R>.

Q10 LetV =Mn2, the set of all 2x2 matrices. Determine which of the following are subspaces of Ma..

(a) all matrices of the form (a

j, where a, b, ¢ and d are integers.
c

a
(b) all matrices of the form (

b
J,wherea+d:0.
c d

(c) all 2x2 matrices A such that A = A". (the transpose of the matrix A)
(d) all 2x2 matrices A such that det(A) = 0.

c

a9 W= {(a b]:a,b,c,dDZ}
c d

_ (a b
Duz( ]DW:a,b,c,dDZ
c d

a b
My = {( d] ca,b,c,d D} , given that My, is a vector space.

= ulMxpOWIOMx

Created by Mr. Francis Hung
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(b)

(©

-~ (0 0
Let O=(O OjDWDMzzD Wz

¢ d, ¢, 2

G a, b N a, b, _ a,ta, b +b, 0 M.,
¢ d, c, d, ¢ tc, d t+d,

air+ az, bi+ by, c1+ 2, di+do O Z

O u+vOW

. (a b\ _. (a, b,
Let u= , v= Pt where a1, az, b1, ba, c1, ¢2, d1, do UZ

. a, b ka, kb, )
Uk OR, ku=k = , ka1 may not be an integer.
¢ d, ke, kd,

_ (1 0 1
e.g. u= DW’kZE

oM | =
o O

J UW. LW is not a vector subspace of M.

a b
j:a+d:0}
c d

b
i= deW:nz+d=Oand i 0 Mo, OW 0 M
c
- (0 O -
0= 0+0=0= 00OWOW#0
00
. (a, b\ . (a, b,
U= , V= ,whereai +d1 =0, a2+ d>=0
¢ d c, d,

N T
¢ d, ¢, d, ¢ te, d +d,

art+am+divtdo=(@+d)+(@+d)=0+0=0

O u+vOW
. a, b ka, kb,
Ok OR, ku=k =
¢ d, ke, kd,
kai + kd1 = k(a1 +d1) =0
O kuOW

[J W is a vector subspace of Ma».
W={AOM»n:A=A"}
UulOW = u =A0Mon. OW 0O Mz

- (0 0 0 0) (0 0O .
Let 0= H)\Y GO = = 00OW,W#q
0 0 0 0] 00

vOW= i=A, v=B, where A=A"and B =B

Ou,
Uu+v=A+B M
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(d)

(A+B)=A'+B'=A+B

O u+vOW

Uk OR, ku=kA
(kA)'=kA' = kA

OkulW

[J W is a vector subspace of Ma.
W ={A [0 Mby: detA=0}

_ (1 0}y _ (0 O
Let u= , V=
0 0 0 1

det u=0,det v =0,0u, vOW

worfy 33 1)

det(i+v)=1%0
O u+vOW
W is not a vector subspace of M.

By Mr. Francis Hung

Q11 Express the followings as linear combinations of p,=2+x+4x?, p,=1-x+3x% p,= 3+2x+5x"

(a)
(b)
©)
(a)

54 9x + 5x2
2 + 617
2 4+ 2x + 3x2

ki py+ ko py+kspy =5+ 9x+5x°
2 1 3 5
k| x |+k,| —x |+ky| 2x |=]| 9x

4x* 3x? 5x° 5x°

[\

LetA=1 -1

4 3 5
-1 2 11 2
3 5 |45

I -1

detA=2
4 3

=2(-5-6)-(5-8)+3(3+4)=-22+3+21=2#0= A exist.

A =|—i|adj(A)=ﬁcof(A)t
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By Mr. Francis Hung

