Compound angled formulae
Created by Mr. Francis Hung on 20090205 Last updated: March 19, 2023

The formula sin(A + B) = sin A cos B + cos A sin B
0°<A<90° 0°<B<90°

Consider a triangle KLN with a right angle at M, as shown in the figure.
Let ZLKM = A, ZMKN = B, then ZLKN =A + B.

Area of ALKM :% pgsin A

Area of AMKN =%qr sin B

Area of ALKN =% prsin(A+B) L
Area of ALKM + Area of AMKN = Area of ALKN

1 ) 1 ) 1 )
. —pgsin A+—qgrsinB=—prsin(A+B

S P 24 > prsin(A+B)

sin(A+ B):%sin A+%sinB
sin(A + B) =sin A cos B + cos A sin B

Method 2 0° <A <90° 0°<B<90° 0°<A+B<90°
In APQN, ZPNQ =90°, ZNPQ =A

PQRS is a rectangle. PR=r, PQ =q, PN =p.

ZRPQ =B, ZRPN = A + B.

RL L PN, KQ LRL.

ZKQP = A (alt. Zs KQ // PN)

ZRQK =90°-A Q
ZKRQ = A (£ sum of A)

KQNL is a rectangle

RL=RK+ KL =RQ cos A+ QN

rsin(A+B)=rsinBcos A+ (sinA N

rsin(A+B)=rsinBcosA+rcosBsinA
. sin(A+B)=sin Acos B+ cosAsinB

Method 3 In AABC, A+ B + C =180°

By sine rule, .a = _b = _C :2R:>sinA=i;sinB=l;sinC=L
sinA sinB sinC 2R 2R 2R
2 a2 .2 2 2 w2
By cosine rule, cosAZM—a;cosBzu
2bc 2ac
2,,2 K2 R2.~2 A2
sinAcosB+cosAsinB=i-a +C b +b re -a L
2R 2ac 2bc 2R
22 ¢ . .
=——=—=ysin C=5sin(180° — (A + B)) (Ls sum of A)
4cR 2R
=sin (A + B)
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Compound angled formulae Proofs

The fOl'mE{lla sin(A — B) =sin A cos B —cos A sin B

S

B
Q g P

Suppose PQRS is a semi-circle, with diameter PQ = d, ZQPS=A, ZQPR =B.
ZPRQ =90°, ZPSQ = 90° (£ in semi-circle)

QR=dsinB
QS=dsinA
PR=dcos B
PS=dcos A
Z/RPS=A-B
By Sine rule on APRS, — RS =— PS
sm(A— B) sin ZPRS
- RS =— PS (" £PRS = ZPQS, /s in the same segment)

sm(A— B) sin ZPQS

RS dcos A

= - /PQS=90°—aqa, £ £ APOS
Sin(A— B) Sin(goo _ A) ( Q o, £S Sum O Q )

RS =d sin(A —B) (*." sin(90° — A) =cos A)

By Ptolemy’s theorem, i.e. PR-QS = RS-PQ + QR-PS
d cos B-dsin A=d sin(A-B)-d+dsinB-dcosA
= sin(A—B)=sin Acos B—cos AsinB

Method 2 New Trend Additional Mathematics Volume One (2002) p. 142
Consider a triangle KLN with a right angle at N, as shown in the figure.
Let ZLKN =A, Z/MKN = B, then ZLKM = A —B. L

Area of ALKM =%qr sin(A—B)
Area of AMKN :% pgsin B

Area of ALKN :% prsin A

M
Area of ALKM + Area of AMKN = Area of ALKN
1 1 1
. —grsinfA-B)+— inB=—prsin A
2q s1n( ) 5 pgsin 5 prsin q
sin(A—B)=§sinA—$sinB K™g’ p N

sin(A—B)=sin Acos B—cos AsinB

C:\Users\85290\Dropbox\Data\MathsData\Addmaths\Trigonometry\Notes\Compound angle formulae.docx Page 2



Compound angled formulae Proofs

The formula cos(A — B) = cos A cos B + sin A sin B

y
A

P is¥1)

Q(x2,¥2)

B X
5 >

Draw a unit circle with centre O and radius 1. Suppose P(Xi1, Y1), Q(X2, y2) are two points on the
circumference. Suppose OP makes an angle A with positive X-axis. OQ makes an angle B with
positive axis. ZQOP =A —B.

X1 =cos A, y1=sin A; x2=cos B, y2=sin B

By cosine rule, PQ* = OP? + 0Q? — 20P-0Q cos ZPOQ.

(X1 —%2)*+(y1—-y2)*=1+1-2cos (A-B)

(cos A—cos B)? + (sin A—sin B)>=1+1-2 cos (A—B)

cos®> A—2 cos A cos B + cos? B + sin? A — 2 sin A sin B + sin? B=2 —2 cos (A — B)

—2(cos A cos B+ sin A sin B) =-2 cos (A —B)

.. cos(A—-B)=cosAcosB+sinAsinB :----- (1)
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Compound angle formulae Variation

Variation We have already proved the formula cos(A — B) = cos A cos B + sin A sin B, where A and

B can be positive or negative real numbers.

Replace B by —B, then cos(A + B) = cos A cos(—B) + sin A sin(-B)

cos (A+B)=cosAcosB—-sinAsinB ------ (2)

Replace A by 90° — A, then sin (A — B) = cos[90° — (A — B)] = cos[(90° — A) + B]
= c0s(90° — A) cos B —sin(90° — A) sin B

Hence, sin(A—B)=sinAcosB—-cosAsinB -:---- 3)

Replace B by —B again, then sin (A + B) = sin A cos(—B) — cos A sin(-B)

So, sin(A+B)=sinAcosB+cosAsinB ------ 4)

sin(A+B) _sin Acos B +cos Asin B

cos(A+B) ~ cos Acos B —sin Asin B

sin Acos B +cos Asin B

Now, tan(A + B) =

_ cos Acos B
cos Acos B —sin Asin B

cos AcosB
- tan (A+B) _tanA+tanB (5)
1—tan Atan B

tan A+ tan(—B) _ tanA-tanB
1-tan Atan(—-B) 1+tan A+tanB

Replace B by —B again, then tan(A—B) =

Example 1 Find the value of sin 15°, cos 15° and tan 15°.

V3 V2 12 _Jo-2

sin 15° = sin(60° — 45°) = sin 60° cos 45° — cos 60° sin 45° =—+ — ——.—=

2 2 22 4
cos 15° = cos(60° —45°) = cos 60° cos 45° + sin 60° sin 45° :lgngg:\/gzﬁ

tan 15° = tan(60° — 45°) = = =
( ) 1+tan 60" tan45°  1++/3 (1+\/§

Example 2 Find the value of sin 75°, cos 75° and tan 75°.

J6+2

sin 75° = cos 15° :T (*-c0s(90° — 0) = sin 0)

-2
So-—2

2
tan 60° —tan45° /31 (\5—1).(
)

cos 75° =sin 15° =

I S '2+\/§:2+\/§
tanl5" 2-3 2-43 2+3
Example 3 Find the value of sin 165°, cos 165° and tan 165°.
NG
4

N6+42
s

tan 75° =

sin 165° = sin(180° — 15°) = —sin 15° =

cos 165° = cos(180° — 15°) =—cos 15° =

tan 165° = tan(180° — 15°) = —tan 15° =—(2—J§)

Using these results, we can deduce the values of the sines, cosines and tangents of 15°, 75°, 105°,
n 5t Tn llx 13n 17w 197 23=w

165°, 195°, 255°, 285° and 345°, or equivalently in radians —,—,—, , , , )
1212 12 12 12 12 12 12
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Compound angled formulae Examples

Example 4 If A + B =45°, prove that (1 + tan A)(1 + tan B) = 2.
Hence find the value of (1 +tan 1°)(1 + tan 2°)---(1 + tan 44° )(1 + tan 45°) .
tan(A+ B) =tan45°=1

tan A+tanB |

1—tan Atan B

tanA+tanB=1-tan Atan B

1 +tan A+tan B +tan Atan B=2

(1 +tan A)(1 +tan B) =2

(1 +tan 1°)(1 + tan 44°) =2

(1 +tan 2°)(1 +tan 43°) =2

................................. (there are 22 pairs of (1 + tan A)(1 + tan B))
1 +tan 45°=2

(1 +tan 1°)(1 + tan 2°)---(1 + tan 44° )(1 + tan 45°) = 2% .

cot(A + B) = 1 :l—tanAtanB:cotAcotB—l ...... 7)
tan(A+B) tanA+tanB  cot A+cotB
cot(A—B)=COtACOtB+1 ...... )
cotB—cot A

Example 5 (Identity) If A+ B + C = 180°, prove that cot? + cot% + cot% = cot? cotg cot%

LHS. = cot? + cotE + cotE

A B C A B 180°-C
= cot— + cot— + tan(90° —— ) = cot— + cot— + tan
2 2 2 2 2

A B
=cot—+tcot—+tan| —+— |=cot—+ cot—+
2 2 2 2

A
1—tan—tan —

2
A B B A A B A B
C0t5+COtE—taHE—tanz'f‘tanE'Ftanz COt*+COtE

= =cot—cot—-
l—tanétanE 2 2 cotécotE—l
2 2 2 2

B 1 A B A+B A B ., C
=cot—cot—-————=cot—cot—-tan =cot—cot—-tan| 90° ——
cot A+B 2 2 2 2

=coté cotE cotE =R.H.S.
2 2 2

Example 6 If sin A+ cos B=p, cos A—sin B=qand A— B =30°, prove that p>+ > —3 =0
sinA=p—cosB

cosA=(q+sinB

o 1=(p—cos B)? +(q + sin B)?

p?+0°+2qsinB—-2pcosB=0

p? + g% + 2[(cos A — sin B) sin B — (sin A + cos B) cos B] =0
p?+q>—2+2(sin B cos A—cos Bsin A)=0

p’+ > —2+2sin(B-A)=0

pPP+?=3=0(" A—B=30°
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Compound angled formulae

Example 7 Evaluate tan 0 tan (6 — 60°) + tan 0 tan (0 + 60°) + tan (0 — 60°) tan (0 + 60°)
Expression = tan 6 [tan (0 — 60°) + tan (6 + 60°)] + tan (0 — 60°) tan (0 + 60°)
=tan9-( tan0—+/3 N tan0+/3 JJF tan0—+/3 y tan0++/3
1+v/3tan® 1-+3tan0) 1++3tan® 1-/3tan0

=tan 0

Examples

‘tane—x/g—x/gtanz6+3tan6+tan6+\/§+\/§tan26+3tan6+ tan’ 0—3

1-3tan’*0 1-3tan’ O

__8tan® s tan’0-3 _9tan’0-3
1-3tan’0 1-3tan’0 1-3tan’0
3(3tan®0-1)
1-3tan’0
Example 8 Prove that tan N6 —tan(n — 1)@ =tan 6 [ 1 + tan n6 tan (n — 1)0]

=tan0

Use this formula to find Z tanr@tan(r—1)0.

