Sine formula
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In AABC, let AD, BE, CF be the altitudes.
If AABC is an acute-angled triangle, then If AABC is an obtuse-angled triangle,
AD=csin B=bsin C WLOG assume A > 90°, then
BE=asin C=csin A AD=csinB=bsin C
A BE =asin C=csin (180° - A)
E

b _c
— sinB sinC
b _ c a — C
_, JsinB T sinC sinA  sinC
a __¢ o 94 - b _ ¢
sinA  sinC sinA sinB sinC
a .a _ .b _ .c
sinA smB sinC
If AABC is a right-angled triangle, A
WLOG assume A =90°, then
b=asin B= .a =a= ,b c
sin A sin B
c=asinC= 'a =a= 'c
sin A sinC
o 94 - b _ ¢
sinA sinB sinC B ¢ ¢

The perpendicular bisector of a line segment.
Given a line segment AB.

A line segment EF intersects AB at M.

If (1) EF UAB and (2) AM = MB;

then EF is called the perpendicular bisector of AB.

=[]

r
Theorem 1 Given AABC. The perpendicular bisectors AB and AC will intersect at a point O.
Let PO and RS be the perpendicular bisectors of AC and AB
respectively. E and F are the mid-points of AC and AB respectively.
Join EF. Let UAFE = a, UAEF =3

OSFE =90° —a, OQEF =90° - f3

OSFE + OQEF =90° —a +90° - 3=180° — (o + ) < 180°

U PQ and RS intersect at a point O.
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Circumcircle and Sine formula

Theorem 2 [JA is the largest angle in AABC. The perpendicular bisectors AB and AC intersect at O.
Case 1 If JA =90°, then O is the mid-point of BC.

Case 2 If JA <90°, then O lies inside AABC.

Case 3 IfJA > 90°, then O lies outside AABC.

Proof: Case 1 If [JA =90°.

Let FO and EO be the perpendicular bisectors of

AB and AC respectively which meet at O. E and

F are the mid-points of AC and AB respectively. F

Join AO, BO and CO.

AEOF is arectangle. (It has 3 right angles)

UFOE =90° (U sum of polygon) O
ABOF [JAAOF (S.A.S.)

AAOF JAOAE (S.S.S.)

AOAE JAOCE (S.A.S)

0 ABOF OAOCE

OFBO = LJEOC (corr. Us, LAs)

UBOF = UJOCE (corr. Us, LAs)

In ABOF, 1IBOF + OFBO =90° (10 sum of A)

0 OBOF + UFOE + JEOC = 180°

B, O, C are collinear

The two perpendicular bisectors intersect at O, which is the mid-point of BC.
Case 2 If [JA <90°.
Join AO, BO and CO.
With the same arguments as above,
ABOF UAAOF, AOAE UAOCE (S.A.S.)
OB = OA = OC (corr. sides, [1As)
Let UOAF = x, UOAE = y.
Then UB, UC<UA=x+y<90°
UOBF = x, UOCE =y (corr. Us, [1As)
UAOF = JBOF =90° — x (I sum of A)
UAOE = JCOE =90° — y (LJ sum of A)
Consider the marked angle [JBOC in the figure.
UBOC =2(90° = x) + 2(90° — y)
=360°-2(x +y)

> 360° —2x90° > 180° -----. (*)

If O lies on BC, then 1BOC = 180°

If O lies outsides AABC, then JBOC < 180°
Both cases are contradictory to (*)

[J O must lie inside AABC.
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Circumcircle and Sine formula

Case 3 If [JA > 90°.
Join AO, BO and CO.
With the same arguments as above, F E
ABOF UAAOF, AOAE UAOCE (S.A.S.)
OB = OA = OC (corr. sides, [As)
Let UOAF = x, UOAE = y.
Then A =x+y>90° > OB, LC
UOBF = x, UOCE =y (corr. Us, [As)
UAOF = JBOF =90° — x (I sum of A)
UAOE = JCOE =90° — y (LJ sum of A)
Consider the marked reflex angle LIBOC in the figure.
Reflex UBOC =2(90° — x) + 2(90° — y)

=360°-2(x +y)

Q

<360° —2%x90° =180° ------ (%)

If O lies on BC, then IBOC = 180°

If O lies insides AABC, then reflex BOC > 180°

Both cases are contradictory to (¥*)

[J O must lie outside AABC.

Theorem 3 The three perpendicular bisectors of a triangle ABC are concurrent at a point O.

O is called the circumscribed centre (or circumcentre in short form). We can use O as centre to
draw a circle to pass through A, B, C. The circle is called the circumscribed circle (or circum-circle

in short form) and the radius (R) is called the circum-radius.

Furthermore, a _ b _ ¢ =2R.

sinA sinB sinC
Case 1 AABC is a right-angled triangle. WLOG assume [JA = 90°.
(1) Draw the perpendicular bisector of AB and the perpendicular bisector of AC.
By Theorem 2 case 1, the three perpendicular bisectors are concurrent at the mid-point of BC, O.