‘—1 2 _‘1 2‘ ‘1 -1 o, s
31 2 24 35 42 31 1137 2 2
1 - ) S IR
2l 3 51 4 5 4 3 2 5 -1 -3 2 2
13 23 2 1 7o 3
12 hoo - 2 2
L, s
k, 5 2 2 |5 3
4 3 1
k, |=A"|9|=| = -1 ——|9]|=—-4
2 2
k, 5 7 . 3 (\5 1
2 2
A, s
k, 2 32 21 2 4
b k [=AT"0|=| = -1 -= = 0
(b) 2 > >
k, 6 7 . 3 [\ 6 -2
2 2
e, s 1
k, 2 32 21 2 21
C k :A_l 2 = —_— _1 _—— 2 = ——
(©) 2 > > >
k, 3 7 . 3 3 1
2 2 2
1 1 1
O02+2x+3x°== p,—— pr+— D
2P1 2172 2P3
Q12 Determine whether v,=(1,1,2), v, =(1,0,1), v;=(2, 1, 3) spanR3.
O(a, b, ¢) OR?, k Vi+ kav,+ k3vy=(a, b, ¢), find ki, k2, k.
1 1 2)k a 1 1 2
1 0 1|k, |=|b]|,letA=]1 O 1
2 1 3 )k, c 2 1 3
1 1 2
0 1 |1 1 1 0
detA=|]1 0 1|=1 -1 +2 =-1-1+2=0
1 3 |2 3 2 1
2 1 3
OA™! does not exist. v,,V,,V; does not span R®.
Q13 Determine which of the following lie in the space spanned by f:coszxand g=sin’x
(a) cos2x
(b) 3+
¢ 1
(d) sinx
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Suggested solution to Exercise on Vector Space By Mr. Francis Hung

(@) ki1 cos® x + ka sin® x = cos 2x, find k1, k>
We can easily find that k1 = 1, ko = -1

Dcostlieson<f,§>

(b) ki cos®>x+kysin?x =3+ 17
Putx=0,k1 =3
Putx=TL ki =3 + 10 !!!
[J no solution
3+20<f,8>

(c) kicos’x+kysin®x=1
We can easily find that k1 = 1, ko = 1
O10<f,8>

(d) ki1 cos®x + ko sin® x =sin x

x:E,kzzl
2

x=-D ko=—111
2

U no solution
sinxO< f,8>
Q14 Let P, be the set of real polynomials of degree < 2. Determine if the following polynomials spans P::

2, ]34=—2+2x—2x2

Pi=1+42x—x% p,=3+x% p3=5+4dx—x
P,={a+bx+cx* a,b,c R}

ki py+ ko py+ ks py+ ks py=a + bx + cx?, find ki, ko, k3, ka.

1 3 5 -2 a
k| 2x |+k,| O |+ky| 4x |+k,| 2x |=| bx
-x? x? -x’ -2x* ex?

1 3 5 -2a 1 35 -2/ a 1 35 -2 a
2 0 4 20b|--R+2R|0 6 6 —62a-b|-T2lo 1 1 -1]24?
-1 1 -1 -2 R+R, \0 4 4 -4 a+c 1?3 01 1 -1 a?-c
4 4
1 35 =2 a
~ 0O 1 1 -1 2a=b . The system of equation is valid for any a, b, c U R
Ri=R,|0 0 0 Of-g+2p+3c
12
In general, —arsoToe +122b *3c # 0. Uno solution in ki, k2, k3.

<I31’132’I33’I34>¢P2-
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Q15 Find an equation for the plane spanned by the vectors u= (1, 1,-1), v=(2,3,5).
The plane is given by kiu+ kv = ki1 (1, 1, -1) + k2 (2, 3, 5)
= (k1 + 2k, k1 + 3k2, —k1 + S5k2), where ki1, k2 LR
If (x, y, 2) = (k1 + 2k2, k1 + 3k2, —k1 + 5k2)

X=ki+2kz ccovriieennnnnn. (1)
Y=kt +3kz ceoeeriiannen. 2)
Z2=—ki + Skp..coevennennen. 3)
2)+@B):y+z=8ks.......... 4)
2Q)-):y—x=k2 ceueeune... )
4)-8058)y+z-8(y—x)=0
8x—Ty+z=0

Q16 Which of the following sets of vectors in R are linear dependent?
(@ 2,-1,4),3,6,2),(2,10,-4)
(b) G,1,1),(2,-1,5),(4,0,-3)
() (1,3,3),(0,1,4),(5,6,3), (7,2,-1)

2 3 2 (0 2 3 2Yk) (0
@) k|-1|+k,|6|+k]| 10 [=|0]|= |-1 6 10|k, |=|0
4 2 -4) (0 4 2 -4)\k ) |0

2 3 2

‘6 10‘ ‘—1 10‘ ‘—1 6‘

det =|-1 6 10|=2 -3 +2

2 4 2

4 2 -4

=2(-44) - 3(-36) + 2(-26) =-88 + 108 - 52 =-32 #0

U (@2,-1,4), 3,6, 2), (2, 10, —4) are independent.

