Supplementary exercise on Mapping

Created by Mr. Francis Hung on 20090415 Last updated: July 2, 2023

1. Letf: A — B be abijective mapping, x an element of 4 and y an element of B. Prove that there
exists a bijective mapping g : A — B so that g(x) =y.
2. Zis the set of all integers. Give examples of mappings f/: Z — Z which are
(a) injective but not surjective,
(b) surjective but not injective.
3.  Letf:A4 — B.Prove that for any subsets X, X1, X> of 4 and for any subsets Y, Y1, Y2 of B,
(@) fIX\X]of[X]\f[X2]
() fIXnf'IY=fIXINnY
() [fIXinXa]cf[Xi]nflXa]
Give an example for which the equality does not hold.
(d) ifYicYs,thenf'[V1i]cf'[Y2]
(e Yoflf'[7l]
Give an example for which the equality does not hold.
4. Letf:4—> Bandg:B — Cbe mappings. Prove that
(a) iffand g are surjective, then gof: 4 — C is surjective
(b) if fand g are injective, then gof: 4 — C is injective
(c) ifgof: A — Cis surjective, then g is surjective
Give counter-examples to show that the converse is not true.
(d) ifgof: A — Cisinjective, then fis injective
Give counter-examples to show that the converse is not true.
(e) forall subset Z of C, (gof ) ' [Z]=f'[g'[Z]]
5. Prove that, for a mapping f: 4 — B is surjective if and only if Y = f[f'[Y]] for all Y c B.
6.  Prove that, for a mapping f: A — B, the following conditions are equivalent:
(a) fisinjective;
(b) X=ff[X]] for all X c 4;
(o) [fIXinXo]=f[X1] nf[X2] for all X1, X> C A.
7. Let the function f: § — T be surjective. If 4 < S, prove that T\ f[A] c f[S\ 4]
8. Letf: A4 — Bbeafunction. If Y = B, prove that f '[B\ Y] =4\ f[Y]
9. Letf:S— Thbeafunction. If4, Bc S, and B c 4, prove that f[4 \ B] =f[A4] \ f[B]
10. Iff(x) =x*+ 2x + 3, find two functions g(x) for which fog (x) = x> — 6x +11.
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11.

12.

13.

Let A, B, C and D be non-empty sets, Cc A,Dc B, f:A—> B
(a) Prove or give a counter-example that f[C] < D iff C c f~![D]
(b)  What condition will ensure that f[C] = D iff C = f~![D]? Prove your answer.
Let /: X — Y be a mapping from a set X to a set Y. For any subset S of X, the direct image of S
under f'is defined by f[S] = {y: y =f (x) for some x € S}
(a) Show that f[4 U B]=f[A4] v f[B] for all subsets 4 and B of X.
(b) Show thatif f[4 N B] =f[A4] N f[B] for all subsets 4 and B of X, then f'is injective.
(c) Show that f[X\ A] =Y\ f[A] for all subsets 4 of X if fis bijective.
Let A be a set. Suppose f'is a mapping from A4 to itself such that f'is injective but not surjective.
Let f[4] = {f (a): for some a € A4}
(a) Show that
(i) A isnon-empty,
(if) A consists of more than two elements.
(b) 1Ifg:A — Aisamapping defined by g(f (x)) = x for all x € 4, show that g is not bijective.
(c) Show that there exists a unique mapping 4:f [A] — A such that 4(f (x)) = x for all x € 4.
(/)  his well defined.