r=1

tann®—tan(n—1)0
1+tannOtan(n—1)0

s tannB—tan(n—1)0 =tan O [ 1 + tan nO tan (N — 1)6]

n _ 1 n
rZ;tan retan(r—l)e—tanerz_;tane[1+tan rotan (r 1)6] n

tan O = tan[n® — (n — 1)0] =

1 & tan nO
:tane;[tanre—tan(r—l)e]—n= - -n

Example 9 Solve 12 sin 6 — 5 cos 6 = 13 for 0° <0 < 360°.
(12 sin © — 5 cos 0)* = 169
144 sin? © — 120 sin O cos 0 + 25 cos? 0 = 169(sin? O + cos’ 0)
25 sin? O + 120 sin 0 cos 0 + 144 cos? 0 =0
25tan’ @+ 120 tan 0 + 144 =0
(5tan 0+ 12)>°=0
tan 6 = 2
5
0=112.6°,292.6°
Check: when 6 =112.6°,
LHS =12 sin 112.6° — 5 cos 112.6° = 13 = RHS
When 6 =292.6°,
LHS = 12 sin 292.6° — 5 cos 292.6° =—13 # RHS
- 0=112.6° only

Classwork 1 Solve the equation 3 sin O —2 cos 0 =1 for 0° <6 < 360°. [0 =49.79° or 197.59°]
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Compound angled formulae Examples

Example 10 The point D divides the sides BC of AABC internally so that BD : DC=m: n. If ZBAD
=a, ZCAD = 3 and ZCDA = 0, prove that m cot oo —n cot B =(m +n) cot 6 =n cot B—m cot C.

maADC, 1= AC ) A
sin}  sin® 5
(0

I AABC, — M+ _ AC

sin(oc+[3) sin B
/B =0-a (ext. £ of AABD)

m+n = AC
sin (o +p) - sin(6—a.) 2) :
=) Sin(a+p) AC  sin(0-a) B = L . c

sinf3 (m+n) sin 0 AC

m sin O sin(a + ) = (M + n) sin (6 — o) sin B

m sin O sin(a + ) = (M + n) sin B (sin 6 cos o — cos O sin a)

(m+n) sin B cos O sin o = (M + n) sin B sin 6 cos oo — M sin O sin(a + B)

(m+n)sin a sin B cos 6 =[(m+n) sin B cos oo —m sin(c. + )] sin O
(m-+n)sinasinf cos O =[(M+n)cos asin 3 —msin o cos B —Mm cos a sin B] sin 6
(m+n) sin a sin 3 cos O = (N cos a sin B —m sin a cos ) sin O
Mcosa sin 3 —Nsin o cos 3

S (m+n)ycotO= - -
sinasin 3

=m cot o —n cot 3
m AB
sina sin(180° —6)
o =0 —B (ext. £ of AABD)
m AB
. === )
sin(6—B) sin®
m+n  AB
sinA sinC
m+n AB

sin(180°—(B+C)) _sinC
m+n AB
. = ()
s1n(B+C) sinC
in(B+C i
@yeiay M Sn(BAC)_ AB_sinC
s1n(9—B) (m+n) sin@ AB
m sin 0 sin(B + C) = (m + n) sin C sin (0 — B)
m sin O sin(B + C) = (m + n) sin C (sin 0 cos B — cos 6 sin B)
(m+n)sin C cos O sin B=(m + n) sin C sin 6 cos B—m sin 6 sin(B + C)
(m+n) sin B sin C cos 8 =[(m + n) cos B sin C—m sin(B + C)] sin 6
(m+n) sin B sin C cos 6 =[(m + n) cos B sin C —m sin B cos C —m cos B sin C] sin 6
(m+n)sin B sin C cos 8 =(n cos B sin C—m sin B cos C) sin 6
ncos BsinC —msin BcosC

sin BsinC
S (Mm+n)cotO=ncotB-mcotC

In AABD,

In AABC,

So(m+n)cotd=
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Compound angle formulae Subsidiary angles

Subsidiary angles
Example 11

(a) Rewrite the expression 4 cos 0—3sin 0 inthe form rcos(6+ o), wherer>0and 0<a < g .

Give your answer correct to 2 decimal places.
(b) Find the maximum and minimum values of 4 cos9—3sin6 .
(@) rcos(0+a)=r(cosBcosa—sin 0 sina)
=(r cos a) cos O — (I sin o) sin 0
As 4cosB—3sinB=(rcosa)cos0—(rsin o) sin 0
rcosa=4andrsino=3

r=+3*+4*=5

tanoc=% r= /32+42=

o = 0.64 radians (correct to 2 decimal places)
.4 cos0—3sin0=>5cos(0+0.64)
(b) Let y=4cos6—-3sin0 4
=5 cos(0 + ),
Since —1 < cos(0 + ) < 1,
So—5<5cos(0+a)<5
.. The maximum value of y is 5.
The minimum value of y is -5 .
Classwork 2

(@) Express 3 sin 0 — 2 cos 0 in the form R sin(6 — o) where R > 0 and 0° < o < 90°.
(b) Hence, or otherwise, find the range of possible values of 3 sin 6 —2 cos 0 .

[\/Esin(e—33.69°),—\/§£ 3sin0—2cos 0<+/13]

Example 12 Solve the equation V3 cos0+sin6=+/2, where 0° < 0 < 360°
Consider a right-angled triangle as shown in the figure.

rr=3+1
r=2
and tan a :\/5

_ o r
o =060 ﬁ
2 sin 60° =/3, 2 cos 60° = 1
The equation becomes o

) ) 60

2 sin 60° cos O + 2 cos 60° sin O =«/§ 1

2 sin(60° + 0) =~/2

sin(60° + 0) Z%

60° + 6 = 135° or 405°

0 = 75° or 345°

Classwork 1 Solve the equation 3 sin0®—2cos 6 =1 for 0°<0<360°. [0=49.79° or 197.59°]
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Compound angled formulae Subsidiary angles

Example 13 Show that if the equation sin @+ k cos 0 =+/2 +1 has a solution then k? >2+/2 +2

j\/_ﬂ

Npe \/F
V2 +1

k?+1

k?+1 [sme +c0s0-

sin®-coso +cosO-sino =

V2 +1
vk +1

The trigonometric equation has a solution, so —1<

sin(0 + a) =

K2+
J2+1 <1 k
Vk? +1

2 2
(\/5+1) s(\/k2+1) o
24242 +1<k> +1
K >2v2+2
Example 14 Prove that, for all real X, the maximum value of ¢ sin (X +A)+dsin(X+B) is
\/C2+d2+2cdcos(A—B).

¢ sin (X + A) +d sin (X + B)
=CcsinXcos A+ ccosXsinA+dsinXcosB+dcos xsinB
= sin X (C cos A +d cos B) + cos X (C sin A + d sin B)

{ . (ccosA+dcosB) (csin A+dsin B)
= U-|sinX- +CosX-

u u

where u =\/(Ccos A+d cos B)2 +(csin A+dsin B)2

Z\/(C2 cos? A+2cd cos Acos B +d? cos? B)+(C2 sin? A+2cd sin Asin B +d? sin? B)

=\/(C2 cos? A+c? sin? A)+(d2 cos® B+d?sin? B)+(2Cd cos Acos B + 2cd sin Asin B)

Z\/C2 +d?+2cd cos(A-B)

(*) csin (X + A) +d sin (X + B) = u-(sin X cos a + cos X sin o)
=Usin (X +a)

c¢sinA +dsinB

o

ccos A+dcos B

.. The maximum value of ¢ sin (X + A) +d sin (x + B) isu=\/02+d2+20dcos(A—B).
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Compound angle formulae Double angle formulae

Double angle formulae

-+ sin (A + B) =sin A cos B + cos A sin B
LetB=A

sin (A + A)=sin A cos A+ cos Asin A
sin2A=2sinAcos A ---(9)

Note: The above formula can be proved by the following method:
Given an isosceles triangle ABC with AB = AC = 1, let Z/BAC = 26.

Draw AD 1 BC, where D is the foot of perpendicular from A to A

BC. Then AABD = AACD (R.H.S.)

ZBAD = ZCAD = 0. (corr. /s =A's) 17010 N1

AD = 1xcos 0 =cos 0

BD =CD = Ixsin 6 =sin 0 B D c
By finding the area of triangle in two different ways,

%ABX ACSin29:%BCXAD

.. sin 20 =2 sin 6 cos O

"+ cos (A+B)=cosAcosB—-sinAsinB

LetB=A

cos (A+A)=cos Acos A—sin Asin A

. cos 2A = cos? A —sin® A --- (10)

By using the identity sin?> A + cos’ A= 1

Sosin? A=1-cos? A

Sub. into (10): cos 2A = cos> A — (1 — cos> A)
=cos’ A—1+cos? A
=2cos’A-1

s cos2A=2cos’ A1 --- (11)

Also, cos’ A=1—sin’ A

Sub. into (10): cos 2A = (1 —sin? A) — sin® A

=1- 2sin*A
s cos2A=1-2sin’ A --- (12)
.+ tan(A + B) = tan A+ tan B
1—tan Atan B

LetB=A
tan(A + A) = tan A+tan A

1—tan Atan A
Ctan2a= 2ENA 3

1—-tan” A

2
1 I-tan Azl(cotA—

cot 2A = =
tan2A 2tan A 2

) o (14)

cot A
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Compound angled formulae Double angle formulae

Example 15 Without using calculators, evaluate cos 36° cos 72°.
2sin36° cos36° cos 72°
2sin36°
2sin72° cos 72°
4sin36°
_ sinl44” 1
4sin36° 4
Example 16 Without using calculators, evaluate cos 12° cos 24° cos 48° cos 96°.
2sin12° cos12° cos24° cos48° cos96°
2sin12°
2sin24° cos24° cos48° cos96°
4sin12°
2sin48° cos48° c0s96°
8sin12°
2sin96° cos96°
16sin12°
sin192° 1

16sin12° 16

cos 36° cos 72° =

cos 12° cos 24° cos 48° cos 96° =

Classwork 3
(a) By mathematical induction, prove that for all positive integer n,

sin2"0
2"sin®
(b) Hence evaluate cos 20° cos 40° cos 80° without using calculators.

cos0cos20cos40---cos2" 'O =
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Compound angled formulae Double angle formulae

Example 17 Prove that tan20+sec20-1 _ ta ( nj

=tan| 0+— |.

tan 20 —sec20 +1 4
_tan26+sec20-1

tan 20 —sec20+1

(sinZO+ 1 _j
_\cos20 cos26 .00526

(sin29_ 1 +1) cos 260

cos20 cos26
_sin20+1-cos20
~ sin20—1+cos20
23in90059+1—(1—2sin29)

_ZSinecose—1+(1—2sin2 9)

L.H.S.

