Supplementary Exercise on Set Theory
Created by Mr. Francis Hung on 20090415 Last updated: July 2, 2023

Define A AB=(A\B) U (B\A), it is called the symmetric difference of 4 and B.
If A has finite number of elements, n(A4) = number of elements in A4

1.

10.
I1.
12.

13.

14.

If 4, B and C are finite sets, give an example for which

(a) AuB=AuC,andB=#C

() AnB=AnC,andB#C

IfAcBand AN B=¢,provethat 4= ¢

Let A, B and C be sets such that

(i) AuB=A4AuUC(C,and

(@) ANB=AnNC,

Prove that B=C

Provethat A " B)u C=4AN(Bu C)ifand only if C c 4
Prove that P(E " F) = P(E) N P(F)

(a) Provethat P(E) U P(F)cP(EUF)

(b) Give an example to show that equality may not hold.

(c) Find a necessary and sufficient condition that equality hold.
(d) Prove your assertion in (c).

Is P(E\ F)=P(E) \ P(F)? Prove your assertion.

Provethat AN (BAC)=(ANB)AANCO)

Prove that AAB=(A4 U B)\ (4 N B)

If 4 and B are finite sets, prove that n(4 A B) = n(4) + n(B) — 2n(4A N B)
IfAAB=A4AC,provethat B=C

Two sets 4 and B such that n(4 U B) =75 and n(4 N B) = 17. If n(4) — n(B)=22
Find (a) n(B),

(b)  n(B\A),
()  n(4\B),
(d) n(4AB)

210 students sat for F.5 mock examination for Physics, Chemistry and Biology. 30 failed in
Physics, 26 failed in Chemistry and 22 failed in Biology. If 178 passed all three subjects, find
the least and the greatest numbers of students who failed in all three subjects.

Let S be a non-empty set of subsets of a set £ such that the following conditions are satisfied:
(i) Ar1eS,AeS=>410ud el

(@) AreS=>E\41€S8(G.e A1’ )

Prove that

(a) EeS,¢e S, and

(b) Forany A, A2 € S,AinAreSandA1\4> € S
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1. IfA4, B and C are finite sets, give an example for which

(a) AuB=4uUC,andB#C
A={a,b,c},B=1{b,c}, C={a, b}
AUB=4A=A4uUC,butB=C.

(b) AnB=AnC,andB#C
A=1{1,2,3},B={1,4},C={1,5}
ANnB={1}=4AnC,butB=C

2. IfAcBandAnB=¢,provethat4=¢

AcB=>ANB=4

=>A=¢
3. LetA, Band C be sets such that

(i) AuB=A4AuUC(C,and

(@) ANB=AnNC,

Prove that B=C

AUB=4vuC

AuB)NnC=AuvuO)nC

AnCuBnO)=C

AnB)uBnNn(C)=C

BnA4u(C)=C

Bn(AuB)=C

L B=C

4. Provethat AN B)uC=4ANn(BuUCC)ifand only if Cc 4

(<) C c A given
C=4AnC
ANnBuUulO)=AnB)uAnO)

=AnNnB)uC
=)AnB)ulC=4n (BuCl)given
CcAnBulC=4AnBul)c4d
L CcA
5.  Provethat P(E) " P(F)=P(ENF)
AePEYNPF)<=AePE)YAA e PF)
SAcCEANACEF
SAcCENF
<AeP(ENF)
6. (a) Provethat P(E)UP(F)cP(EUF)
AeP(EYUPWF)=>A4 € P(E)vAePF)
>AcEVACF
=2 AcCEUF
=>AeP(EUF)
(b) Give an example to show that equality may not hold.

Let E= {1}, F= {2}
P(E) = {,{1}}, P(F) = {9,{2}}
P(E U F)={0,{1},{2},{1,2}}
P(E) v P(F) = {,{1},{2}}
L P(E)YUPF)#P(EUF)
(c) Find a necessary and sufficient condition that equality hold.

The condition for equality holds is “E < For F c E”
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(d) Prove your assertion in (c).

To show that P(E) U P(F) =P(EuU F)ifandonlyif Ec For FC E

(=)Suppose Ec FAF ¢z E
=>3JxeE\FAdyeF\E
=>{xy cEUF
= {x,y} e PEUF)
clearly {x, y} ¢ P(E) A {x,y} & P(F)
= {x,y} ¢ P(E) U P(F)
=>PE)VPEFE)=P(EUF)

(<) Ec F= P(E)c P(F)
= P(F) V P(E) = P(F)
= P(E U F)=P(F)=P(E) U P(F)
FcE= P(F)cP(E)
= P(F) U P(E) = P(E)
= P(E' L F) =P(E) = P(E) U P(F)