(if)  his bijective.
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1. Letf: A4 — Bbe abijective mapping, x an element of 4 and y an element of B. Prove that there

exists a bijective mapping g : 4 — B so that g(x) = y.
If f(x) = y then g = f'is the required bijective mapping.
Iff(x) #y,
- f'is bijective,
2.3t e Asuchthat f(f)=yand t # x

v, fora=x
Define g: 4 — Bby gla)=1 f(x), fora=t

fla), fora#xanda=t

We are going to show that g is a well-defined function.
VaeA, gla)=yorf(x)orf(a) e B
If g(a) = y1 and g(a) = y2,
Case 1 a#xanda#t
= f(a)=yrandf(a) =y
" fis a well defined function
LY==
Case 2 a=t
=8O =/ (x) =y, 80 =f(x) =y
"+ f1s a well-defined function
LY==
Case 3 a=x
=g =y=y,8x)=y=y
=Sy=yi=m
In all 3 cases, g is a well-defined function
We are going to show that g is surjective
VbeB, if b=y then g(x) =y
if b = f(x) then g(¢) = f(x)
if b=y and b # f(x)
then3!'a edanda#xanda#ts.t. f(a)=b
=gla)=5>b
.. g 1s surjective
We are going to show that g is injective
If g(a1) = g(a),
Case 1 g(a1) = g(a2) =y
*f(f) =y and ¢ is unique

SlFar=a
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Case 2 g(a1) = g(a2) = f (x)
g =f(x)
if a1 # t then g(a1) =y or f (a1)
= glar) # g(?)
if ax # t then g(ax) =y or f (a2)
= gla2) # g(?)
By contrapositivity, f(x) = g(a1) = g(a2) > a1 =ax=t
Case 3 g(a1) = g(a2) =f (a1) =f(a2), where a1, a> # x, t
" fis injective
S.adlr=a
Combining the above 3 cases, g is injective.
-+ g is both injective and surjective

.. g 1s bijective and is the required function.
2. f1Z->Z

(@) fx)=2x
then fis a well-defined function. (prove it!)
Suppose f(x1) =f (x2)
= 2x1 =2x2
= X1=X2
.. f1s an injective function
5 € Z, but we cannot find an integer such that 2x =5

.. f1s not surjective.

(b) Define f(x) = [g} where [7] is the integer less than or equal to ¢.

3 [ [
2 2 2
Vy e Z, f(2y) {Z—y}:y

2

~.f1s surjective.
But £(0) ={g}= 0, (1) =[%}= 0

.. f1s not injective.
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3.  Letf:A4 — B.Prove that for any subsets X, X1, X> of 4 and for any subsets Y, Y1, Y2 of B,
(@) [fIXi\Xo]of[Xi]\f[Xa]
Vi) efIX]\fX]
= f(x) e /] and f(x) & f[Xa]
=xeff[Xi]]and x ¢ X>
=x e f[f[Xi]]\ X2
=f@) eI\l CAT XN =/1XD)
= f(x) e f[X1\X2]
S I\ X] o f[Xa] \ fX2]
b) fIXnSTYN=fIXInY
Xnf[YlcXand X f Y] cf[Y]
=X/ cfX]and (X f YT/ Y
=fIXnf Y cfX]nY

V@) e fIXINY

= /() e f[X]and f(x) € ¥

= x e/ [/[X]] andx € f[Y]

= x e/ X nf Y]