:25in6cose+2sin26

2sinBcosO—2sin’ 0
_ 2sin6(cos0+sin6)

- 25in6(cos0—sin0)

_ cosB+sinb

cos0—sin0

RH.S. =tan(6+§j

T
tan O + tan —
4

l—tane-tanE
4

_ tanO+1
1-tan0-1

sin 0
+1
:(0056 )cose

(1_ sinej cosO
cos0

_cosB+sinH

cos0—sin O
~.LHS.=R.HS.
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Compound angled formulae Double angle formulae

Example 18 In the given figure, AABC is isosceles with AC = BA =a, AB = 1. P is a point on AB

such that ZACP = o, ZBCP = 2a, show that AP :; . Hence deduce that l <AP< l
1+2cosa 3 2
Let AP=x,thenBP =1 —x. C
maApc, X =P
sino.  sin A /2
1-x CP *
In ABPC, — =— - (2)
sin2a  sinB a a
ZA = /B (base £s is0s. A)
X I-X
L (D)=Q)y —=—
sino.  sin2a

sino.  2sino.coso
2Xcosa=1-X
X=AP -
1+2cosa
0°<ZC=3a<180°
S0 <a<60°

1
—<cosa<1
2

1<2cosa<?2
2<1+2cosa<3

ot 1
2 1+2cosa 3
l<AP<l
3 2

Example 19 Prove that for all real values of X,
—7 <sin>X—24 sin X cos X + 11 cos* X< 19.
sin? X — 24 sin X cos X + 11 cos® X

:1—c§s2x_lzsinzx+ll(l+c252xj

=6+ 5cos2Xx—12 sin 2x
13

=6+13 cos2x-i—sin2x-2 12
13 13

=6+ 13(cos 2X cos o — sin 2X sin o)

=6+ 13 cos(2X + o) L
—1 <cos(2x+a) <1

—13 <13 cos(2x+a) < 13

—-7<6+13 cos(2x+a) <19

—7 <sin’X—24 sinX cos X+ 11 cos> x< 19 .
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Compound angle formulae Half angle formulae

Half angle formulae

cos2A=2cos’ A—1 --- (11)

cos2A=1-2sin’ A --- (12)
2tan A

tan 2A= ——--- (13
1—tan® A 13)

Formulae (11) and (12) can be changed into:

cos2A=M - (15) orcosAzi\/iw or cosé:i\/iH_COSA
SinzA:# -+ (16) or sinAZi‘/—l_CzszA or Sing:i fl_ 2OSA

. A
Y [1-cos A
tan—= =+ (17
2 A l1+cos A {1n

COS

Using formulae (15), (16) and (17), we can find the trigonometric ratios of 22.5°, 67.5°, 112.5°, 157.5°,

202.5°,247.5°,292.5°,337.5°. Equivalently, in radians: g}_ﬂ ’5_7c ,7—n ,9—n ,E ,B—n ’15_7c .

8§ 8 8 8 8 8 8
<in 22.5° :\/l—cos2x22.5 :\/l—cos45 _
2 2
N . n .
cos 22.5° :\/1 cos2x22.5 :\/1 cos45” _
2 2
= tan (2x22.5%) = 220225
1-tan” 22.5°
Cross multiplying: 1 — tan? 22.5° = 2 tan 22.5°
tan® 22.5° + 2 tan 22.5°~ 1 =0
This is a quadratic equation in tan 22.5°.
tan 22.5° =—1++2
.+ 0<tan22.5°<tan45°=1
- tan 22.5° =—14++/2
_l’_
sin 292.5° = sin (270° + 22.5°) = —co0s 22.5° =— 22\/5
cos 292.5° = cos (270° + 22.5°) = sin 22.5° :%ﬁ
tan 292.5° = tan (270° + 22.5°) = —cot 22.5° Z—ﬁZ—(l +x/5)
-1+

The other trigonometric ratios are similarly found.
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Compound angle formulae Triple angle formulae

Triple angle formulae (ZfZHA)
sin 3A =sin(2A + A)
= sin 2A cos A + cos 2A sin A
=2 sin A cos A cos A+ (1 —2 sin? A) sin A
=2sin A (1 —sin? A) +sin A—2 sin® A
=2sin A—2sin A+sin A—2sin® A
sin 3A=3sin A—4sin’ A --- (18) sin 3A = 3x? — 4x?? Express sin 3A in terms of sin A only
cos 3A=cos A+ A)
=co0s 2A cos A —sin 2A sin A
=(2cos? A—1)cos A—2sin Acos Asin A
=2cos’ A—cos A—2cos A (1 —cos’ A)
=2cos’ A—cosA—2cos A+2cos’ A
cos 3A=4cos* A—3 cos A --- (19) Express cos 3A in terms of cos A only

tan 2A+tan A

1—tan2Atan A

(2tanA+tanAj 2
_ l—tan® A (l—tan A)

2
(l—mnzA-tan A) (l—tan A)
1—tan

tan 3A =tan(2A + A) =

2tan A+ tan A(l —tan’ A)
(1 —tan’ A) —2tan’* A
_ 3
tan 3A = 3tan A tz;n AL (20) Express tan 3A in terms of tan A only.
1-3tan” A
Classwork 4

. 3
Prove that tan 4A = 4tan A—dtan” A - (21)

1-6tan* A+tan* A

3 5
andtanSAZStanA 102tan A+tjn A. . (22)
1-10tan” A+5tan” A
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Compound angled formulae Triple angle formulae

Example 20 Without using calculators, express sin 18°, cos 36° and tan 18° in surd form.
Let 0 = 18°, then 50 = 90°, 36 = 90° — 20

cos 30 = cos (90° —20) = sin 20

4¢cos’0—3cos®=2sin0cos O

~> cos 0 = cos 18° # 0, divide both sides by cos 0

4cos’0—-3=2sin0

4(1 —sin’ @) —3=25sin 0

4-45sin>0-3=2sin0

4sin’0+2sin®—-1=0

This is a quadratic equation in sin 6.

—1++/5
4

sin 18° =

©0°<0<90° .. sin 18°>0

~1+/5
4

Let 6 = 36°, then 56 = 180°, 36 = 180° — 260
sin 30 = sin (180° — 20) = sin 20
3sin © — 4 sin®> 0 =2 sin O cos O
-+ sin 0 = sin 36° # 0, divide both sides by sin 0
3-4sin’0=2cos 0
3—4(1 —cos?0)=2cos 0
3—-4+4cos’0=2cosH
4cos’0—-2cos0-1=0
This is a quadratic equation in cos ©.

1++/5

4

0°<0<90° .. cos 36°>0

145
4
Let B =18°, then 5 =90°, 33 =90° — 2B, lettan B =t
tan 3 = tan(90° — 23) = cot 23
3t-t°  1-t°
1-3t> 2t
6t —2t'=1-t2 -3t + 3t
Sth—10t2+1=0
This is a quadratic equation in t.
5++/20 5420
=>t= s

5

sin 18° =

cos 36° =

cos 36° =

=

0 0°<18°<45° . 0<tan 18° <tan45°=1 and > 1

_5-420 _5-245

5 5

tan 18° =1/5_§\/§
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Compound angled formulae Triple angle formulae

Example 21 Find cos 36° without using triple angle formula.
Consider the following triangle AABC.

Given AB = AC = 1. D is a point lying on AC such that AD = BD = BC = x.
Let ZA=6,CD=1-x.

Then ZABD = 0, (base £s iso0s. A)

/BDC =26 (ext. Z of A)

ZACB =20 (base /s isos. A)

ZABC =20 (base £s is0s. A)
ZCBD=20-6=6

AABC ~ ABCD (equiangular)

In AABC, 6 + 26 + 20 = 180° (£ sum of A)

0 =36°

EZE (corr. sides, ~As)

BC CD

1__x

X 1-x

1 -x=x

X*+x-1=0

X=_1;\/§ or _1_2\/5 (<0, rejected)

Draw DE L AB as shown. Then AADE = ABDE (R.H.S.)
AE=ED :% (corr. sides, = As)

AD x 5 145 1445 541 4
Example 22 Solve the cubic equation x> — 3x — 1 = 0 and hence prove that cos 20° is irrational.
Let X =2 cos 0, then the equation becomes (2 cos 0)° —3(2 cos 0) — 1 =0
8cos’0—6cos0=1

4c0s36—3c059=%

AE 1 ] 1 1 A5+1_1+45

cos 36=l
2

30 =60°, 300°, 420°, 660°, 780°, 1020°

0 =20°, 100°, 140°, 220°, 260°, 340°

X=2cos 0 =2 cos 20°, 2 cos 100°, 2 cos 140°, 2 cos 220°, 2 cos 260°, 2 cos 340°

*.» cos 340° = cos 20°, cos 260° = cos 100°, cos 220° = cos 140°

-. The3rootsof X*—3x—1=0 are 2cos?20° 2 cos 100° 2 cos 140° =1.879, —1.532, —0.347.

To prove cos 20° is irrational, we use the method of contradiction.
If cos 20° is rational, then 2 cos 20° is also rational .. One root of the cubic equation is rational

Suppose 2 cos 20° _b , then by factor theorem ax — b is a factor of x> —3x— 1
a

a=1,b=+l

Let f(x)=x>-3x-1

f(1)=13-3-1#20and f(-1)=-1+3-1%0
. X> = 3x—1=0 has no rational root

Our supposition is false. i.e. cos 20° is irrational.
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Compound angle formulae Circular function of t = tang

Circular function of t = tang .

2sin 9 0 2 tan 9 2 tan 9 2t
sin O =2 sin—cos—= 92-0052—2 g= 29: 5 - (23)
2 COS — 2 sec’~ l+tan®— 1+t
2 2 2

0
0 2tan5 ot
tan9=tan2(—j= =—7 - (24)
l—tanzg I-

sin@ 2t 1-t> 1-t°
= = x =

cos 0 = > = >
tan® 1+t 2t 1+t

.- (25)

Example 23 Solve 2 sin 6 — 3 cos 0 = 1 by using circular function of t = tang.

2(2t) 3(1-t))
2 2 =1
1+t 1+t
4-3+30=1+¢
22 +4t—-4=0
t2+2t—2=0

t=tang=—li\/§

g: 36.206° or —69.896° (rejected) or 216.206° (rejected) or 110.104°

0 = 72.4° or 220.2° (correct to 1 decimal place)

. X X . X X . X
. 2sin—cos—  2SIn—coS— Sin—
sin X 2 2

= 2 X2: %(Ztanﬁ---(26)
2cos’ = CcOS — 2
2 2

1+cosX 1+2coszl—l

sinx _ sinx l-cosx _sinx(I-cosx) 1-cosx

_ - : - (27)
l1+cosX 1+cosx 1—cosX 1—cos” X sin X

X sin X 1—cos X
tan—= =—

2 1l+cosX sin X

Example 24 Ifsin X :_% and 270° <x <360°, find tang .

cos X =+/1—sin® X =§

3
X sinx 5 1
tan —= =— 3
2 l+4+cosx 147 3

Example 25 Given 0 is in third quadrant and tan 0 =§ , evaluate tang without using calculators.

2t
i=—2,wheret=tan9, 180° <0 <270°, 90°<9< 135°, tan9<0
3 1-t 2 2 2
22 +3t-2=0

t=l (rejected, .- 90° <9 < 135°,tan§< 0)or—2= tan9= -2
2 2 2 2
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Compound angle formulae

Example 26 Given 8sin 0+ 15 cos 6 =-15, where

(2)
(b)
(©)
(a)

(b)

(c)
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Use subsidiary angle to solve the equation.

: : 0 :
Use circular function of t = tanz to solve the equation.

Which method is correct? Explain briefly.
V8% +15% =17, cos a =§, sin o =1—5, o =61.9275°
17 17

17- sin6-§+cos9-E =-15
17 17

sin O cos o + cos 0 sin ocz—i—i

} 15

sin(@ + o) =——

( ) T
0+ 61.9275°=-61.9275°,241.9275° or 298.0725°

0 =—-123.8° (rejected), 180° or 236.1450°

Lettztang, sin  =—— = >
2 I+t 1+t

Then the equation 8 sin O + 15 cos 0 =-15 becomes

g.ot 15(1-t7)
2t 2

1+t 1+t

16t + 15— 152 =15 — 15¢?