U@, 1,1),(2,-1,5), (4, 0, =3) are independent.
1 05 7|0 1 0 5 7 10 1 0 5 7 10
31 6 20(~R,-3R|0 1 -9 -19/0|~ 01 -9 -1900
3 43 -10) R,-3R(0 4 -12 -220) 4R,-2R,(0 0 12 27]|0

Number of unknowns > number of equations

U There are infinitely many solutions.

We can find ki, k2, k3, k4 not all zero such that

ki(1,3,3) + k20, 1, 4) + k3(5, 6, 3) + ka(7, 2, -1) = (0, 0, 0)

U (1,3, 3),(0,1,4), (5,6, 3), (7, 2, —1) are dependent.

3 2 4
1 -1 B 2
® |1 -1 0 =4‘1 S —3‘1 ‘:4(6)—3(—5)#0
1 5 -3
1 0 5 7Y (0
© k|3 |+k,|1|+k;| 6|+k,| 2 [=|0], find ki, k2, ks, ka.
3 4 3 -1) (o
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Q17 Which of the following sets of vectors in P> are linear dependent?
(@) 2-x+4x%3+6x+2x% 2+ 10x — 4x%.
(b) 14+3x+3x% x+4x%5+6x+3x% 7 +2x—x°

2 3 2 0
(@ k| —x|+k,| 6x |[+k;| 10x [=| Ox
4x* 2x* —4x® 0x*
2 3 2
6 10 -1 10 -1 6
det=|-1 6 10|=2 -3 +2 (same as Q61(a))
2 -4 4 -4 4 2

4 2 -4

= 2(-44) — 3(=36) + 2(~26) = —88 + 108 = 52 = -32 # 0
2 —x+4x%, 3 + 6x + 2x%, 2 + 10x — 4x? are independent.

1 0 5 7Y (0
(b) k|3 |+k,| 1|+k;| 6|+k,| 2 |=| 0], find ki, k2, ks, ks. (same as Q16 (c))
3 4 3 -1) (o

Number of unknowns > number of equations
U There are infinitely many solutions.
O 14+ 3x+3x%, x +4x%, 5+ 6x + 3x%, 7 + 2x — x* are dependent.

Q18 Let V be the vector space of all real valued functions defined on the entire real line. Which of
the following sets of vectors in V are linear dependent?

(a) 2, 4sin’x, cos® x (b) x,cosx
(c) 1,sinux,sin 2x (d) cos 2x, sin® x, cos® x
e) (I+x)>%x>+2x3 6 0,x x°
(a) ki1x2 + kox 4 sin® x + k3 cos®> x =0, find k1, ko, ks.

It can be easily found that k1 = —l, k2 =l , k3 =l
2 4 4
0 2, 4 sin® x, cos? x are dependent.

(b)) kix+kcosx=0.ieenniennnns (1), find k1, ko.
Differentiate twice with respect to x: —k2 cos x =0
Putx=0= k> =0.

Putky=0into (1): kix=0= k1 =0
U x, cos x are independent.

(¢) ki+kssinx+kssin2x=0

Putx=0,k=0

Putx=2.k =0
2

Sub. k1 =0, k> = 0 into the given equation: k3 sin 2x =0
= k=0
U 1, sin x, sin 2x are independent.
(d)  kicos 2x + kasin® x + kscos>? x =0
It can be easily found that k1 =1, ko =1, k3 = -1
0 cos 2x, sin® x, cos’ x are dependent.
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@ k(1 +xP+k(®+2x)+3k =0
It can be easily found that k1 =1, ko =—1, k3 = —% .

O (1 +x)%, x* + 2x, 3 are dependent.
()  Oki+kox + kx> =0
It can be easily found that k1 =1, k2 =0, k3 =0
0 0, x, x> are dependent.
Q19 In each part determine whether the three vectors lie in a plane pass through the origin.
(a) ‘7]:(1’ 07 _2)9 ‘_;2 :(3, 19 2)’ ‘73:(17_17 0)
(b) ‘_;1 = (27 _1’ 4)’ ‘72 = (49 29 3)7 ‘_;3 = (2’ 7’ _6)
(a) We find the volume of the parallelepiped formed by v,,v,,V;.