= /() e /I T AT

= /() e fIXASI CoAT T =£TXD

L SXS I fXI N Y

VXS e XN Yand f[X N fT Y o f XN Y
SSIX ST =fIXINY
() fIXinXo]cfXi] nflXa]
XinXbcXiand XinXo cXo
= f[X1 " Xo] < f[X1] and f[X1 N X2] c f[X2]
= f[Xi nXo] c f[Xi] n fX2]
Give an example for which the equality does not hold.
Define f: {a, b} — {1} by f(a)=fb)=1
Let X1 = {a}, Xo = {b}, f[Xi N Xo] = f[0] = ¢; f [Xa] N f[X2] = {1}
S XN Xl = f[X] N fX2]
(d) iifYicYs,thenf [Vi]cf V2]
Vxefl[i]=f(x) e
=>fx)ehnh(-Yich)
=x e f[Y2]
SN ef )
(e Yorlf (7]
V@) eI I = x e/ Y]
=>fx)eY
LYo
Give an example for which the equality does not hold.
Define f: {a, b} > {12} by f(a)=f(b)=1
Let Y= {12}, /7' [Y]= {a, b}, f[f ' [Y]] = {1}
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4. Letf:A— Bandg: B — C be mappings. Prove that
(a) if fand g are surjective, then gof: 4 — C is surjective
Vc € C,3 b € B such that g(b) =c (- g is surjective)
Ja € A such that f(a) = b (" f1is surjective)
= 3 a € A4 such that gof'(a) = g(f (a)) =g(b)=—c
.. gof'is surjective.
(b) if fand g are injective, then gof: 4 — Cis injective
Suppose gof (a1) = gof (a2)
= g(f (a1) = g(f (a2))
= f(a1)=f(a2) (. gisinjective)
= a1=ay (' fisinjective)
.. gof'is injective.
(c) 1ifgof: A — Cissurjective, then g is surjective
Vc e C,da € Asuchthat gof(a)=c (" gofis surjective)
=g(f(a)=c
Letb=f(a) e B
=g(b)=c
.. g 1s surjective.
Give counter-examples to show that the converse is not true.
Definef: R > R, g: R > R by
f)=x%, glx) =x
- g =i (identity mapping)
.. g 1s surjective.
gof (x) =x*
gof'is not injective because we cannot find x € R such that x> = -3.
(d) ifgof: A — Cis injective, then f'is injective
Suppose f'(a1) = f(a2)
= g(f (a1)) = g(f (a2))
= gof (a1) = gof (a2)
= a1=ay ('-gofisinjective)
~.f1s injective.
Give counter-examples to show that the converse is not true.
Define f: R -> R, g: R > R by
fx)=x, g(x) =x*
then /= i (identity mapping)
so f'is injective
gof (x) =x*
gof (2)=gof (-2) =4
.. gof'is not injective.
(e) forall subset Z of C, (gof ) ' [Z]=f"" [g”! [Z]]
Vaef ' [g'Z]l = f(a) e g [Z]
& gof(a)e Z
< ae(gof)'[7]
(g 2=/ g [2]]
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5. Prove that, for a mapping f: A — B is surjective if and only if Y= f[f~! [Y]] for all Y c B.
(=) Givenf: A — B is surjective
By the result of 3(e), Y o f[f ' [Y]]
VyeYcB

= 3 x € 4 such that f(x) =y (" f1s surjective)

=xef[Y]
=1 e/
L Yeflf
~SY=fI ]
(<) GivenY=f[f'[Y]]VYcB
=B=f[f"[B]] (~BcB)

VyeB=yeflf[B]]
= 3x e f'[B] 4 such that f(x) =y
= f'is surjective.
6.  Prove that, for a mapping f: A — B, the following conditions are equivalent:
(a) fisinjective;
(b) X=f[f[X]] forall X c 4;
(o) f[fIXinXo]=f[X1] nf[X2] for all X1, X> c A.
We shall prove in the following manner: (a) = (¢), (¢) = (b), (b) = (a)
(@)= ()
By 3(c), f[Xi n Xo]  f[Xi] N f[X2]
Vy e fIXi] N fXz]
= y=f(x1) and y = f(x2) for some x1 € Xi and x2 € X»
-+ fisinjective = x1 =x2 € X1 N X2

=fx) =y e f[X1NX]
S XN Xo] =f1X1] N f[Xz] for all X1, Xo c A.
(c)=(b)
We shall use contrapositivity ~(b) = ~(c)

Suppose X = [ [X]]
=3Ixef[f[X]]andx ¢ X

= f(x)ef[X]andx ¢ X
= Jx1 € X, x ¢ Xsuch that f(x) =1 (x1)
ST N xd]=/101=¢
SN =) N F )= {0} =0
..(c) is not always true for all X, X> 4.
(b) = (a)
We use contradiction ~(a) A (b)) = F
Suppose f'is not injective.
3 x1 # x2 such that £ (x1) =1 (x2)
SV A TARESRR]

=/ TG

= [{f(x2)}]
= x2 € f 1 [{f(x2)}] = {x1} which is false.