0 15
t=tan—=——
2 8

=-15

gz 118.0725° or 298.0725°

6 =236.1450° only
Note that t = tang 1s undefined for g= 90°

i.e. 0 = 180° cannot be found in method 2.
Hence method 1 is correct.

Circular function of t = tang

0° <0 <360°.

17

15
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Compound angle formulae Half angle formula in terms of the sides of a triangle

Half angle formula in terms of the sides of a triangle (outside syllabus)
Given a triangle ABC. Let BC=a, CA=b, AB=c.

Lets=%(a+b+c),23=a+b+c,2s—2a=b+c—a,23—2b=c+a—b,2s—2c:a+b—c

By Heron’s formula, area of AABC Z\/S(S —a)(s—b)(s—c) . (28)

On the other hand, area of triangle Z%bc sin A

%szin Az\/s(s—a)(s—b)(s—c)

sinA=é\/s(s—a)(s—b)(s—c) - (29)

2 2 2
Cosine formula gives cos A _brrct-al
2bc
2, .2 2
L. 2 Coszé_ 1 :M—a
2bc
,A b*+c?-a’+2bc
Cos™—=
4bc
2_ 2 _ _
AL m:il\/(b+c+a)(b+c a):i\/s(s a)
2 2 bc 2 bc bc
A A
For 0° <A <180°, O°<3< 90°, COSE> 0
s(s—a
Cosé: (—) ...... (30)
2 bc

»sinA=2 siné cosé
2 2

By formula (29) and (30), é\/s(s —a)(s—b)(s-c)=2 sin?

sinf - m ...... G1)

A
tan—— 2A [(s—b)(s—c) (s— c) ...... (32)
\/ s—a)

The formulae for smE sm > cos 5 COSE tang and tan% are symmetric.
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Compound angle formulae Half angle formula in terms of the sides of a triangle

Example 27

Given 0 is an acute angle. If, in AABC, (b + ¢) cos 0 =2.bc cos? , prove thata=(b+C)sin 0.
Hence, find a, given b=18.7,c=16.4 and A= 57°.

(b+c)cos 6 ZZMcosg

=2bc - M
bc

=2,/s(s—a)

=\/(a+b+c)(b+c—a)

cos? 0 :1_(_

2
sinf@=1-cos?0 :(ij
b+c

+ |

(@]

N
[\S}

sin O =2 (0 is acute, sin 6 > 0)
b+c

s.a=(b+c)sind
b=18.7,c=164,A=57°

2\/E cos';

b+c

2418.7x16.4 cos 5;

18.7+16.4
=(0.876928352
0 =28.72597648°
a=(b+c)sin 0= (18.7+ 16.4) sin 28.72597648° = 16.87 (correct to4 sig. fig.)

cos 0=
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Compound angle formulae Half angle formula in terms of the sides of a triangle

Example 28 In AABC, prove that a*—(b— c)2 cos” ?

LHS.=a’ —(b- 0)2 cos? ?

b+c 2sinzé.
(b+c) s>

—a2—(b- Z.M
a“—(b-c) o
azbc—(b—c)z-i(a+b+c)(b+c—a)
- bc
2 2 1 2 2
2 bc—(b—-c) -4[(b+c) -a }
bc
2 1 202 2\ 1 2 2
:a bc+Za (b —2bc+c )—Z(b—c) (b+c)
bc
1 1
:4a2(b2+2bc+cz)—4(b—c)2(b+c)2
bc
_i(b+c)2[a2—(b—c)1
bc
i(b+c)2(a—b+c)(a+b—c)
- bc
:(b+c)2(s—b)(s—c)
bc

=(b+ C)2 sin? §= R.H.S.
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Compound angle formulae Sum and Product formulae

Sum and Product formulae

sin (A+B)=sinAcosB+cosAsinB
sin (A—B)=sin A cos B—cos AsinB
sin (A+B)+sin(A—B)=2sinAcos B

. sin Acos B Z%[sin(AJr B)+sin(A- B)] ------ (33) Prduct to sum formula
sin(A+B)—sin(A-B)=2cos AsinB
cosAsinB=%[sin(A+ B)—sin(A—B)] ------ (34)

cos (A+B)=cos Acos B—sinAsinB
cos (A—B)=cos Acos B +sinAsinB
cos(A+B)+cos(A—B)=2cosAcosB

COSACOSB:%I:COS(A-‘F B)+cos(A—B)] ------ (35)
cos (A+B)—cos(A—B)=-2sinAsinB

sinAsinBz—%[cos(AjL B)—cos(A—B)] ------ (36)
Formulae (33) to (36) are called product to sum formulae.

Letx=A+B,y=A—B,thenA=XJ2ry,Bzxgy,

(33) becomes sin2 Y cos XY l(sin X+siny)
2 2 2
cosinX+siny = ZSin%cos% ------ (37)
34) becomes cos X+ ysin X—y :l sin X —sin 'y
2
SosinX—siny = ZCOS%SiH% ------ (38)
35) becomes cos ucosu = 1 COs X +Cos
( 2 2 2 y
S COS X+ cosy= ZCosX;ycosX;y ------ (39)
(36) becomes sin2 Y gin XY _ —l(cos X—cosy)
2 2 2
S.cosX—cosy= -2 sin%sin% ------ (40)

Formulae (37) to (40) are called sum to product formulae.
Memorize: S +S — 2SC

S-S —>2CS
C+C—-2CC
C-C—>-2SS

There are no formulae for S+ C,S—-C, T+ TorT-T!

Example 29 If cos 16° = sin 14° + sin d° and 0 < d < 90, find d without using calculators.

sin d° = cos 16° — sin 14° = sin 74° — sin 14°
74°+14° | T4 14
sin 5

sin d° =2 cos

sin d° = cos 44° = sin 46°
d=46
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Compound angle formulae Sum and Product formulae

Example 30
cosl”+cos2” +---+cos44’ . .
Express ——— —— inthe form a+ bv/c , where a, b and ¢ are integers.
sinl” +sin2" +---+sin44

cos N° +sin N° = \/E(cos 45° cosn® +sin 45" sin n°) (Subsidiary angles)

= 2cos(45°—n°)
(cos 1°+ cos 2° + -+ + cos 44°) + (sin 1° + sin 2° + --- + sin 44°)
=\/§(COS44°+cos43°+---+cosl°)
sin 1° +sin 2° + --- + sin 44° Z(x/z—l)(cosl" +cos 2’ +---+cos44°)

cosl’+cos2"+---+cos44” 1 —1442
sinl® +sin2° +---+sin44° 2 -1

Method 2 Recall sin A + sin B =2sin A; B cos A; B and cos A + cos B=2cos A; B cos A-B )

Take A=45°-n°andB=n°forn=1,2, ---, 22, we have
43° 471° 1
2c08S—| coS—+CcoS—+++--+CcOS—
c0s1°+cos2°+---+cos44°: 2 2 2 2

sinl® +sin2° +---+sin44° . 45° 43° 471° I°
2sin——| COS——+COS——+++++COS—
2 2 2 2

=cot22.5°= ! = !

tan22.5° 2 -1
= 142

Example 31 Find the value of sin 20° sin 40° sin 60° sin 80° without using calculators.

sin 20° sin 40° sin 60° sin 80°

= (sin 80° sin 20°)(sin 40°)(sin 60°)

(found on page 14)

ﬁj &

:—%(COSIOOO —cos 60°)-(sin 40°)[7 (" sin 60° 27)

=——(c05100° sin 40° —%sin40°j (" cos 60° :%)

=N l(sin140° —sin60°)—lsin40°
2 2
(sin140° —sin 60" —sin 40"

3
8
3
8

sin40° — ? —sin40° J

3

16
Classwork 5 Without using calculators, prove that
(a) sin 23° sin 40° — cos 43° cos 74° + cos 24° sin 83° =cos 17°;

(b) cos 17° cos 81° + sin 43° cos 69° +%cos 142°=0.
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Compound angle formulae Sum and Product formulae

Example 32 Without using calculators, find the value of sin 12° sin 24° sin 48° sin 96° .
sin 12° sin 24° sin 48° sin 96°
= (sin 12° sin 48°) (sin 24° sin 96°)

= %(00536" —c0s60° fcos 72° —cosl20°)

= l cos36°—l cos72°+l
4 2 2

= %(4cos36° cos72° +2c0s36° —2cos72° —1)

= —|1
16 sin36°

1 N 25in36° c0s36° — 2sin36° cos 72" IJ

_ 1[sin72° —sin108° +sin36 | 1
16 5in36° 16

Example 33 In AABC, prove that singsin%sin% < % .

LHS = sinésinEsin—
2 2 2

< 5[1 —sin %) sin% (equality holds when A = B)

2

2
L (G.M. <AM.: abs[aerj fora>0,b>0)
2 2 2
=%= R.H.S. (equality holds when l—sin%: sin% ,1.e.C :g)
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Compound angle formulae Sum and Product formulae

Example 34 If A+ B + C = 180°, prove that cos> A + (cos B + cos C)?> — 1 =4sin? ?cos BcosC

Hence, if also cos B + cos C—cos A= 1, prove that secc A—secB—-secC=1.

2
LH.S. = cos” A+ (cos B + cos C)2—1=cos2A+(2COSB;CCOSB;C) -1

2
=cos> A+4[005180 _Acos B_Cj

2
=4sin2écosz B-C - ZSiHACOSé =4sinzé cos’ B-C —coszé
2 2 2 2 2 2 2

—1=4sin® §c052¥—sin2 A

,B-C _ 180"~(B+C)
2

=4sin2§ cos 5 —CoS

=4sin’ ?(cos2 B-C —sin? —B+Cj

:4Sinzé_l+cos(B+C)_1—c s(B+C)
2 2 2

=25in2?[cos(B+C)+cos(B—C)]

=4sin? gcos BcosC=R.H.S.
Ifalso cosB+cos C—cos A=1,thencosB+cosC=1+cosA------ *)
cos® A+ (cos B+ cos C)>— 1= 4sin? gcos BcosC (proved)
cos? A+ (1 + cos A — 1 =4sin? gcos BcosC by (*¥)

1—cos A

2 cos’ A+2 cosA=4( jcosBcosC = cosA(cosA+1)=(1—-cosA)cosBcosC

cos A (cos B+ cos C)=(1 —cos A)cos Bcos C by (*)
cos BcosC—cos Ccos A—cosAcosB=cosAcosBcosC
cosBcosC cosCcos A cosAcosB  cosA+cosBcosC

cos AcosBcosC - cos AcosBcosC - cos AcosBcosC  cos A+cosBcosC
secA—secB—-secC=1
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Compound angle formulae

Example 35 Prove that ———(cosec 26 —cosec40) = ﬂ .
2sin O sin 20sin 40
cos 30 cos 50

Hence find the sum to n terms of the series

LH.S. =———(cosec26 —cosec46)

2sin®

e 1 1

_ZSinG(sin26_sin49j

_ sin40-sin20

~ 2sinOsin 20sin 40

_ 2sin20cos26—sin 20

~ 2sinOsin 20sin 40

_5in20(2cos26-1)

~ 2sinOsin 20sin 40

Zsin60056[2(2c0s26—1)—1]

- 2sin Osin 20sin 40

_4co0s’0-3cosO

 sin20sin 40

-9 __pHus.

sin 20sin 40

: (cosec2r6—cosec(2r+2)9)= 1 {.1 —— !
2sin 0 2sin @ sin2r® sin2(r+1)0
_ sin(2r6+26)—sin2rd
_ZSinesin2resin2(r+l)6
_ 2cos(2r0+6)sin6
_2sin9sin2r9sin2(r+l)9
_ cos2(r+1)6
_sin2r9sin2(r+l)6
cos30 cos 50 cos 70 cos(2n+1)6

+ + +oe
sin20sin40 sin40sin60 sin 60sin 80

|

. . + . . + . . + + . .
sin20sin40 sin40sin60  sin 60sin 80 sin2nBsin (2n+2)6
n cos(2r+1)6

S'sin2rOsin(2r +2)0

:iz 1 e(cosec2r6—cosec(2r+2)6)
“~ 2 sin

o I 1
_2sin6(sin26 sin(2n+2)6j
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Compound angle formulae Sum and Product formulae

Example 36 In AABC, if 2sinB=sin A+sinC, then 2 cotg = cotg + cot%.