Volume =v, [(v, Xvy)

1 0 -2
1 2 B 1
=3 1 2|=1 -2
-1 0 |1 -1
1 -1 0
=2-2(4#0
O v,,v,,v; donot lies on a plane.
2 -1 4
(b) Vol v [y, xv)=4 2 3 22 3+4 3+44 2
olume =V, [(IV, XV, ) = =
A e

=2(-33)-30+424)=0
O v,,v,,v; lies on a plane passing through the origin.
Q20 In each part determine whether the three vectors lie on the same line.
@ v=@3,-6,9),v,=(2,-4,6),v;=(1,1,1)
by v=2,-1,4),v,=4,2,3),v,=(2,7,-6)
) v=4,6,8),v,=(2,3,4),v;=(-2,-3,-4)

(@ V,,v,,v; lies on a straight line if and only if P, Q, R are collinear.
P v,-v;

= V,—V, isparallelto v;—v,
V=V, =(2,-4,6)-(3,-6,9) =(-1,2,-3)
v3—v,=(1,1,1)-(2,-4,6)=(-1,5,-5)
© V=V, # k(v3—V,), i.e. not parallel.
O v,,v,,v; are not collinear.
(b)) V,-v=(4,2,3)-(2,-1,4)=(2,3,-1) 0
V3—V,=(2,7,-6)-(4,2,3)=(2,5,-9)
© V=V, # k(V5—V,), i.e. not parallel.

O v,,v,,v; are not collinear.
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© V,-v=(2,3,4)-(4,6,8)=(-2,-3,-4)
Vi—V,=(-2,-3,-4)—-(2,3,4) = (-4, -6, -8)
 2(Vy—V)) = V3—V,,1.e. V,—V, isparallel to v;—v,.
O v,,v,,v; are collinear.

Q21 For which real values of ¢ do the following vectors form a linear dependent set in R3?

~ 1 1. . 1 1. . 1 1
V= t, -, ——_) V = __’t’ - ), V3=(—"—, __’t
1= 5 2) 2 =( 5 2) 3= ( ) )
1 1
t _— _—
2 2
_l t —120
2 2
1 1
-—— -t
2 2
Co L
¢ 2+l 2 2_1 2 =0
1 21 1 21 1 1
N t [ t [ ——
2 2 2 2
1 1, ¢+ 1. 1,1 1t
(P —=)+=(———=)——=(—+=)=0
( ) 2( 2 4) 2(4 2)

4 4 8 8 4
pt 1 g

4 4
48 -3t-1=0

Put fif) =48 -3t -1
f(1)=4-3-1=0=1t-11isafactor
417 +4t +1
t—Qm3 ~3r-1

4t° —4¢*
By division, 4 =3 —1 = f) = (- DAL +4t+ 1) = (- DRt + 1)2=0
4¢* — 4¢

~ o~
p—

t=1or —% (repeated roots)

Q22 LetS = {v,, v,, ..., v, } be a set of vectors in a vector space V. Show that if one of the
vectors is zero, then S is linear dependent.

If v,=0, kv, +kVy+ ... +kv,=0, find ki, ko, ... , kn.
Letk1=3,k =0, ...,k =0
US is linear dependent.

Created by Mr. Francis Hung Page 18



Suggested solution to Exercise on Vector Space By Mr. Francis Hung

Q23 If {v,, V,, V;} is a linear independent set of vectors, show that the following sets are also
linear independent: (@ {v,}
) (v, v}
() {V, Vi+V,, Vi+V,+V;}
(a) k2v,=0, find ko.
0V, + kav,+0¥,=0 = k2=0 (given that v,, v,, v, are linear independent.)
O {v,} is independent.
(b) k¥, +ks¥,=0, find ki, ks.
kiv,+0v,+ k3 v, =0 = ki =k3 =0 (given that V,, ¥,, v are linear independent.)
O {v,,v;} is independent.
(¢) ki, + ka(V,+V))+ ks((¥,+V,+75) =0, find ki, k2, k3.
(ki + ko + k3) V, + (ko + k3) V, + ks ¥, =0
ki+ky+k3s=0,k+ ks =0, ks =0 (given that v,, v,, v, are linear independent.)
After solving, ki =k =k3=0
O {v,,v,,v; } is independent.
Q24 If {v,,V,,...,v, } is a linear independent set of vectors, show that every subset of S with one

or more vectors is also linear independent.
LetS={v;,vy, ... .V, , W={v, v, ...V, L, WHOS, WZ@(e l<sn<r)

kiv, +kav, + ... + kav, =0, find k1, ko, ... , kn.

