Determinant Note
Created by Mr. Francis Hung on 20220427 Last modified: 2022-04-27

I -1 0
M2 Example 14 Page 31 Consider the 3 x3 determinant 2 2 5].
3 4 1
Minors
25 25 2 2
M = =2-20=-18 M = =2-15=-13 Mis = =86=2
4 1 31 3 4
-1 0 1 0 I -
M2 = =-1-0=-1 M2z = =1-0=1 Ma3 = =4-(-3)=7
4 1 31 3 4
-1 0 1 0 1 -
M3 = =-50=-5 M3z = =50=5 M3z = =2-(-2)=4
2 5 25 2 2
Cofactors

A= (D"Mu= (1)%(2-20) = —18| Az =(-1)"Mp = (-1)}(-13) =13 A=) M =(-1)*2=2

A =DM = (=) (1) =1 An=(-1)*""Mn=1 A2 =(=1)"Ma3 = (-1)x7 =7

Az =(-1)""M31 =-5 An=(-1"Mzn=-5 Az =(-1)"Ms =4

The signs (+/-) of cofactors and minors

A1 =Mn A =-Mn2 A1z =Mi3
A1 =-Moi A2 =M Az =-M>n3
Azl =Mz Az =-Mz Azz = M33

In short form,

I - 1

+ - +
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Consider the 2x2 determinant

-3 2
-1 4

Minors

Min=4=4 |Mn=|-1=-1

M21=2|=2 |Mn=|3|=-3

Cofactors

An=D""Mu=4 | An=-D)"Mir=1

Aot =(=1D)*"Ma1=-2 | A =(-1)*"Mn=-3

The signs (+/-) of cofactors and minors

A1 =Mn A =-Mn2

A1 =-Mai Az =M

In short form,

_|_ -
— +

Consider the 1x1 determinant |-3|.

Mi1 = undefined, A1 is also undefined.
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(1) Cofactor expansion of 3x3 determinant

a'11 a’12 a13

a,, a, a,|=auAn+anAnz+asAis (cofactor expansion along the first row) ------ (1)

a31 a‘32 a33

a'11 a’12 a13

a, a,, a,|=axA2 +anA» + asAzs (cofactor expansion along the second row) ------ (2)
a31 a‘32 a33

all a12 a13

a, &y, a,|=asAs + aAs + as3Asz (cofactor expansion along the third row) ------ 3)
a‘3l a‘32 a33

a‘ll a12 a13

a,, &, a,|=auAu+aiAz + asAsi (cofactor expansion along the first column) ------ 4)
a3l a32 a33

a‘ll a‘12 a‘l3

a,, &, a,|=anAn+anA» + anAs (cofactor expansion along the second column) ------ 5)
a3l a32 a33

a'11 a'12 a'13

a, a,, a,|=aisAz+asA2s + assAss (cofactor expansion along the third column) ------ (6)
a’31 a’32 a33
We shall prove the equality of (3):

all a12 a13

a, &, a,|=anaas;+arasas +aisazas — (aizaeas: + anazas + aaiass)

a‘3l a‘32 a33

a a a a a a
RHS :a31 12 13 + a3 (_ 1)3+2 11 13 + a33 11 12
a‘22 23 a2 1 a‘23 a‘2 1 a22

= asi(@nazs — axais) — as2(anazs — aziaiz) + as(anazz — azaiz)

= azianazs + asaziais + aszanazz — (asazzals + aaiazs + ass axaiz)
. LLH.S.=R.H.S.
Equality (3) holds
For the other 5 equalities, please prove them by yourself.
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a‘l 1 a'12 al 3

Consider a 3x3 determinant a,, a,, a,.

(2)

a31 a’32 a33

If a row or a column consists of entirely zeros, then the value of the determiant is zero.

Proof: Suppose the second row consists of entirely zero, then

a11 a'12 a13

0 0 0]|=0A2+0A2 + 0A23 = 0 (Cofactor expansion along the second row)
a3l a32 a’33
Suppose the third column consists of entirely zero, then

a‘ll a‘lZ 0

a,, a, 0[=0Ai3+ 0A2 + 0A33 =0 (Cofactor expansion along the third column)
a31 a32 0
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(3) Iftwo rows or two columns are identical, then the value of the determinant is zero.
Proof: Suppose the second row is identical to the third row, then
a a a
" " : a‘22 a23 a‘21 a23 a21 a22 .
a, a, a,|=a, —-a, +a, = 0 (Cofactor expansion along the first row)
a22 23 a'21 23 21 22
a21 a22 a23
Suppose the first column is identical to the third column, then
a a a
! ” : a21 21 a'11 a'll a'11 all .
a, a, a,|l=a, -a,, +a,, = 0 (Cofactor expansion along the second column)
a31 31 a31 31 21 22
a‘31 a‘32 a‘3l
a‘ll a‘12 a'13