2 sin B = sin A + sin C (Given)
2sinB=2sinA+ccosA_C
2 2
A-C (_.A+C
)

2sinEcosE=cosEcos :90°_E)
2 2 2 2

2 sin% = Ccos (clearly cos% #0)

2 sinlgo _gAJrC) = COS A-C

A+C A-C
2 cos = cos
2 2

A C . A.C A C . A.C
2 cOS— cOS— — 2 Sin— SIn— = COS— COS — + Sin— Sin—
2 2 2 2 2 2 2 2

A C . A.C
COS— cOS—= 3 sin— SIn—
2 2 2 2

cotA cotEZ 3= cotAZL ~- (*¥)or tanAZ !
2 2
cot — 3tan —
180° —(A+C
2cotg=2cot#
=2tan A+C
tané+tatnE
:2- 2
A C
1—tan—-tan —
2 2
+tan —
3tan —
=2- by ()
1- -tan9
3tan —
= +3tan—
tan —
3
=cot—+
cot—

A C
=cot— + cot— by (¥
5 5 y (%)
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Compound angle formulae Sum and Product formulae

Example 37 If A+ B + C = 180°, prove that
sin® A sin (B — C) + sin’® B sin (C — A) + sin®* C sin (A—B) =0
But sin? Asin(B—C)+sin?Bsin (C—A)+sin?Csin(A—B)=0 onlyif AABC is isosceles.

sin3Asin(BC):SinzA%[COS(AJFCB)COS(A+BC)]
B %Sin2 A [cos (180° —2B) — cos (180° — 2C)]
= %sinzA(cos 2C — cos 2B)
= %sinzA(12sin2Cl+2Sin2 B)

= % sin? A (2 sin? B — 2 sin® C)

= sin? A ('sin? B — sin® C)
Similarly, sin® B sin (C — A) = sin? B ( sin? C — sin? A) , sin® C sin (A — B) = sin? C ( sin*> A — sin® B)
- sin® A sin (B — C) + sin® B sin (C — A) + sin® C sin (A — B)
= sin? A ( sin? B — sin? C) + sin”? B ('sin? C —sin? A) + sin®> C (sin? A—sin’ B) =0
If sin? A sin (B — C) + sin® B sin (C — A) + sin? C sin (A—B) =0, then
sin A (sin? B — sin? C) + sin B ( sin? C —sin? A) + sin C ( sin> A—sin’? B) =0
sin A (sin B —sin C) (sin B + sin C) + sin B sin C (sin C —sin B) + sin> A (sin C —sin B) =0
(sin B — sin C)[sin A (sin B + sin C) —sin B sin C —sin? A] =0
(sin B—sin C) (sin A—sin B) (sin C —sin A)=0
A=BorB=CorC=A
.. AABC is isosceles
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Example 38 If nis an odd integer, and A, B, C are the angles of a triangle, prove that

sin NA + sin nB + sin nC =4 s1nn7 cos% cos%cos%

L.H.S. = (sin nA + sin nB) + sin nC

n(A+B n(A-B n(r—C n(A-B
=2sin ( )cos ( )+sinnC=2sin (n )cos ( )+2s1nEcos£
2 2 2 2 2 2
n(A-B

=2sin| kt+ x_nc COSQ-%ZSHIECOSE,WI’I@TGn:2k+1

2 2 2 2 2

n(A-B

=2(—1)k COSECOS(—)+2SIHECOSE

2 2 2

— n|lt— A+B

=2sin k7r+E cosﬁcos(—+25m [ ]cosE

2 2 2 2 2

:2COSE{Sinn—ncosm+s1n[kn+z_w}}
2 2 2 5 >

:2‘305% Sin%cosm+(—l)k cosn(AT-FB)}

=2c0s—| sin—cos ———=+sin—cos
2 2 2 2

nC| . nn_ n(A-B)  nn n(A+B)}

n(A+B)

n(A—B)} nt__nA_ _nB_nC
+COS————

=2sinﬂcosn—{cos 4 sin— cos —cos—cos—= R.H.S.
2 2 2 2 2
Remark If the question is changed into: If n is an even integer and A, B, C are the angles of a triangle,
find a necessary condition that sin nA + sin NB + sin NC = 0, is this condition sufficient?
“Necessity” sin NA +sin nB +sinnC =0

=> sin 2KA + sin 2kB + sin 2kC = 0, where n = 2k

= 2 sin k(A + B) cos k(A —B) + 2 sin k[t — (A + B)] cos k[t — (A + B)] =

= sin k(A + B) cos k(A — B) + (-=1)¥"! sin k(A + B) (-1) cos k(A + B) =0

= sin k(A + B) [cos k(A — B) — cos k(A + B)] =

= 2 sin k(A + B) sin kA sin kB =0

=k(A+B)=mn or KA=mn or kB=mn

e .. nm .. nm
.. Necessary condition is: any one angle is e or the sum of any two angles is e

ce . . mm mr .
The condition is “sufficient”: If A :T orA+B :T , trace back the “=" sign.
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Example 39

If sinO+sin ¢ =a,tan 0 +tan ¢ = b, sec O + sec ¢ = C, prove that 8bc = a[4b? + (b? — ¢*)?] .
b? — c2 = (tan O + tan $)* — (sec O + sec ¢)?

—2+2tan 0 tan ¢ — 2 sec O sec ¢ , using the identity sec> A —tan’ A= 1

:—2cosecos¢+2sinesin¢_ 2
cosOcos¢  cosBcosp cosOcosd
_—2cos(6+¢)_ 2 :_2.1+c0s(9+¢)
cosOcosdp  cosOcosd cosOcosd
2
4h? + (b? — ¢?)? = 4(tan 0 + tan ¢)* + 4- {—IJF cos(0+ (I))}
cosOcosd

:4__(sin9 . sinq)Jz+1+200s(6+(|))+cosz(9+¢)]

cosO cos¢ cos” Ocos” §

4 _(sinecos¢+cosesin¢)2 Jr1+2cos(9+(l))+cos2 (9+(|))]

cos” Bcos” ¢ cos” Ocos”

A sin® (0+¢)+1+2cos(0+¢)+cos” (0+9)
cos” Ocos” ¢
_4 1+1+2c0s(9+¢)

cos” Ocos” ¢
_g 1+cos(9+(l))

cos” Bcos” ¢
1+Cos(6+(|))
cos? Bcos” ¢
= 8 > ~(2$in—e+¢cose_¢J[2cosz—e+¢j
cos” Ocos” ¢ 2 2 2
-2 '(sine+¢cose_¢J(cosz—e+¢j
cos” Ocos” 2 2 2
8bc = 8(tan O + tan ¢)(sec O + sec d)
:S.Sin(9+¢)’cos6+cos¢
cosOcos¢ cosOcosd
= 8 5 -[Zsin—eﬂbcos—e+¢j-(2cos—e+¢cos—e_d)j
cos” Bcos” ¢ 2 2 2 2
. 8bc = a[4b? + (b* - ¢?)?] .

a[4b” + (b* - ¢*)*] =(sin 6 +sin ¢)-8-
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Theorem

Let A, B, C be three angles such that 0 <A, B, C Sg andA+B+C :g
Then sin A+sinB+sinC S% , equality holds when A=B=C :%'

Proof: C Zg— (A+B), sin C=cos (A + B)

sin A+ sin B + sin C =sin A + sin B + cos (A + B)

A+B SA—B

) A+B
= 2sin 5 co

+1-2sin?

) A+B( A-B . A+Bj
= 2sin cos —sin +1
2 2
. A+B A-B . A+BT
sin + cos —sin a+b)
<2 2 2 2 | 41 wab< ( )
2 2
equality holds when a = b; i.c. cos =2smA;B (1)
= —cos’ A_B+1
2
1 3 ) A-—
< 5+1 ZE,equahtyholdswhen =0,1.e.A=B...... (2)

Combine (1) and (2), equality holds when A=B=C :%

Example 40 [f 0 <x <y <g, prove that sin X + cos y — sin (X — Y) Sg

LetA=x,B= g—y,Czy—x,thenOSA,B,CS g andA+B+C=§
sinx+cosy—sin(x—y)=sinx+sin(g—y)+sin(y—x)
=sinA+sinB+sin C

S% by the above theorem

T
2

The question is proved.
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Example 41 Given sin’X + sin’y = sin(X + Y), where X and Y are acute angles. Prove that X +y = 90°
Proof: If X =y, then the equation becomes 2 sin® X = sin 2X

2 sin? X = 2 sin X cos X
2 0<x<90° . sinXx=0

sin X = cos X
tanX=1=x=y=45°
If x # y, without loss of generality let x >y > 0°.

