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1. r(r + 1) – (r – 1)r = 2r 

1×2 – 0×1 = 2×1 

2×3 – 1×2 = 2×2 

………………… 

n×(n+1) – (n–1)×n = 2×n 

Add these equations together, n(n+1) = 2×(1+2+…+n) 

 ( )1
2

1
21 +=+++ nnn⋯  

 

2. r(r + 1)(r+2) – (r – 1)r(r+1) = 3r(r + 1) 

1×2×3 – 0×1×2 = 3×1×2 

2×3×4 – 1×2×3 = 3×2×3 

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯ 

n(n+1)(n+2) – (n–1)n(n+1) = 3n(n+1) 

Add these equations together, n(n+1)(n+2) = 3×[1×2+2×3+⋯+n×(n+1)] 

 ( ) ( )( )21
3

1
13221 ++=+×++×+× nnnnn⋯  

 

3. Using a similar technique, we have  

( )( ) ( )( )( )321
4

1
21432321 +++=++++××+×× nnnnnnn⋯  

If m is a positive integer, we can use mathematical induction to prove that 

( ) ( ) ( ) ( ) ( )mnnn
m

mnnnmm ++
+

=−+++++×××+××× ⋯⋯⋯⋯⋯ 1
1

1
1113221  

 

4. ( )1
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1

1

+
−=−

+ rrrr
 

21

1

1

1

2

1

×
−=−  
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1

2

1

3

1

×
−=−  

………………. 

( )1
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1

1

+
−=−

+ nnnn
 

Add these equations together, ( )







+
++

×
+

×
−=−

+ 1

1

32

1
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1

1

1

1

1

nnn
⋯  
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5. ( )( ) ( ) ( )( )21

2

1

1

21

1

++
−=

+
−

++ rrrrrrr
 

321

2

21

1

32

1

××
−=

×
−

×
 

432

2

32

1

43

1

××
−=

×
−

×
 

………………………….. 

( )( ) ( ) ( )( )21

2

1

1

21

1

++
−=

+
−

++ nnnnnnn
 

Add these equations together, 

( )( ) ( )( )







++
++

⋅⋅
+

⋅⋅
−=−

++ 21

1

432

1

321

1
2

2

1

21

1

nnnnn
⋯  

( )( ) ( )( ) ( )( )214

3

21

1

2

1

2

1

21

1

432

1

321

1 2

++
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






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−=

++
++

⋅⋅
+
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nnnnn
⋯  

 

6. ( )( )( ) ( )( ) ( )( )( )321

3

21

1

321

1

+++
−=

++
−

+++ rrrrrrrrrr
 

Using a similar technique, 

( )( )( ) ( )( )( )







+++
−=

+++
++

⋅⋅⋅
+

⋅⋅⋅ 321

1

6

1

3

1

321

1

5432

1

4321

1

nnnnnnn
⋯  

If m is a positive integer, we can use mathematical induction to prove that 

( ) ( ) ( ) ( ) ( )( ) ( )







−+++
−

−−
=

−++
++

+⋅
+

⋅ 121

1

!1

1

1

1

11

1

132

1

21

1

mnnnmmmnnnmm ⋯⋯

⋯

⋯⋯

 

 

7. r
2 = r(r + 1) – r 

( ) 
===

−+=
n

r

n

r

n

r

rrrr

111

2 1  

( )( ) ( )1
2

1
21

3

1

1

2 +−++=
=

nnnnnr

n

r

 

 = ( ) ( ) 




 −++
2

1
2

3

1
1 nnn  

 = ( ) 






 ++
6

1

3
1

n
nn  

 = ( )( )121
6

1 ++ nnn  
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Method 2 

(r + 1)3 – r3 = 3r
2 + 3r + 1 

( )[ ] nrrrr

n

r

n

r

n

r

++=−+ 
=== 11

2

1

33
331  

(n + 1)3 – 1 = 
( )

n
nn

r

n

r

+++
= 2

13
3

1

2  

( )
n

nn
nnnr

n

r

−+−++=
= 2

13
333 23

1

2  

( )233662
2

3 2

1

2 −−−++=
=

nnn
n

r

n

r

 

( )132
6

2

1

2 ++=
=

nn
n

r

n

r

 

( )( )
6

121

1

2 ++=
=

nnn
r

n

r

 

 

8. r
3 = r(r + 1)(r + 2) – 3r(r + 1) + r 

( )( ) ( ) 
====

++−++=
n

r

n

r

n

r

n

r

rrrrrrr

1111

3 1321  

( )( )( ) ( )( ) ( )1
2

1
21321

4

1

1

3 ++++−+++=
=

nnnnnnnnnr

n

r

 