C:\Users\85290\Dropbox\Data\MathsData\Pure Maths\logic set mapping\Map_ex.docx Page 7



Mapping Exercise solution Created by Mr. Francis Hung

7. Let the function /: S — T be surjective. If 4 S, prove that T\ f[A] c f[S\ 4]
We use the property 1 [X1 U Xo] =f[X1] U f[X2]
GivenA4 c S
STAJOfIS\A]=f[A v (S\4)]
=/15]
=T (- fissurjective)
T\fIA]=/TA] W f[S\A4]\f[4]
cf[S\A4]
8. Letf: A4 — Bbeafunction. If Y < B, prove that f ' [B\ Y] =4\ f'[Y]
xefl[B\Y]ef(x)eB\Y
<Sf(x)eBandf(x) g Y
oxedandx ¢ 1Y)
SxedA\f Y]

S STBNYI =AM

9. Letf:S— Thbeafunction. If4, B S, and B c 4, prove that f[4 \ B] =f[4]V[B]
By the result of 3(a), f[4\ B] o f[4] \f[B]
Vf(x)efl4\B]
= Jx € A\ Bsuchthat f(x) € f[4\B]
—>3dxeAdandx ¢ B
= 3f(0):f(x) € f[A] and f(x) & f[B]
= f(x) € f[A]\f[B]

S fIANB] c f[A]\f[B]
S fIA\B]=f[A]\[f[B]

10. Iff(x) =x*+ 2x +3, find two functions g(x) for which fog (x) = x> — 6x +11.
g(x) must be a linear function of x.
Letg(x)=ax+b, f(x) =x*+2x+3
fog (x)=f(ax+b)

= (ax + by’ +2(ax + b) + 3

=ax’ +2abx + b* +2ax +2b+3
But x* — 6x +11 = ax* + (2a + 2ab)x + b* +2b + 3
—~6=2a+2aband 11 =5*+2b+3
a(l+b)=-3andb*+2h—-8=0
a(l+b)=-3and (b=-4orb=2)
La=1,b=-4ora=-1,b=2
and g(x)=x—4orgx)=2—-x
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11.
(a)

(b)
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Solution: Note that f![D] = {xeA : f(x) eD}
(Proof of only if part) f[C] < D (given)
VxeC
= /() e fIC]
=f(x)eD
= x e f[D]
- Ccf D]
(Proof of if part) C = f~![D] (given)
vy e fIC]
= dx € Csuchthat f(x) =y e f[C]
= x e/ [D]and f(x) =y e [[C]
=y=f(x)eD
The proof is completed.
Mlustration: 4 = {1,2,3,4,5},B={a,b,c,d,e, f},C={1,2}, D= {a, b, c, d}
Definef: 4 > Bbyf(l)=a,f2)=b,f3)=c,f(4)=e,f(5)=a
SD1=11,2,3,5}, f[C] = {a, b} = D, C  f'[D]
The condition is:

f[C] < D and there is a bijection g: C — D defined by g(x) = f(x)
Since C < 4, D < B and f'is a well-defined function. Also f[C] < D.
So g is also a well-defined function.

Given the above condition. To prove: f[C] = D iff C = f~'[D]
(Proof of only if part) f[C] = D (given)

By the result of (a), C < f'[D]

V x e f7D]

=/()=yeD

.+ g: C > D is abijection,

= x € Cand x is unique.