Since sin?x + sin?y = (sin X + sin y)* — 2 sin X sin y

2
= (ZSin X—; ycos X; y] —2sin Xsin 'y

=4sin2XJ2ryc052X;y + cos(X +Y) — cos(X —Y)

=[1—cos(X+Y)][1+ cos(X—Y)] + cos(X +Y)—cos(X—Y)
=1—cos(X + y)cos(X —Y)
Hence sin?x + sin?y = sin(X + Yy) becomes
1 — cos(X + y)cos(X —Yy) =sin(X +Y)
cos(X +y)cos(x—Yy)=1—-sin(X+y) .......... (*)
Suppose X +y # 90°
Ifx+y>90° by (*): LHS <0, RHS > 0 impossible.
Ifx+y<90°, since x>y >0°,
then cos(X —y) > cos(x +y) >0
By (*) 1 —sin(X +Y) = cos(X + Y) cos(X — Y) > cos’(X +Y)
1 —sin(X +Yy)>1—sin} (X + )
sin?(X +y) —sin(x +y) >0
sin(X +y)[sin(x +y)—1]>0
sin(X +Y) <0 or sin(X +Yy) > 1 which is impossible.
Therefore x +y = 90°
The question is proved.
Example 42 If sin 5° + sin 10° + sin 15° + ... + sin 170° + sin 175° = tan x°, find X.
2 (sin 5° +sin 10° + sin 15° + ... + sin 170° + sin 175°) sin 2.5°
=¢0s 2.5° —cos 7.5° + cos 7.5° — cos 12.5° + cos 12.5° —cos 17.5° + .... + cos 172.5° — cos 177.5°
=c0s 2.5° —cos 177.5°
=2 sin 90° sin 87.5°
=2 sin 87.5°
sin 5° + sin 10° + sin 15° + ... +sin 170° + sin 175° = tan 87.5°
x=287.5
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Example 43
2k +1

)]

(a) Prove that sin(0 +% o) sink7OL + sin%sin(@ + ko) :% [cos(0 —%) —cos(0 +

Hence prove that sin(0 +% o) sin% + sin% sin(0 + ko) = sin(0 +k70c )sin% o

(b) Prove by mathematical induction that

sin[G + (”T‘I)CX]sin ne

sin@+sin(@+a)+...... + sin[0+H(n — 1)a] =
sin 5
@ sin(0+ <L) sin% + sin% sin(@ + ko)
= % [cos(D + 2k-1 o) — cos(0 f%)] % [cos(0 + 2k +1 o) — cos(0 + 2k-1 )]
1 [cos(O _E) —cos(0 + 2k+1 o)]
2 2
sin(0 +u o) sin% + sin%sin(@ + ko)
-1 [cos(O + 2k +1 o) — cos(0 —g)]
2 2
= —% (—2)[sin(0 +k70c) sin(0 +% o)l
= sin(0 +k_oc )sinﬂ o
2 2
1 Osin &
() n=1,LHS =sin 6, RHS =12 _gin g
sin 5
It is true forn=1.
Suppose it is true for n =K.
o ' , sin[G + (%)oc]sin'%“
1e.sin@+sin(@+a)+...... + sin[0+(k — 1)a] = e (*)
sin
Whenn=Kk+ 1,
L.H.S.=sin6+sin(0 +a) +...... + sin[0+(k — 1)a] + sin (6+ Kk o)
sin[@ + (%)oc]sin ko
= - +sin (6+Kk o) by (¥)
sin 5
B sin[@ + (%)oc]sink?“ +sin 2sin(0 + ko)
sin§
sin(0 + ¥ )sin kL o
s kintla g
Slnj
=R.H.S.

Hence it is also true forn=k + 1
By the principle of induction, the statement is true for all positive integer n.
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Example 44

In the figure, ABCDE is a regular pentagon of side = 1. Prove that cos ~ + cos:%n = l

/A=/B=/C=4D=ZE :3?“ (£ sum of polygon)

Join BE. Draw AG | BE, CH L BE, DF L BE. A
Then AABG = AAEG (R.H.S.)
ZABG = ZAEG (corr. Zs = As) 1 1

(n—%)— —g (£ sum of isos. A)

B E
/CBH= /B - 4ABG—3?”" m_2n G

5 5

J/DEF = /E_ /AEG=2F T_2T
5 5 5 1 1

Z/BHC =§= /DFE (by construction)

BC =DE =1 (given)

ABCH = AEDF (A.A.S.)

CH = DF (corr. sides = As)

CH // DF (int. Zs supp.)

CDFH is a rectangle (opp. sides are equal and /)

BE=BG+GE=2cos§ ------ (1)

BE:BH+HF+FE=20052?7T+1 ------ (2)

(H=(12):2 cos§= 2 cosz?nwL 1

o 2 1
COS— — COS— = —
5 5 2
1
2

o8 3n
COS— + COS— =
5 5
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Example 45

In the figure, ABCDEFG is a regular heptagon of side = 1. Prove that cosg + cos377E + cos577T = %

LA=/B=4C=4/D=/E=/F=/G :5715 (£ sum of polygon)

Join BG, CF. Draw AH L BG, BK L CF, A
GJLCF,DN LCF,EM LCF.
Then AABH = AAGH (R.H.S.)
ZABH = ZAGH (corr. Zs = As) B == . I G

=[n _STRJ +2=% (£ sum of isos. A)

Join AC, AF. Then AABC = AAGF (S.A.S.) ,
ZACB = /AFG =§ ...... (1) (corr. /s = As)

AC = AF (corr. sides = As) c N M
/ZACF = ZAFC ...... (2) (base Zs is0s. As) 2zK J M
.. Z/BCK=ZGFJ by (1)and (2)

/BKC =§= ZGJF (by construction) 1 |

BC = GF =1 (given)
.. ABCK = AGFJ (A.A.S.) D 1 E
BK = GJ (corr. sides = As)

BK // GJ (int. Zs supp.)

BGJK is a rectangle (opp .sides are equal and parallel)

BG=KJ=2BH=2 cosg (opp. sides of rectangle)

ZGBK =§= /BGJ (int. Zs BG // KJ)

2 7 7
/FGl= /G- /BG] - LAGH="_T T_T
2 7 7
/BCK=n—"_T =3 (/ qum of A)
2 7 7
LGFJ=1I—E—E=3—7T (£ sum of A)
2 7 7
/DCN = ~C— /BCK =% _3m_2r1
7 7 7
JEFM = /F - ,GFJ =" _3m_21
7 7 7

CD =EF =1 (given)

Z/DNM =§= ZEMN (by construction)
.. ACDN = AFEM (A.A.S.)

CN =FM, DN = EM (corr. sides = As)
DN // EM (int. Zs supp.)

DEMN is a rectangle (opp .sides are equal and parallel)
MN = 1 (opp. sides of rectangle)
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CF=CN+NM +MF = 200527n+1 ------ (1)

CF=CK+KJ+JF= 2cos37“+2cos§ ------ )

(1)=(2): 2cos37n+200sﬁ=2cos27n+l

7
2 1
COS—+COS— —COS— = —
7 2
cos ™ + cos3—n + cosS—7T = 1 (. cos(m—0)=—cos 0)
7 7 7 2
Example 46
In general cos T 4cos 3n Jr---JrcosMZl forn > 2.
2n -1 2n -1 2n-1
Lety=cos T 0s 3n + -Jrcos(zn_?’)7T
2n - 2n - 2n-1
.0 m . 2¢m . 4mn . 2m . (2n-2)r . (2n-4)n
2y sin =sin +| sin —sin + -4 sin —sin
2n-1 2n-1 2n-1 2n-1 2n-1 2n—1
. (2n-2)n
=sin
2n-1
=sin| T —
[ 2n—1}
. 0n
= sin
2n—-1
T T
< <=
2n-1 2
. n
sin
2n—-1
(2n-3) 1
y = cos + cos + .-+ cos———=—
2n—-1 2n—-1 2n-1 2
In particular, n = 3, cosE + cos3—n = l
5 5 2
n=4, cos < Jrcos3—7T +cosS— 1
7 7 7 2

Find the value of cos 1° + cos 2° + cos 3° + --- + cos 90°.
y=cos 1°+cos 2° + cos 3° + --- + cos 90°
2y sin 0.5° = (sin 1.5° —sin 0.5°) + (sin 2.5° —sin 1.5°) + --- + (sin 90.5° — sin 89.5°)

= sin 90.5° — sin 0.5°
=2 cos 45.5° sin 45°

cos 1°+ cos 2° + cos 3° + ... +cos 90° = - 45:5 lsoln Sl 56.794

sin —
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Formulae for the Trigonometric functions

Created by Mr. Francis Hung on 23 June 2008 Last updated: March 19, 2023
I The magic hexagon:
Along eac}i diagonal, 1 sin oS
cscH= — sin O =
sin® cscB
1 1
sec 0= cos 0 =
cos6 secO
1 1 tan
cotO = tan9 = —— cot
tan© cotO
In each shaded triangle,
sin? 0+ cos’0=1 sec s
tan’0+ 1 =sec’0

20 — 2
I +cot’0 =csc’ 0 The S family  The C family

In any three adjacent vertices,

sin B =cos O -tan O cos O=sin0-cotH
cotO=cosO-cscH csc O =cot0-secH
secO=tan O - csc O tan O =sin O - sec O

II General Solutions
sin@=sino, 6=180°n+(-1)"a 0 =nn + (-1)" o, where n is an integer.
cos O =cosa, 6=360°n+a 0 = 2nm = a, where n is an integer.
tan O =tan o, 6 =180°n+ a 0 = nm + o, where n is an integer.

III Compound Angle Formulae

sin(A + B) = sin A cos B + cos A sin B SC+CS

sin(A —B) =sin A cos B—cos Asin B SC-CS

cos(A+B)=cos Acos B—sin AsinB CC-SS

cos(A—B)=cos A cos B+sin Asin B CC+SS

tan(A+B):tanA+tanB tan(A — B) = tan A—tan B
I-tan AtanB 1+ tan Atan B

tan A+tan B +tanC —tan Atan BtanC
1—tan Atan B —tan BtanC —tan AtanC
IV Multiple angles
sin 20 = 2 sin 0-cos 0
cos20=cos’0—sin’0=2cos’0—1=1-2sin’0
2tan0
1-tan* 0
sin 30 =3 sin 0 — 4 sin’ 0
cos 30 =4 cos® 0 — 3 cos 0

3 3
tan 30 :M tan 40 = 4tan0—4tan” O

1-3tan? 0 1—6tan’ 0+ tan* 0

tan(A+B+C)=

tan 20 =
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V  Half angles

Lett =tan9, then sin 6 = 2 5
2 1+t
42 1+ ¢2
cos 0= ! t2 2t
1+t
tan O = ft > )
1-t2
sinX o+ 1—cosX
2
cos§=i 1+cosXx
2
X /l—cosx sin X 1—cosX
tan—== = =
2 1+cosx 1+cosX sin X
VI Sum and Product
Sum sin A + sin B =2sin A;Bcos A;B
sin A —sin B=2cos A+B sin A-B
2 2
cos A+ cos B=2cos A+B cos A; B
cos A —cos B=-2sin A+B sin A-B
2 2
Product sinXcosY Z%[sin(x +Y )+sin(X =Y)]
cos X sin Y Z%[sin(x +Y)—sin(X -Y)]
cos Xcos Y Z%[cos(x +Y)+cos(X —Y)]
sin X sin Y :—%[COS(X +Y)—cos(X =Y)]
VII Differentiation: In each shaded triangle’s edge,
DS=+dS1nX=cosX DC=_ dcosX:_SinX
dx
dtanx dcotx _ 5
=sec” X =_—¢sc” X
dx dx
d sec x d cscx
= sec X tan X =—CSC X cot X
dx dx
Integration: the inverse process of differentiation
jcostX:sinX+C IsinXdX:—cosX+C
Isecz xdx =tanx+C J.csc2 Xdx =—cotx+C
J.secxtanXdX:secX+C IcscXcothX:—cscX+C
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11.

12.
13.

14.

15.

16.

17.

Supplementary Exercise on Trigonometry
Created by Mr. Francis Hung Last updated: March 19, 2023

Prove that cos?(A + 0) + cos?(B + 0) + 2 cos(A — B) sin(A + 0)sin(B + 0) is independent of 0.
Prove that, if sin(o + ) = k sin(a — ), then (k + 1) cot oo = (k — 1) cot .

If xsinB+ycosO=sin¢g and XcosO—YysinO=-cos @, express X in terms of 6 and ¢ as
simple as possible.

Without using tables or calculators, find the values of tan 15° and tan 22l °.

If cosO+cos@=Xx and sin0+sin@ =Yy, prove that cos%(@—<p)=i%dx2+y2.