In particular, aiA21 + ai2A22 + aizAz =|a,, @, a;|=0

a21 a22 23
a11 alZ a‘l3
anAsi +anAn +asAs =la, a, a,/=0
a11 alZ a‘l3
0 fori# |
More generally, aitAj1 + ai2Aj2 + aisAj3 = det A foriz i’
e ori=]j
a12 a12 a13
Also, anAn + a»Az +anAsr=la,, a, a,|=0
a32 a32 a33
0 fori# j
More generally, aiiAij + azifzj + asiAsj = det A foric i’
e ori=j
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o
)

a‘13
(4) Letkbeaconstant, then |a,, &, a,|=K|a, &, a,|,thesame results apply to all rows.

ka,, ka,, ka,,

a‘l 1 a‘l 2 a13 a1 1

a31 a’32 a33
a'1 1 kal 2 al 3 a1 1 a‘l 2 al 3

Also, |a,, ka,, a,|=kla,, a,, a,;|,thesame results apply to all columns.
a31 ka32 a33 a31

32 a33
all a12 a13
Proof: |a,, a,, &, |=kasiAs +kas2As2 + kassAss (cofactor expansion along the third row)
ka‘31 ka‘32 ka33
= k(as1As1 + a2As2 + a33As3)

a, &, a;
=kla, a, ay
a4 & A,

a, a, a (b b b ja,+b a,+b a;+h
(5) Letbu, b2, bs be any numbers, then |a,, a,, a,|t|a, a, a,|=| a
85 8y A8y |8 8, a a
The same results apply to all rows and all columns.
a,+b a,+b, a,+b,
Proof: | a,, a,, a,, |=(antbi)An + (aizth2)Aiz + (ais+hs)Ais (cofactor expansion along the first row)
a31 a32 a‘33
= (anAn + anAn + ainAiiz) + (biAn + b2A12 + b3Ai3)

all a12 a’l3 bl b2 b3

=y Ay aytla, a, ay

a3l a‘32 a33 a3] a32 a33

(6) If one row is a scalar multiple of the other row, then the value of the determinant is zero.
If one column is a scalar multiple of the other column, then the value of the determinant is zero.
Proof: Suppose the third column is a scalar multiple of the second column, then

a‘l 1 alZ kal 2 a‘l 1 alZ a1 2
a, a, Kka,|=kla, a, a,| (byproperty(4))
a’3 1 a32 ka’32 a3 1 a32 a32

=0 (by property (3))
(7) Interchange any two rows or any two columns gives the negative value of the determinant.
a31 a’32 a’33 a11 a’lZ a13 all a13 a12 all a12 a’l3
Le.|a, @, ay|=-a, a, ayland|a, a, a,|=-a, a, ay
a'] 1 a‘]2 al3 a31 a32 a33 a3] a33 a32 a‘31 a32 a33
a31 a32 a33
3 _ a’32 a33 a’31 a33 a31 a32 :
Proof: |a,, a, a,|=-a +a -a (cofactor expansion along the second row)
21 22 23 21 22 23
al2 a13 a'1 1 a13 a'1 1 a12
al 1 a12 a'] 3
_ a'12 a13 al 1 a13 a'1 1 a'12
=, —ay, +ay;
a‘32 a33 a31 a‘33 a31 a32
a'11 a12 a‘13
=& 8y 8y
a‘31 a‘32 a33

The proof of the second identity is similar and will be left to you as an exercise.
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(8) The determinant of a square matrix is equal to the determinant of its transpose.
al 1 a'12 a13 al 1 a‘21 a‘3 1
Le.la, &, as=a, a, a;
a‘3 1 a32 a‘33 a'l 3 a23 a33
a'11 alZ a13
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3 _ a22 a23 a2 1 a23 a2 1 a22 .
Proof: |a a a.|l=a —-a +a (cofactor expansion along the first row)
21 22 23 11 12 13
a32 a33 a31 33 31 32
a‘31 a32 a33
a a a a
:all 22 a32 _ a12 21 31 + a13 21 a31
a23 a‘33 a‘23 a‘33 a‘22 a’32
a'1 1 a21 a‘Sl
=@, 4, a;
83 8y 8y
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