kiv, +kav, + ... + kav, +0V, |

— —

where \7i] ,\7[1 ,V ... ,v, arerearrangement of v,,v,, ...,V,.

i Vi
~*Sis independent, (1) => k1 =0, k2 =0, ... , k, =0
[JW is also independent.

Q25 Prove that the space spanned by the two vectors in R? is either a line through the origin, a
plane through the origin, or the origin itself.

Let i, v OR? Tofind <ii, v>={kiii+kV:k,k OR}
Case 1 ﬁzﬁ,ﬁz()
<ii, V>={ki0+kO:ki, ko OR} ={0}
It is the origin itself.
Case 2 ﬁ:ﬁ,ﬁ#ﬁ
<u, v>={kv:k OR}
which is a line passes through the origin and parallel to v .
Case 3 i 20 ,\7:6, similar to case 2.
Case4 @ #0,7#0, i//V,ie V=kii,k#0
<u, v>={kiu+kav: ki, ko OR}
={kiu+koku: ki, ko OR} = {(ki+ kek)u : ki, ko UR} =<u>
It is a line passes through the origin and parallel to u .
Case5 @ #0,7#0, id#v,
<u, v>={kiu+kav: ki, ko OR}
This is a plane equation through the origin.
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Q26 Let V be the vector space of real-valued functions defined on the entire real line. If f, g

and h are vectors in V that are twice differentiable, then the function w = w(x) defined by
flx) slx)  nl(x)
w=|f'(x) g'(x) ()
) el il
w is called the Wronskian of f, g and h . Prove that f, g and h form a linear
independent set if the Wronskian is not a zero vector in V. (i.e. w(x) is not identically zero.)

kifix) + kog(x) + k3h(x) 20 v, (1), find k1, k2, k3.
Differentiate once: kif '(x) + k2g'(x) + k3h'(X) 20 eveeenevennnee. 2)
Differentiate twice: kif "(x) + k2g"(x) + k3h"(X) 0 evveeevveenneee. 3)

Fix) glx)  hlx)

LetA=| f'(x) g'(x) 2(x)], 1), Q). @3)is equivalent to Aki, k2, k3)' = (0, 0, 0)".
£1(x) g(x) m(x)

Given that det A % 0, A exists and so (k1, k2, k3)' = A0, 0, 0)' = (0, 0, 0)!

Uf(x), g(x), h(x) are independent.

Q27 Use the Wronskian to show that the following sets of vector are linear independent.

(a 1L,x¢

(b) sinx, cos x, x sin x

(c) e, xe x*e

d 1,x 1

1 x e 1 x 1
@ wx)=|0 1 e'|=e*|0 1 1=¢e"%£0.0{l,x, e} is linear independent
0 0 e 0 01

sinx  Ccosx xsin x sinx Ccosx xsin x
(b) w(x)=|cosx -—sinx sinx+xcosx|= cosx —sinx sSinx+Xxcosx
—sinx —cosx 2cosx—xsinx| R +R;| O 0 2cos x

=2 cos x(=sin® x — cos® x) = —2 cos x 0.0 {sin x, cos x, x sin x} is linear independent.

e’ xe” x’e" 1 X x?
©) wk)=le* e"+xe* 2xe* +xe" |=e[l 1+x 2x+x?
e’ et +xet 2+4xet +x’e” 1 2+x 2+44x+x’
1 x x?
=R,-R, ¢7¥0 1 2x | =2¢*0{e", x e, x* ¢} is linear independent.

R,-R, |0 2 2+4x

1 x x?
(d) wx)=|0 1 2x=2.0{1,x, x?} is linear independent.
0 0 2
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