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In AABC, let P be the foot of perpendicular from A onto BC.

Case 1 JC <90°

A
-
B P C
BC=BP + PC
a=ccosB+bcosC ... (D

Similarly, b=ccosA+acos C ...... 2)

c=acosB+bcosA ... 3)

From (1) cos B =4-0¢%sC @)
C

From (2) cos A =224¢%sC (5)
C

Substitute (4) and (5) into (3),

c=aﬂg—bcosC+bda—acosC
c c

> =a*+b*>-2ab cos C.

Since a, b and ¢ are symmetric variables, we can derive the similar formulae:

Case 2 JC > 90°
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B

BC=BP-PC
a=ccosB-bcos(180°-C)
a=ccosB+bcosC

When UC =90°, the formula a = ¢ cos B + b cos C is true obviously.

b*=da*>+c*-2accos B and a*=b*+ c*—2bc cos A.

Second proof: In AABC, let P be the foot of perpendicular from A onto BC. Let CP=x,AP=h

Case 1 JC <90°
A

B a-x P X

BP=a—-x,x=bcos C
W=b0-x>=c*-(a-x)?
V-x*=c?-a® +2ax—x*
?=a*+b*—2ax
?=a’>+b*-2abcos C

C

Case 2 OC > 90°

2

BP=a+x,x=bcos(180° - C)=-bcos C
W=b-x>=c*-(a+x)?

b —x*=c—a®-2ax-x*

=a® + b* + 2ax

?=d*>+b*-2abcos C

When OC = 90°, the formula ¢? = a® + b* — 2ab cos C is true obviously.
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We can also change cosine as the subject of the formula:
a’> +b* -¢?
cosC=——;
2ab
2, 2 12
a”+c”-b
cosB=———  and
2ac
b* +c* —a?
COSA=———"-—7+-
2bc

Third proof: vector dot product method.
> =AB[AB=(OB-0A)UOB-0A)
:‘073‘2 +‘ﬁr— 2 0B [DA
=a*+ b*—2ab cos C

Example 1 (SAS) Givena =6,b =5, C =60°, find c.
c? = 6% + 5% — 2x6X5x%cos 60°

c=+31

Example 2 (SSS) Given thata=6,b =5, ¢ =7, find C.

6> +5° -7 1
cosC= ———=—
2X6x5 5
C="785°
Example 3 (SSA) Given that a =8, b =5, B = 30°,find c. C
5% = 8% + ¢* — 2x8xc cos 30°
-8 \/gc + 39 =0, a quadratic equation in c. a=8 b=5
c=43+3
Please see the right figure for reference. 30
B Al A2
<4—3.928 —p
44— 9928 — )
Example 4
+ + + i i i
In AMBC, if b+c _cta_a b . prove that sinA _sinB _sinC and cosA _cosB _cosC .

12 13 7 6 5 7 19 25
b+c=11k------ D,c+a=12k------ 2),a+b=13k ------ 3)
Q+B)-():2a=14k=a="Tk
Sub. a =7k into (3): 7k+ b =13k = b =6k
Sub. a =7k into (2): ¢ + Tk =12k = ¢ = 5k
sin A :sinB :siansinA :sinB :siansinA :sinB :sinC

By sine rule,
a b c 7k 6k 5k 7 6 5

cos g b ma _(6k) +(5k) —(7k) _1

2bc 2(6k)(5k) 5
cos oLt b _(TK) +(5k)" —(6K)" _19

2ac 2(7k)(5k) 35
os & D = _(7k) +(6k) - (5Kk)" _5

2ab 2(7k)(6k) 7
cos A : cos B : cos C=l:£:§—7: 19:25

5357

cosA _cosB _cosC
7 19 25
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Example 5 In AABC, D is the mid-point of BC. Prove that sin JADB = 2bsin € .
\/ 2b* +2¢% - d?
Produce AD with its own length to E so that AD = DE. A
ABEC is a parallelogram (diagonal bisect each other)
Let JADB =9, BD = DC =%
BE = b, CE = c (opp. sides of //-gram) c b
Apply sine rule on AADC
AD _ b
sinC sin©
[0 sin 8 = bsinC B D C
AC
_2bsinC
AE
= 2bsin € (cosine rule on AACE)
Jb? +¢? = 2becos JACE
bsi
= bsin€ (" ABEC s a//-gram) E
\/bz +¢* = 2becos (180 - A)
= 2bsin € (cosine rule on AABC)
\/b2 +c? +(b2 +c? —az)
_ 2bsin C
N2b* +2¢% -a?
Classwork 1 In AABC,if HA:OB:0C=1:2:3,finda:b:c. [1 3 2]

Classwork 2 If (b +c¢): (c+a): (a+b)=5:6:7,find sin A : sin B : sin C and cos A : cos B : cos C.
[4:3:2,-4:11:14]

Classwork 3 In AABC, if 0A =36°,b=2,a=+/5 —1, find c. Ror v5-1 (=1.236)]
Classwork 4 Let a, b, ¢ be the 3 sides of AABC such that a> —a —2b —2c=0and a +2b —2¢ +3 = 0.
Find the greatest angle of the triangle. [120°]
Classwork 5 In the figure, AB =+/2, BC =~/3 +1, CD =~/6 , AD =~/3 -1, find OA, OD.
B
A
J3-1
D JE C