= f1[D]lcC

o C=fD]

(Proof of if part) C = f~'[D] (given)

By the result of (a), f[C] < D

VyeD

+g: C = D is a bijection

Junique x € Csuchthatg(x)=f(x)=y e D
=D cfIC]

~ fIC1=D

The proof is completed.
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(a)

(b)

(©)

Vyefl[AuBl]<Ixe AUBAf(x)=y
S @xedvxeB)af(x)=y
S () e fA1vf(x) e f[B]
S /() e fIA1U/[B]
S f[AUB]=f[A]Vf[B]VA,BcX
Givenf[ANB]=f[A]Nnf[B]VA,BcX
Suppose, on the contrary, that fis not injective.
3 x1, x2 € X such that f(x1) =f (x2) A x1 # x2
LetA={x1}, B={x2},then4,Bc X
AN Bl=f1A] N f[B]
= SI01 =Gy 0 {f (x2)}
= ¢ = {f(x1)}, which is false
We have proved that if fis not injective then f[4 N B] # f[A] N f[B]
S fI[ANBl=f[A]Nf[B]VA,BcX=fis1-1.
Given fis bijective, try to show that f[X\A]=Y\f[A]VAcCc X
Vyefl[X\A] = Jx € X\ Asuchthatf(x)=y
=>dxeXaxeAdnrfx)=y...(1)

Claim: x ¢ A Af(x) ¢ f[A4]

Proof: otherwise f (x) € f[A]
= JaeAsuchthatf(a)=f(x)Ax & 4
=a#x
= f'is not injective

= f'is not bijective

cont'd from (1)= y=f(x) € f[X] Af(x) ¢ f[A]

=y € fIXI\f[A]

=y e Y\f[4] (- fissurjective .. f[X]=17Y)
S fIX\NAl c Y\f[A]

VyeY\f[A]l =y e f[X]\f[A] (- fis surjective .. f[X]=7T)
= Jdx € Xsuchthat y=f(x) € f[X] Af(x) ¢ f[4]
= 3Jx e XAx ¢ Asuchthat y=f(x)
= 3 x € X'\ 4 such that y = f (x)
=y=/f(x) e f[X\4]

S fIX\NA] D Y\ f[A]

S fIXNA]=TY\f[4]
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13. (a) (i) - fisnotsurjective
s.dbedsuchthatf(a)#bVaed... (1)
LA#ED
(ii) From (a), leta=f(b)
" f1is not surjective
La#b...(2)
Letc=f(a)

If ¢ = a, then [ (a) =1 (b)
=a=b(.fisl-1)

This result contradicts with (2)
SoCcFa

Ifc=b,thenf(a)=b
This result contradicts with (1)
sLc#b

.. a, b, c are distinct elements of 4
.. A consists of more than two elements.
(b) From (a),d b € Asuchthatf(a)=bV ae A
Let g(b)=c
However, g(f (c)) =c A b #f(c)
=gb)=g(f () rb#f(c)
.. g 1s not injective
.. g 1s not bijective
(c¢) Suppose there is another bijective function g such that g:;f[A] - 4 and g(f (x)) = x
Vy e f[A], let h(y) = x1, g(y) = x2
By the definition of 4, y = f'(x1)
Sx=g) =g(f (x1)) =x1
~ g =h(y)Vye[fl4]
=>g=h
.. h is unique.
(@) hf[4]—>4
Vyefl[Ad]= 3 x € Asuchthat f(x)=y
If h(y) =x1 A h(y) = x2
= h(f (x1)) = x1 A h(f (x2)) = x2
=y=f)Ary=f(x)
= f(x1) =f(x2)
=>x1=x2 (v fisl-1)
.. his well defined.
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(ii) To show that 4 is injective

Suppose h(y1) = h()2)
SIAxiedAafx)=y;Ix2 e AAf(x2)=m

= h(f (x1)) = h(y1) =h(y2) = h(f (x2))

= X1 = X2
= f(x1) =f(x2)
=y =m0

= f'is injective

To show that 4 is surjective

VxeA 3Ty=f(x) e f[A]such that h(y)=h(f(x))=x
.. h is surjective

" h is both injective and surjective

.. h is bijective.
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