Prove the identities: sin> A + sin? B — sin’ (A — B) = 2 sin A sin B cos(A — B), and
tan3A—2tan2A+tan A . ,
=sin” A.
4(tan3A—tan2A)

In any triangle ABC, prove that ~ (a) b?sin(C — A) = (¢* — a?) sin B,

(b) a?-(b-c)? coszg =(b+c)? sinzg ,

c+b, A

tan—.

c-b 2

Solve completely the triangle ABC in which a =2.718, b = 3.142, A = 54°18'. Show that there

are two possible triangles and find their areas.

(©) tan(§+ B) =

If A, B, C are the angles of a triangle, prove that
(sin B — cos B)? + (sin C — cos C)?> — (sin A — cos A)?> =1 —4 sin A cos B cos C.
Given that (1 + cos A)(1 + cos B)(1 + cos C)(1 + cos D) = p sin A sin B sin C sin D,

prove that (1 — cos A)(1 — cos B)(1 — cos C)(1 — cos D) le sin A sin B sin C sin D.

a=bcosC+ccosB
If A, B, C are the angles of a triangle, using sine rule to prove <b=ccosA+acosC --- (¥)
c=acosB+bcosA

Hence, solve the system (*) and express cos A, cos B, cos C in terms of a, b and c.

If 0 + ¢ = Yam, prove that (1 + tan 0)(1 + tan @) = 2. Deduce the value of tan Jmn.
Establish the identity sin 6(cos 20 + cos 40 + cos 60) = sin 36 cos 46.

Prove that, if X=cos30+sin30 and y=cos6—sin0,then X—y=2ysin20.

By expressing (3 + cos 0) cosec 0 in terms of tan% 0 (= t), show that this expression cannot

have any value between —2 V2 and 242

By projection of the sides of an equilateral triangle onto a certain line, or otherwise, prove that
cos 0 + cos(B + %m) + cos(0 + % m) =0,

and find the value of sin 0 + sin(0 + %m) + sin(0 + 4% m).

If tan o=k tan B, show that (k— 1) sin(a + )= (k+ 1)sin(a — ) .

Show that, if the equation tan X = Kk tan(X — o) has real solutions (in X), (k — 1)? is not less than

(k + 1)? sin’a..

Solve the equation when k = -2 and a. = 30°, give your answer in general solution.

(a) If sina+cosa=2a,form the quadratic equation whose roots are sin o and cos a.

(b) Solve the equation and find the general solution of X:
cos? X + cos X — sin X — sin? X = 0.
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18. Let y=sin0 (3 sin 0 —sin2a)+ cos 0 (3 cos 0 —cos 2a) (0° <a <90°) .
(a) Find the general solution of 6 such that y has a minimum value and find this value.
(b) Find the general solution of 0 such that y has a maximum value and find this value.
(¢) Find also the maximum and minimum value of the expression
sin a (3 sin o — sin 20) + cos a (3 cos oo — cos 20)  (0° < a <90°).

19. Ifa, B are two distinct roots of the equation a cos 6 + b sin 6 = ¢, prove that
%sin(a +B)—cos(a+p)=1.

cos(20+ @)+ cos(2¢ +0) _ cos(20 — @)+ cos(2¢—0)
2cos(0+¢)-1 2cos(0—)-1

20. Prove the identity

21. Prove the identities
(a) sin?(20 + @) + sin*(2¢ + 0) — sin*(0 — @) = 2 cos(0 — @) sin(20 + @) sin(2¢ + 0),

(b)  tan(3A — %) tan(A + Vi) = 2SI02A
1-2sin2A

(c)  (cosA + cosB + cosC)? + (sinA + sinB + sinC)? = 1+8cos/2(B—C)cos’2(C—-A)cos/2(A-B),
(d) tan3A _ 2cos2A+1
tanA  2cos2A-1’

(e) sin*(A+0)+sin’ (B +0)=1-cos(A— B) cos(A+ B+ 20).

End of Exercise
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Trigonometry Exercise Solution Created by Mr. Francis Hung

1. cos’ (A + 0) + cos’ (B + 0) + 2 cos(A — B) sin(A + 0)sin(B + 0)

=1+ % [cos2(A + 0) + cos2(B + 0)] — cos(A — B) cos(A + B +20) + cos’(A — B)

=1+ cos(A + B +20) cos(A — B) — cos(A — B) cos(A + B +20) + cos*(A — B)

=1+ cos’(A-B)

After simplification, the expression does not carry 6, which is independent of .
2. sin(a + B) =k sin(oe — B), then (kK + 1) cot a = (k— 1) cot .

sin o cos B+ cos o sin B =Kk sin a cos f — K cos a sin 3

k cos a sin B + cos a sin 3 =K sin o cos B — sin o cos f3

(k+1)cosasinP=(k—1)sinacos

(k+1)cota=(k—1)cotp
3. XsinB+ycosO=sing@........ (1)

XcosO—ysinO=cos ... 2)

(1) x sin ©: X sin* @ +y sin O cos O = sin O sin ¢
) (2)xcos0:xcos>’0—ysin O cosO=cosBOcoso

X = sin O sin @ + cos 0 cos @
= cos(¢p — 0)
4.  Using the formulatanxzﬂ (proof: SIn2X__ 2smxozosx =tanX)
1+cos2X I+cos2X 1+2cos” x—1
1
i 150 . Sin30 ) 1 1 2—\/3_2 A

1+cos30°_1 \/§_2+\/§_2+\/§.2—\/§_ -

E
5 1+cos45° 1

1
sindS" _ o 1 1 N2-1 g5
L V241 V241 V21

2

Alternatively, using the formula tan 2x =

tan22

+

2tan X

1—tan” X

2tanl5°

1-tan’15°

1 2tanl5’

B 1-tan’l5°

1 —tan® 15° = 2+/3 tan 15°

tan® 15° +2+/3 tan 15°— 1 =0

tan15°=—\/§ir (\/5)2+1
=—J3+20r-+3-2

© 0°< 15°<90° ..tan 15°> 0 = —+/3 — 2 is rejected

tan 15°=2—\/§

tan 30° =

tan 22% can be found in a similar way.
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5. cosO+cosp=X....... (1)
sinf+sin@=Yy ... (2)
(1)? cos? 0 + cos? ¢ + 2 cos 0 cos ¢ = X*
+)  (2)%*sin? B + sin® @ + 2 sin O sin @ = y?
1 + 1 +2cos(0—@)=x>+Vy?
2[1 + cos(0 — @)] = x> +y?

2[1+2 0052%(6—([)) —1]=x>+V?

4 coszé(e—q))z x> +y?

cos%(e—(p)Z i%ﬁ X +y°
6. RHS =2 sin A sin B cos(A — B)
—[cos(A + B) — cos(A — B)] cos(A — B)
—cos(A + B) cos(A — B) + cos*(A — B)
= —% (cos 2A + cos 2B) + 1 —sin’ (A — B)

:_%(]_zsin2A+l—2Sin2 B)+1—SiH2(A_B)

= sin? A + sin® B — sin’ (A — B) = LHS
You may try to prove the identity from the left side.
LHS = tan3A—2tan2A+tan A

4(tan3A—tan2A)
1 tan2A—tan A
4 4(tan3A—tan2A)

sin(2A- A)

_l_ cos2Acos A

sino.  sinf} _ sinocosP —cosasinf

(note that tan o — tan B =

4 4sin(BA-2A) cosa  cosP B cosa.cosf
cos3Acos2A
1 sin Acos3A _ sin(a—B)
4 4sin Acos A cosa.cosf
1 4cos’ A—3cosA
4 4cos A

— V[l - (4 cos? A—3)]
= Va(4 — 4 cos® A)
= sin> A= RHS

7. InAABC,A+B+C=180°, -2 =2 _ © _y_a—ksinA b=KksinB,c=ksinC.
sinA sinB sinC
@) b> _ (ksinB)’
c’-a’ (k sinC)2 —(k sin A)2
_ sin°B
~sin?C —sin’ A
sin’ B

(sin C —sin A)(sin C +sin A)
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sin’ B

C+A . C-A A+C A-C
0S Sin .

2c 2sin cos
2 2
_ sin’ B
. A+C A+C .. C-A C-A
2sin cos -2sin cosS
2 2
_ sin’ B
sin(A+C)sin(C - A)
_ sin’ B
sin(180° - B)sin(C — A)
__ sin’B
sin B sin(C - A)
:_SILB. Hence result follows.
sin(C — A)

(b) a?—(b-c) 0052% A

2 I+cosA
2

=a’—(b—c)

Created by Mr. Francis Hung

Z%[2b2 +2¢” —4bccos A— (b2 —2bc+ 02X1 +cos A)], by cosine rule

=%[2b2 +2¢” —4bccos A—(b2 —2bc+c¢” +b* cos A—2bccos A+c” cos A)]

=%[b2 +2bc+c? —(b2 cos A+ 2bccos A+c? cos A)]

=%[(b+c)2 ~(b+c) cos Al

=(b+C)2 1—cos A

=(b+c)? sinzéA

c+b A
tan—
c-b

(©)

_ksinC+ksinB Y

B ksinC —ksinB
CcOS—

. B+C C-B . A
2sin CoS sin —

_ 2 2 . 2
B+C . C-B A
2co0s sin CcOS—
2 2 2
A .
20055008 sin —
= A C-B A,notethatsm =
2sin —sin COS—
2 2
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B+C

COS

ﬁ can be simplified similarly.
tan

1
180°-A-B-B
n
2

ta

_ 1

tan(90° —é — B]
2

= tan(% A + B), this is known as tangent rule.

8. a=2718,b=3.142, A=54°18": SSA C
By cosine rule a> = b* + ¢ — 2bc cos A
2.718>=3.1422 + ¢ — 2x3.142 ¢ cos 54°18'
c?—3.666973 ¢ +2.48464 = 0
€c=2.77 or 0.90 (B =169.8° or 110.2°, C =55.9° or 15.6°)

So, there are two possible triangles.

c=2.77, area :% bc sin A :% x3.142x2.77 sin 54.3° = 3.53

54°18'

A B

c=0.90, area :% x3.142x0.90 sin 54.3°=1.14

9. (sin B — cos B)? + (sin C — cos C)? — (sin A — cos A)?
=sin’B — 2 sinB cosB + cos?B + sin?’C — 2 sin C cos C + cos?B — sin’A + 2 sin A cos A — cos’A
=1-sin2B+1-2sin C cos C— (1 —sin 2A)
=1+sin2A—-sin2B—-2sinCcos C
=1+2cos(A+B)sin(A-B)—-2sinCcosC
=1-2cosCsin(A—B)—2sinCcosC
=1-2 cos C[sin(A — B) + sin C]
A-B+C cos A-B-C
2
=1 -4 cos C sin(90° — B) cos(A —90°)
=1-4sin Acos B cos C.
10.  Given that (1 + cos A)(1 + cos B)(1 + cos C)(1 + cos D) =p sin A sin B sin C sin D
(1 —cos A)(1 —cos B)(1 — cos C)(1 —cos D)
_(l—cos A)(l—cos B)(l—cos C)(l—cos D)(1+cos A)(1+cos B)(1+cos C)(1+cos D)
- (l+cos A)(1+cos B)(1+cos C)(1+cos D)
(1—(:052 AXI—COSZ BXI—COSZ CXI—(:OS2 D)
psin Asin BsinCsin D
_ sin” Asin? Bsin® Csin® D

psin Asin BsinCsin D

=1—-4cos Csin

=l sin A sin B sin C sin D.

p
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11.  In the triangle on the right,
a=BC=BD+DC=ccosB+bcosC::---- (1)

b=AC=AE+EC=ccosA+acosC .- (2)
Similarlyc=acosB+bcosA------ (3) (do this part yourself)

These equations are known as projection formulae.