7.  IsP(E\F)=P(E)\P(F)? Prove your assertion.
False. Let E= {1}, F=¢
E\F=E={1}

P(E\F)=P(E)= {{1},0}
PE)\P(F) = {{1},0} \ {¢} = {{1}}
But P(E'\ F) # P(E) \ P(F)

8. Provethat AN (BAC)=ANB)AANCO)

LHS=AN[(BNC)uU(CNB)]
=ANBNC)uANCNB)

RHS=[ANnB)Nn AnCl]u[dnB n(AnO)]
=[ANB)N(AUC)U[(AUB)N (AN C)]
=ANBNA)YUANBNC)U(ANANC)U(BNANC)
=ANBNC)uANCNB)

.. LHS =RHS

9. Provethat AAB=(AUB)\(ANB)
AAB=ANB)U(BNA)

=[ANB)YUBIN[(ANB)UA]
=[AUB)N(BUBNAUA)N(BUA)
=(AUB)N(BUA)

=(AUB)N(ANB)

=AuVUB)\(ANnB)

10. If A and B are finite sets, prove that n(4 A B) =n(A4) + n(B) — 2n(4 N B)
We shall make use of the formula: if X n Y = ¢, then n(X U Y) = n(X) + n(Y)
Let X=4\B,Y=B\A4
XNnY=ANBNnBN4 =¢
n(AAB)=n(A\BuU B\ A)

=n(A\B) +n(B\ A)
=n(Ad)—n(4 N B)+n(B)—n(4 N B)
=n(4) + n(B)—2n(4 N B)
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11. IfAAB=A4AC,provethat B=C
We first prove that XA V) AZ=XA (YA Z)

XAVNAZ={(XNnY)U(X"DN]NZ} U {[(me)u()?mY)]mZ}

=XNYNZ)u(XNnYNZ)U[(XuY)nXuU Y)NZ]
=XNY NZ)u(XNYNZ) U {[(X UY)NX]U[(X uY)NY |NZ}
=(XNY NZ YA X NN Z)YH{[(X "X)UXNY)U(X N Y )o(YNY )]NZ}
=(XNY NZ YU X N"YNZ )YH{[X"N)U (X Y )]NZ}
=(XNY NZ YA X NYNZ Yo (XNYNZ) U (X NY NZ)

XA(YAZ)=(YAZ)AX
=(YNZnX)W(YNZNnX)oXNYNZ)u (Y NZ NX)

L (XAY)AZ=XA(YAZ)

NowAAB=A4A C given

AA(AAB)=AA(AAC)

(AAA)AB=AAA)AC

OAB=¢AC

B=C

12.  Two sets 4 and B such that n(4 U B) =75 and n(4 N B) = 17. If n(4) — n(B)=22

KD

nAuB)=75=x+y+17=175
nAnB)=17
nAd)—-nB)=2=x+17)-(y—-17)=22
x+y=58 x=40
{x—y=22 - {y:18
(a) n(B)=y+17=35
(b) n(B\A)=y=18
(c) n(A\B)=x=40
(d nAAB)=x+y=358
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13. 210 students sat for F.5 mock examination for Physics, Chemistry and Biology. 30 failed in
Physics, 26 failed in Chemistry and 22 failed in Biology. If 178 passed all three subjects, find
the least and the greatest numbers of students who failed in all three subjects.

-+ 22 failed in Biology.

.. Greatest number of students failed in three subjects = 22
Let P = set of students who passed Physics.
C = set of students who passed Chemistry.
B = set of students who passed Biology.
Draw a Venn diagram and let
u = number of students who passed in Physics and Chemistry only
v = number of students who passed in Physics and Biology only
w = number of students who passed in Biology and Chemistry only

x = number of students who failed in all three subjects.

ev

210=180+ (6 —u) + (10 —v—w) +x
x=14+w+v+w)>14
The least number of students who failed in all three subjects is 14.
14. Let S be a non-empty set of subsets of a set £ such that the following conditions are satisfied:
(@) Ar1eS,AeS=>410ud eSS
(@) A1reS=>E\41€S8(Ge A1’ )
Prove that
(a) EeS, g€,
S#¢p=>3FJAcEsuchthat4 € §
wAcE= E\AcCEDby (i)

AU (E\NA) € Sby (i)
=>FEeS
E\E € Sby (ii)
=>¢eS

(b) Forany A, A2 € S,A1NnAxe Sand A1 \4» € S
A1, A2 € S = Ar’, A2’ € S by (ii)
= A1’ U A2’ € Sby (i)
= (41’ U 42°)’ € S by (ii)
= A1 N A2 € S De Morgan’s law
A, A eS=41e€ 85,42’ € S
= A1 N A2’ € S proved above
ie.A1\4A2 e S
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