 = ( ) ( )( ) ( ) 




 ++−+++
2

1
232

4

1
1 nnnnn  

 = ( )( )284651
4

1 2 +−−+++ nnnnn  

 = ( )22 1
4

1 +nn  

Method 2 

(r + 1)4 – r4 = 4r
3 + 6r

2 + 4r + 1 

( )[ ] nrrrrr

n

r

n

r

n

r

n

r

+++=−+ 
==== 11

2

1

3

1

44
4641  

( ) ( )( ) ( ) nnnnnnrn

n

r

++++++=−+ 
=

12121411
1

34
 

nnnnnnrnnnn

n

r

++++++=+++ 
=

22324464 223

1

3234  

234

1

3 24 nnnr

n

r

++=
=
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1
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3 +=
=
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9. r
4 = r(r + 1)(r + 2)(r + 3) – 6r(r + 1)(r + 2) + 7r(r + 1) – r 

( )( )( ) ( )( ) ( ) 
=====

−++++−+++=
n

r

n

r

n

r

n

r

n

r

rrrrrrrrrrr

11111

4 17216321  

( )( )( )( ) ( )( )( ) ( )( ) ( )1
2

1
21

3

7
321

2

3
4321

5

1

1

4 +−++++++−++++=
=

nnnnnnnnnnnnnnr

n

r

 

 = ( ) ( )( )( ) ( )( ) ( )[ ]15270324543261
30

1 −++++−++++ nnnnnnnn  

 = ( )( )1961
30

1 23 −+++ nnnnn = ( )( )( )133121
30

1 2 −+++ nnnnn  

Method 2 

( ) 15101051 23455 ++++=−+ rrrrrr  

( )[ ] nrrrrrr

n

r

n

r

n

r

n

r

n

r

++++=−+ 
===== 11

2

1

3

1

4

1

55
5101051  

( ) ( ) ( )( ) ( )
n

nnnnnnn
rn

n

r

++++++++=−+ 
= 2

15

3

1215

2

15
511

22

1

45
 

( )( )
n

nnnnn
rnnnnn

n

r

+++++++=++++ 
= 6

15102015151
5510105

2

1

42345  

( )( )
6

2535151
5410105

2

1

42345 ++++=++++ 
=

nnnn
rnnnnn

n

r

 

( ) ( )( )
6

2535151
5410105

2

1

4234 ++++=++++ 
=

nnnn
rnnnnn

n

r

 

( )( ) ( )( )
6

2535151
54641

2

1

423 ++++=++++ 
=

nnnn
rnnnnn

n

r

 

( ) ( )2535152436246
6

1
5 223

1

4 −−−++++=
=

nnnnn
nn

r

n

r

 

( ) ( )196
30

1 23

1

4 −+++=
=

nnn
nn

r

n

r

 

( )( )( )133121
30

1 2

1

4 −+++=
=

nnnnnr

n

r

 

Method 3 

Given 1n + 2n + ⋯ + xn = Sn(x) 

x
n = Sn(x) – Sn(x – 1) 

nx
n–1 = Sn’(x) – Sn’(x – 1) 
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Example Find the value of 
1009897

1

532

1

421

1

××
++

××
+

××
⋯ . 

Let ( ) ( )31

1

+×+× rrr
≡ ( ) ( )31 +

+
+

+
r

C

r

B

r

A
. 

1 ≡ A(r + 1)(r + 3) + Br(r + 3) + Cr(r + 1) 

Put r = 0, 1 = 3A  A =
3

1
 

Put r = –1, 1 = –2B  B =
2

1−  

Put r = –3, 1 = 6C  C =
6

1
 

( ) ( )31

1

+×+× rrr
≡ ( ) ( )36

1

12

1

3

1

+
+

+
−

rrr
≡ 









+
−

+
−








+
−

3

1

1

1

6

1

1

11

3

1

rrrr
 

 
1009897

1
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1
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1

××
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××
+

××
⋯  

=
=
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




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



+
−

+
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







+
−

97

1 3

1

1

1

6

1

1
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3

1r

r rrrr
 

= 
=

=

=

=









+
−

+
−








+
−

97

1

97

1 3

1

1

1

6

1

1

11

3

1 r

r

r

r rrrr
 

= 






 −−+−






 −
100

1

99

1

3

1

2

1

6

1

98

1
1

3

1
 

=
294

1

59400

199

36

7 −+  

=
2910600

565801
 


