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Let a, b, m, n be positive integers such that am = bn.
Theorem 1 If m and n are relatively prime, then » divides a and m divides b.
Proof: By Euclidean algorithm, there exist integers » and s such that rm +sn =1
ram +san=a
a=rbn+san=(rb+ sa)n
. ndivides a
On the other hand, rm + sn =1
rbm + sbn=>b
b=rbm + sam = (rb + sa)m
. m divides b
The result follows.

In addition, we can see that sa + b is a common factor of ¢ and b ------ (1)

Theorem 2 sa + rb is the H.C.F. of a and b .
Proof: Let k be a common factor of @ and b.
Then a = kp, b = kg, where p and g are positive integers.
sa+rb=kps + kqr = k(ps + qr)
.. k1s common factor of sa +rb ------ (2)
By (1) and (2), sa + rb is the H.C.F. of @ and b.

Example Given 3a = 4b. 3 and 4 are relatively prime.

Then 4 divides a and 3 divides b.
Letr=-1,s=1,m=3,n=4.rm+sn=-1x3+1x4=1

sa+trb=a-b

e.g. Leta=28,b=21,then 3a=4b,a— b =28 — 21 =7, which is the H.C.F. of ¢ and b.

Example Given 15a = 23b. 15 and 23 are relatively prime.
Then 23 divides a and 15 divides b.

23=15+8 ee- (1)

Sub. (1) into (2)’: 7=15-(23-15)

7=2x15-23 ------ 4)

Sub. (1)’ and (4) into (3)’: 1 =23 — 15— (2x15-23)
23x2-15x3 =1
Letr=-3,s=2,m=15n=23.rm+sn=-3x15+2x23=1
sa+rb=2a-3b

e.g. a =46, b =30, then 15a =23b, 2a — 3b = 2x46 — 3x30 = 2, which is the H.C.F. of @ and 5.
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H.C.F. and L.C.M.

Let a and b be two positive integers. If H.C.F. of a and b is ¢, then a = cm, b = cn, where m and n are
positive integers.
Theorem 3 m and n are relatively prime integers.
Proof: Let k£ be a common factor of m and n .
m=kp,n=kq
a=cm=ckp,b=cn=ckq
. ck is another common factor of @ and b .
HCF.=c>ck=k=1
. m and n are relatively prime integers.
Examplea=16,b=24 HCF.=¢c=8,16=8x2,24=8x3,m=2,n=3
2 and 3 are relatively prime integers.

IfL.C.M. of a and b is d , then d = fa = gb, where fand g are positive integers.

Theorem 4 fand g are relatively prime integers.

Proof: Let t = H.C.F. of fand g. Then /= tr, g = ts, where r and s are positive relatively prime
d=fa=gb=tra=tsb
= ra = sb is another common multiple of a and b
d=tra=tsb=LCM.<ra=sb=1t=1
.. fand g are relatively prime integers.

Example a =56, b =40, L.C.M. =d =280, 280 = 56x5 =40x7,r=5,s =7
5 and 7 are relatively prime integers.

Theorem 5 Let a and b be two positive integers. If H.C.F. = ¢, L.C.M. =d , then axb = cxd .
Proof: Let a =(r1m1 R )(sln1 §p2 ee 8] ) b =(r1p1 r el )(thl 1ty ) be the prime factorisation

Fl, 72, o+ 5 Fhy S1, 82, *** , Si, L1, b2, -+, t are distinct primes.
My, M2, =+, Mg, N1, N2, =+ 5 Riy P1, P2, ** , Pks 41, 42, *** , q; are positive indices.
Let e1 = max(m, p1), e2 = max(ma, p2), -+ , ex = max(ms, pk), and

let fi = min(mi, p1), f2 = min(ma, p2), -+ , fr = min(mx, px).
By definition, ¢ :(l’ifll’zfz ,__},.kfk ) ,d :(’,lelrzez ...r]:'k )(Slnlsgz ...Slﬂi )(thltzqz '“tj'j )

Cd:(’,lfirzfz ...,,kf}f)(,,lel,,zez e )(Slnlsgz ---Sff)(thltgz ---tj.f)

— rel+ﬁr2€2+f2 ,,,rkek+fk )(SlnlS;z ,,,Si”i )(Zl‘lltélz ,,,tjj )

(

m+py my+py o my+p mJh M Q492 ... 4495
( 7 7 )(51 S5 Si’)(tl 1, tj )
a

mk )(Slnlsgz ,,,S;li )(},.IP1},.2P2 ___rkpk )(thltgz t;]j)

Example a =56, b =40, HC.F.=¢c =8, L.C.M. =d =280
axb = 56x40 = 2240 = 8x280 = cxd
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