Created by Mr. Francis Hung
A

Cc

In (2) cos C :M ...... (4)
a
In (3) cos B :M ...... (5) .
a B a D
Put (4) and (5) into (1) A
__Cc—bcosA b-ccos A
a=~c- + b-
a a

= a’=c?>+b?-2bccos A

Similarly b?> = a* + ¢? — 2ac cos B
c2=a’+b*>-2abcos C

(Do the substitution yourself.)

12. 6+ ¢ ="Ym, tan(0 + ¢) =tan Yamw =1
tan + tan @ —1
l-tanBtan @

tan O +tan @ = 1 —tan O tan ¢
1 +tan O + tan @ + tan O tan ¢ =2
(1 +tan 0)(1 + tan @) =2
Let 6 = ¢ ='sm, then 6 + ¢ = Vam
By the above result, (1 + tan 6)(1 + tan @) =2
= (1 +tan 0)>=2
1 +tan 0 =++2
tan Y =~2 — 1 (reject—\/z— 1)
13. sin O(cos 20 + cos 40 + cos 60)
= sin O(cos 40 + 2cos 40 cos 20)
= cos 40 sin O(2 cos 26 + 1)
=cos 40 [2 (1 —2sin* ©) + 1] sin O
= cos 40(3 sin 0 — 4 sin> 0)
= sin 30 cos 40
If x=cos 30 + sin 30 and y = cos 6 — sin 0,
X—Y=cos 30 +sin 36 —cos O +sin O
=4¢c0s’0—3cos0+3sinO—4sin’ 0 —cos O +sin O
=4¢c0s’0—4 cos 0+ 4sin®—4sin’ 0
=4 cos 0(cos> 0 — 1) + 4 sin? O( 1 —sin® )
=4 cos 0 sin’ O + 4 sin 0 cos” 0
=4 sin O cos O(cos 0 — sin 0)
=2y sin 20.
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14. LetE=(3+cos0)cosec O
1-t* 1+t
1+ﬁ) 2t
C343tP 41t
2t
4427 2t 1442
2t
_2+t?
t
Et=2+1¢t
t?—Et+2=0 ] 0
12

=3+

vt= tang can be any real number, A > 0

E2-4x2>0
(E+2V2)E-2+2)20
S E<-2v2 orE>2+2
This expression cannot have any value between —2 V2 and242.
15.  APQR is an equilateral with QR inclined to the horizontal at an angle ©.
Suppose PQ = QR =RP =1 unit.
The projection of QR on horizontal is MT, the projection of PQ on horizontal is MN, the
projection of PR on horizontal is NT.
MT =QR cos 6 =cos 0
MN = PQ cos(’sm + 0) = cos(sm + 0)
NT = PR cos(¥sm — 0)
- MT=MN + NT

cos 0 = cos(Ysm + 0) + cos(sm — 0)
cos 0 —cos(Ysm + 0) — cos(Vsm—0) =0
cos 0 +cos(Ysm+ 0+ m)+cos(Vsm—0—m)=0
cos 0 + cos(% m+0)+ cos(-%sm—0)=0
cos 0 + cos(0 + %5m) + cos(0 +4% ) =0
Using the projection of APQR onto the vertical,
AB = PR sin(%sm — 0) = sin(Ysm — 0)
BC =QR sin 6 =sin 0
AC = PQ sin(*sm + 0) = sin(*4m + 0)
AB +BC=AC
sin(Ysm — 0) + sin 0 = sin(Y4m + 0)
sin(Y5m — 0) + sin 0 — sin(Y5w + 0) = 0
sin O + sin[nt — (V5w — 0)] + sin(Yst + 0 + 1) =0
sin O + sin(0 + %3m) + sin(0 +4% ) =0
16. tan o =Kktan 3
sina. _ ksinf3

cosa  cosp
sin o, cos B =K sin 3 cos a

%[sin(oc+[?>)+ sin(a—B)]:g[sin(oc+[3)—sin(oc—[3)]
sin (o0 — B) + k sin (a0 — ) =k sin (o + ) — sin (o + )
(k—1)sin (o + B) = (k+ 1) sin (o — B)
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17.

18.

Given tan X =K tan (X — o)
(k—1)sin(2x—a)=(k+ 1) sin o

sin(2x—a) = il sin o

(k1)

It has real solutions (in X) = —1 <

(k +1)

—(k _1)2 sin® o< 1

(k+1)?sin>a < (k—1)°

(k — 1)? is not less than (k + 1)? sin® a..
When k=-2 and o = 30°,

(=2 — 1) sin (2x — 30°) = (-2 + 1) sin 30°

sin (2x —30°) :%

k+1

(k-1)

—
~—

sinaa<1

2% —30° = 180°N + (—1)" 9.594°
2X = 180°N + (~1) 9.594° + 30°
X=90°N + (~1)"4.797° + 15°, 0 = 0, +1, +2, %3, .......
(a) Ifsino +cosa=2a
Squaring: sin? o + cos? o + 2 sin o cos o, = 4a>
2 sin . cos oo = 4a% — 1

) 1
sin o cos o, = 2a’ -

1
sum of roots = 2a, product of roots = 2a? -

. . . . 1
Quadratic equation whose roots are sin o, cos o is X*> — 2ax + 2a? Y =0

2 —dax+4a>-1=0
(b) cos® X+ cos X —sin X —sin> X =0
cos? X —sin® X + cos X —sin X =0
(cos X + sin X)(cos X —sin X) + cos X —sin X =0
(cos X —sin X)(cos X +sinX+1)=0
cos X —sin X =0 or cos X + sin X =—1
1 | 1
tanXx=1 or ﬁcosx+ﬁ51nx 7
X = 180°Nn + 45° or cos (X — 45°) = cos 135°
X =180°n + 45° or x — 45°=360°n + 135°
X =180°n + 45° or x =360°n + 180° or 360°n —90°, n =0, +1, £2, £3, ---.

Lety=sin 0 (3 sin O —sin 2a) + cos 0 (3 cos 6 — cos 2a) (0° < o < 90°).
=3 sin? O — sin O sin 20 + 3 cos® O — cos O cos 2a
=3 —(sin O sin 2a + cos O cos 2a)
=3 —cos(0 - 2a)
(a) When y has a minimum value, cos(0 — 2a) = 1
0 — 20 =360
0=360°n+2a,n=0,+1,+2, +3, ---.
(b) When y has a maximum value, cos(0 — 2a) = -1
0 — 2o =360°n + 180°
0=360°n+180°+2a, N=0, 1, £2, £3, ---.
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19.

20.

21.

(©)

Interchange the role of a and 6, we have

sin o (3 sin o — sin 20) + cos a (3 cos o — cos 20) = 3 — cos(a — 20)
Maximum value is 3 — (-1) =4

Minimum valueis 3 - 1=2

acos 0+ bsin 0 =c, a,  are two distinct roots.
acosot+bsina=c----- (1)
acosp+bsinf=c------ )

(H)=2)acosatbsina=acosf+bsinf
a(cos o — cos ) = b(sin  — sin o)

.o
—2a sin———sin
2
" o, B are distinct .". sin
asin
oa+pB b

tan

Using the formula for half angle: t = tan

%sin(a + B)— cos(a +B

cos(20+ @)+ cos(2¢ +0) _ cos(26 — )+ cos(2¢—0)

2 2

B OL—_B=—2bcosOH_B in 2P
2

———sin
2

a—B¢O

o+p

=_ 2t

a
o+p
2

1+ ()
_a 2ab a’—b?
b a?+b? a?+b?
_2a2—a2+b2_1
a’+b?

1s equivalent to

2cos(0+¢)-1 2cos(0—0)-1

Created by Mr. Francis Hung

1+t2

o+

1-t2

[2 cos(0 — @) — 1][cos(20 + @) + cos(2¢ + 0)] = [2 cos(0 + @) — 1][cos(20 — @) + cos(2¢p — 0)]
LHS =2 co0s(20 + @) cos(0 — @) + 2 cos(2¢p + 0) cos(0 — @) — [cos(20 + ¢) + cos(2¢ + 0)]
= c0s 30 + cos(0 + 2¢) + cos(20 + @) + cos 3¢ — cos(20 + @) — cos(2¢ + 6)

= cos 30 + cos 3¢

RHS =2 cos(20 — @) cos(6 + @) + 2 cos(2¢ — 0) cos(0 + ¢) — [cos(20 — @) + cos(2¢p — 0)]
= co0s 30 + cos(0 — 2¢) + cos 3¢ + cos(p — 20) — cos(20 — @) — cos(2¢p — 0)

=cos 30 + cos 3¢

.. LHS = RHS

(a)

2 cos(0 — ) sin(20 + @) sin(2¢ + 0)
=—cos(0 — @)[cos(30 + 3¢p) — cos(0 — )]
= —cos(0 — ¢)cos(30 + 3¢) + cos*(0 — @)

= _% [005(49 + 2(p) + COS(ZO + 4(P)] +1 - Sinz(e - (P)
:_%[1 —2sin? (20 + @) + 1 — 2 sin? (0 + 2¢)] + 1 —sin?(0 — @)
= sin*(20 + @) + sin*(2¢ + 0) — sin*(0 — @) (similar to Q6(a))
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(b) tan(3A — %) tan(A + Vam)
_ sin(3A—%)sin(A+§)
cos(3A—3x)cos(A+ )
_ —![cos(4A—2)—cos(2A-n)]
%[cos(4A - §)+ cos(2A - n)]
:—(sin4A+ cos2A)
sin4A—cos2A
_ 2sin2Acos2A+cos2A
2sin2Acos2A—cos2A
_ 2sin2A+1
2sin2A-1
_1+2sin2A
1-2sin2A
(c) (cos A+ cos B + cos C)* + (sin A + sin B + sin C)?
= cos®A + cos’B + cos’C + sin’A + sin® B + sin? C + 2(cos A cos B + sin A sin B
+ cos B cos C + sin B sin C + cos C cos A + sin A sin C)
=3+ 2[cos(A—B) + cos(B—-C)+cos(C—-A)]
A-C cos A—22I3+C +400520—A_
A-2B+C C-A
S + cos

=3 +4cos 0 2

]

=1+4cosC;A[co

=1+8cosC_AcosC_BcosA_B=RHS
2 2 2

tan3A

tan A
_ sin3A cosA

cos3A sin A
_ 3sinA—4sin’ A _cosA
4cos’ A—3cosA sin A
_ 3-4sin’ A
4cos’ A-3
_3-2(1-cos2A)
2(1+cos2A)-3
_2cos2A+1
2cos2A-1’
(e) sin® (A + 0) + sin*(B + 0)

% [1—cos(2A + 20)] +% [1—cos(2B + 26)]

(d)

=1 % [cos(2A +20) + cos(2B + 20)]
=1—-cos(A—B) cos(A+B+20)
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