[CA =135° 0D =105°]
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Solution to classwork 1
A:0B:0C=1:2:3
UA=k OB=2k U C=3k
OA+0B+0C=k+2k+3k=180° (O sum of A)
k=30°
A =30°,0B=60°0C=90°
By sine formula,a:b:c=sinA :sinB:sin C
=sin 30° : sin 60° : sin 90°
BN
2727
:1:\/5:2
Solution to classwork 2

b+c)(c+a):(a+b)=5:6:7
b+c c+a _a+b

5 6 7 =k
b+c=5k--(1)
c+a=6k---(2)
a+b=Tk--(3)

2)+B)-(1):2a=8k=a=4k
Sub.a=4kinto 3): 4k+ b=Tk= b =3k
Sub. a =4k into (2): ¢ + 4k =6k = c =2k
sinA:sinB:sinC=a:b:c=4:3:2
b +c?—a’ _(3k) +(2k)" —(4k)" _ -1

A= -
o 2bc 2(3k)(2k) 4
el (4k) +(2k)" = (3k)" _11

ac 2(4k)(2k) 16
cos o@D = (4k) +(3k)" - (2k)° _7
2ab 2(4k)(3k) 8
cos A : cos B : cos C=_—1'£'Z—_—4'£'E=—4: 11:14

4°16°8 1616 16
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Solution to classwork 3
Find cos 36° without using triple angle formula.
Consider the following triangle AABC.
Given AB=AC = 1. D is a point lying on AC such that AD = BD = BC = x.
LetA=6,CD=1-x.
Then JABD = 0, (base [Is isos. A)
OBDC =260 (ext. 1 of A)
LACB = 20 (base [Is isos. A)
OABC = 20 (base [s isos. A)
O0CBD=2060-6=06
AABC ~ ABCD (equiangular)
In AABC, 6 + 26 + 20 = 180° ([0 sum of A)
0 =36°
AB = BC (corr. sides, ~A's)
BC CD

1_x
X

T l-x
1 +x=x
X-x-1=0
1+5 1-/5
X = or
2 2
Draw DE [1AB as shown. Then AADE [DABDE (R.H.S.)

AE =ED =l (corr. sides, L1As)
dod 1 1 4501 1445
x s 145 J5-1 4

In AABC, if 0A=36°, b=2,a=+/5 —1, find c.
a®> = b* + ¢* — 2bc cos 36°
J5+1

(V5-1) =22 +¢ -2(2)e 3=
5-25+1=4+ -(V5+1)c

¢ =(V5+1)e+2(v5-1)=0
(c=2)|e=(v5-1)]=0

c=2or J5-1 (=1.236)

(<0, rejected)

cos 36° =
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Solution to classwork 4

b+c=%(a2—a) ------ (1)

b—c:—%(3+a) ...... (2)

—(1);(2) =%(a2—a—3—a)=i(a —2a—3)

(1);(2):c=i(a —a+3+a) %(a2+3)
Dc_a2+b2—C2 _a2+116(a2—2a—3)2—116(a2+3)2

€08 - 2ab

2a><i(a —2a—3)

=a2 +116(a2 -2a-3+a’ +3)(a2 -2a-3-a’ —3)

;a(a2 —2a—3)

a’ +116(2a2 —2a)(—2a —6)

;a(a2 —2a—3)

i(a —a) a+3

;a(az—Za 3)
a’—(a’ —a’ +3a’ —3a)
2a(a2—2a 3)
4a2—(a3—a2+3a2—3a)
2a(a2—2a—3)
—(a3 -2a° —3a) 1

- 2(a3 -2a’ —3a) 2
The largest angle = [JC = 120°
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Solution to Classwork 5

Classwork 5 In the figure, AB =2, BC =~/3 +1, CD =6 , AD =<3 1, find OA, OD.

B

D Jg C

[0A =135° 0D =105°]
BD? =(\/§ —1)2 +(x/5)2 —2(\/5 —1)(\/§)cosA:(\/§+1)2 +(x/6)2 —2(\/§+1)(\/6)COSC
UA + UC = 180° (opp. Us cyclic quadrilateral) [ cos C = cos(180° —A) = —cos A
3-243 +142-2(V6 V2 )cos A=3+ 23 +1+6+2(3v2++/6 ) cos A
~4\3-4= 4(\/€+\/§)COSA
J3+1 V3+1 1

RN N T NP I

A =135°

AC? =(\/§—1)2 +(\/g)2 —2(\/5 —1)(\/E)COSD=(\/§+1)2 +(\/§)2 —2(\/§+1)(\/E)COSB
UB + UD = 180° (opp. Us cyclic quadrilateral) [J cos B = cos(180° — D) = —cos D
3-2V3+146-2(3v2 =6 ) cos D =3+243 +142+2(V6+12 ) cos D
~4\3+4=8J2cosD

V3-1_ J6-2

2 4

0D =105°

cosD=-
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