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1. rr+1)—(r—-Dr=2r
1x2 —0x1 =2x1
2X3 — 1X2 =2x2

nX(n+l) — (n—1)xn = 2xn

Add these equations together, n(n+1) = 2x(1+2+...+n)

= 1+2+--~+n:%n(n+1)

2. r(r+ D)(r+2) — (r— Dr(r+1) =3r(r+ 1)
1X2%3 — Ox1%x2 = 3x1x2
2X3x4 — 1X2%X3 = 3%x2x3

n(n+1)(n+2) — (n-n(n+1) = 3n(n+1)

Add these equations together, n(n+1)(n+2) = 3X[1x2+2x3+---+nX(n+1)]
::1x2+2x3+m+nx@+0:%n@+0@+2)
3.  Using a similar technique, we have

1x2x3+2x3x4+~-+ﬂn+0@+2y:idn+n@+2xn+ﬂ

If m is a positive integer, we can use mathematical induction to prove that

1><2><---><m+2><3><---><(m+1)+---+n(n+1)---(n+m—1)= n(n+1)---(n+m)

1 1 1
4 - =-
r+l r r(r+1)
11
2 1 1x2
1 r__ 1
3 2 2x3
1 __ 1
n+l n n(n+1)
. 1 1 1 1
Add these equations together, -—=- + +
+1 1 [1x2 2x3 n(n +1)
1 1 1 1 n
+ +ot =1- =
1x2  2x3 n(n +1) n+l n+l
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1 1
) S R ) ()
1 12
2x3 1x2  1x2x3
1 12
3x4 2x3  2x3x4
1 1
(n+1)(n+2)_n(n+1)__n(n+1)(n+2)
Add these equations together,
;_iz_z{ L SR }
(n+1)(n+2) 2 1203 20303 n(n+1)(n+2)
o, 1 +_“+;:1F_ 1 }: n® +3n
1203 2030 nln+1)n+2) 2|2 (+1)n+2)| 4(n+1)(n+2)
. 1 _ 1 _ 3

(r + 1)(r + 2)(r + 3) r(r + 1)(r + 2) r(r + 1)(r + 2)(r + 3)

Using a similar technique,

1 + 1 + ...+ 1 :l 1— 1
12033 20BG05 nln+1)n+2)n+3) 3

If m is a positive integer, we can use mathematical induction to prove that

6 (n + 1)(n + 2)(n + 3)

1, 1 - 1 _ 1 [ 1 }
12--m 2[3-~(m+1) n(n+1)-~-(n+m—1) m=1 (m—l)! (n+1)(n+2)-~-(n+m—1)

7. P=rr+1)-r
irz =ir(r+l)—ir
irz I%n(n +1)(n+2)—%n(n+l)

n(n + 1){% (n+2)- ﬂ
n(n + 1)(% + l}

6

én@+n@n+o
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Method 2
r+1P-r=37+3r+1

i:[(r+1)3 —r3]=32n:r2 +3ir+n
r=1 r=l r=1

(n+1P-1= 33 +@+n
=1

321”2 =n’+3n’ +3n—m—n

r=1
3Y ) :§(2n2 +6n+6-3n-3-2)
=1

3 :%(2;12 +3n+1)

r=1

Zn:’”z _ n(n + 1)(2n +1)

r=l1 6

8. P=rr+ Dr+2)-3rr+ 1) +r

n

er :zr(r+1)(’"+2)—3Zr(r+1)+§r

r=1

Z:r3 :%n(n+l)(n+2)(n+3)—n(n+1)(n+2)+%n(n+1)
= e 1] 4o+ 2o+ 3) -0+ 2)
= in(n+1)(n2+5n+6—4n—8+2)

= %nz(n +1)2

Method 2
r+ D= =4r +6r +4r+1

Zn:[(r+1)4 —r4]=4Zn:r3 +6Zn:r2 +4Zn:r+n

r=1 r=1 r=1 r=l1

(n+1)4 -1 :4Zn:r3 +n(n+1)(2n +1)+2n(n+1)+n
r=l1

n
n' +4n’ +6n* +4n:4Z:r3 +2n° +3n° +n+2n* +2n+n

r=1

n
42:1”3 =n*+2n° +n°
=1

ir3 _ nz(n +1)2

r=1 4
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9. P=rr+Dr+2)r+3)-6rr+ Dr+2)+7r(r+ 1) —r

z =S 1)+ 2)(r +3) =63l + 1) +2)+ 7> +1) -3

r=1 r=1 r=1 r=1

Z = Sl D+ 2+ Yo +4) =2 o+ 1)+ 2o+ 34 Tl 1)+ 2) =S +1)

= 3—1011(11 +1)[6( + 2)(n + 3)(n +4) = 45(n + 2)(n +3) + 70(n +2) - 15]

3—1011(11 + 1)(6113 +9n° +n - 1)=3—10n(n + 1)(2n + 1)(3112 +3n - 1)
Method 2

(r+1)° =" =57 +107° +107% +5r +1

i“[(r+1)5 —rS]ISZn:r4 +IOZn:r3 +IOZn:r2 +52n:r+n
r=1 r=1 r=l1 r=l1 r=l1

(n+1) ‘1=5i’”4 LS +1)’ snln +1)(2n+1)+5n(n+1)+n
=1

2 3 2

nln+1)15n +15n+20n +10+15)

n5+5n4+10n3+10n2+5n=52r4+ 6
=1

n® +5n* 4100 41077 +4n =53 + n(n+1)15n” +35n +25)
- 6

nn* + 50 #1007 +10n+4) =534 + n(n+1)15n” +35n +25)
6

r=1

S pa _ & o, nln+1)(150% +35n+25)
n(n+1)(n +4n +6n+4) SZr + P

r=1

53 = ”("6+ 1) (6n® +24n% +36n + 241507 =350 -25)
r=1

dort= n(r;(;' ) (6n3 +9n° +n —1)

>t = 3_10n(n +1)(2n + 1)(3n2 3 _1)

r=l1
Method 3
Given 1"+ 2"+ --- + x" = Su(x)

X'=85ux) = Su(x—1)
"' =8, (x0) =S (x—1)
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Example Find the value of !

1

I _A, B C
RN Py oYy el e Rl R &

1=2Ar+ 1)(r+3)+Br(r+3)+Cr(r+1)
Putr:O,1:3A:>A:%

Putr=—1,1=_zB:>B=_l
2
Pllt’”=—3,l=6C:>C=é

_ 1 1 1

< )x(r+3) 3r 2 +1) 6(r+3) 3(

1 + 1 +...+—1
1x2x4 2%x3x5 97 %98 %100
11 1 1/ 1 1
ZH‘ mj 4 3)}

r=97 1 1 1r=97 1 1
D) e

RGN
3 98) 612 3 99 100

_7,19 1
36 59400 294

565801

2910600

+ +
Ix2x4 2x3x5

+ .
97x98 %100

L y_ 11
r+l1) 6\r+l
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