(2) Join OA.

(3) Use O as centre, OA as radius to draw a circle. 1

BC is the diameter of the circle. 1

B :% LAOC = LCOE (O at centre twice [ at O

0oc :% LJAOB = [1BOF ([ at centre twice [1 at ©O°)

InACOE,QZSinDCOE:i:sinB: =2R
ocC 2R

sin B

n ABOF. B = sin0BOF =S =sinc =S =2R
OB 2R sinC

.a _ .2R “oR
sinA  sin90°
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Circumcircle and Sine formula

Case 2 AABC is an acute-angled triangle. LA = [JB, UUC A
(1) Let OE and OF be the two perpendicular bisectors of AC

and AB respectively which intersect at O.
(2) Join OA, OB and OC.

(3) Draw OD U BC, where D is the foot of perpendicular.
By the property of perpendicular bisectors,
AE =CE, AF =BF, OE UAC, OF L1 AB. 3

Then AAOE DACOE (S.A.S.) B D C
AAOF OJABOF (S.A.S))

0 OB=0A=0C (corr. sides, L1As)

ABOD JACOD (R.H.S.)

0 BD=CD (corr. sides, [1As)

[J OD is a perpendicular bisector of BC.

The three perpendicular bisectors are concurrent at a point O.

(4) Use O as centre and OA as radius to draw a circle which passes through AABC.

0 OBOD = 0COD = 0A (O at centre twice 0 at ) and BD =% (corr. sides, [As)

Let the circumscribed radius be R.

mABOD, B2 = sin0BOD= 2 =sina——* =2R
OB R

sin A
OAOC =20B ([ at centre twice [ at ©O°) LAOB = 20C (O at centre twice [ at ©O°)
.+ AAOE UACOE .+ AAOF UABOF
0 DAOE = OCOE = OB and CE=§ 0 DAOF:DBOF:DCandBF:%
In ACOE, E =sin UCOE In ABOF, E =sin UBOF
ocC OB

o b _ T . c _
= ==sinB=>——=2R = = =s5inC=— =2R

R sin B R sinC
Case 3 AABC is an obtuse-angled triangle. WLOG assume [JA > 90° > B, LIC
(1) Let OF and OF be the two perpendicular bisectors of AC A

and AB respectively which intersect at O.
(2) Join OA, OB and OC. B
(3) Draw OD U BC, where D is the foot of perpendicular. x ' ¢
By the property of perpendicular bisectors,
AE =CE,AF =BF, OE JAC, OF UAB.
Then AAOE IACOE (S.A.S.)

AAOF UABOF (S.AS)
00 OB=0A =0C (corr. sides, [1As)
ABOD JACOD (R.H.S.)
U BD=CD (corr. sides, [1As)
UJ OD is a perpendicular bisector of BC.
The three perpendicular bisectors are concurrent at a point O.
(4) Use O as centre and OA as radius to draw a circle which passes through AABC.
Reflex JBOC = 20JA (0 at centre twice [ at ©O°)
UBOC =360° — 2[JA (Us at a point)
-~ ABOD UACOD

0 OBOD = [0COD = 180° — A (corr. [s, OA’s) and BD :% (cort. sides, [ As)
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Circumcircle and Sine formula

Let the circumscribed radius be R.

In ABOD, Q =sin JBOD
OB

j =sin{l80° — A
 _nfso - )
4 -9opR
sin A
OAOC =20B ([ at centre twice [ at ©O°) LAOB = 20C (O at centre twice [ at ©O°)
. NMOE UACOE - NMOF UABOF
0 OAOE =0COE =B and CE=§ O DAOF:DBOF:DCandBF:2
In ACOE, E =sinCOE In ABOF, ﬁ =sin UBOF
ocC OB
b <
2 =sinB 2 =sinC
R R
b R © _-9R
sin B sinC
Therefore, we have proved the Sine formula a _ b _ ¢ _ 2R,

sin A - sin B - sin C -
where R is the radius of the circumscribed circle.
Use Heron’s formula to find the area of AABC :\/ s(s - a)(s - b)(s - c)

where s :% (a +bh+ c) (Half of the perimeter of AABC).

:>\/s(s —a)(s —b)(s —c) =%ab sinC

= [sG-as-b)s-¢) =%ab§

abc

TR T b6 =)

This is the formula of the radius in terms of the sides of triangle.

Example (A.S.A.)a =5, 2B =60°, £C =45°Find b.

ZA =75° (£ sum of A)
5 _ b

sin75°  sin60°

_ 5sin 60°

- sin75°

Example (S.S.A.)a=5,b=6, /B =60°. Find ~A.
5 _ 6

SinA  sin60°

sin A =0.721687836

A =46.2° or 180° — 46.2°

A =46.2°or 133.8°

But when A = 133.8°, A + B=193.8" > 180°

[J A =46.2° only.

b =4.48 (correct to 3 sig. fig.)
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