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Revision

The limit lim(l +l] (n=1,2,3, ---)exists and equal to e, where ¢ =2.71828:--
n— oo n

e 1s an infinite and non-recurring decimal

[ e is an irrational number

n

We know that e = lim[l + lj = lim[l + % + % +oo 4 lj = lim(zl'j (textbook pages 31-32)

n-o n n-o nY n—o part r!

Now, there are some new formulae which you must remember:

y
e= lim(l + lj (v is a real number)

y—-o y
1Y ’ x) x  x° x" S xt
e =lim| | 1+— =lim{1+—| =lim{ 1+ —+—+---+ =lim Z textbook page 33
Yoo y yoo y n—o I 2! nl ) n-=\ 15 r!
Theorem 5.4 on page 32
y
lim 1+l
Y- y

We simiply this by change variable, let z=—y , thenasy — —,z —
y

lim 1+l =lim(l +L]
y - =0 y 700 -z

= lim(l —lj = lim(z—_lj
Z—0 z Z—0 z

=lim LJ

oo\ 7 —
(z—l)+l
lim &J
700 z—1

z-1
=lim, 1+—1 1+—1
z-0 z—1 z—1
z-1
= lim 1+L (lim 1+L
z=1- 00 Z_l 7=l 00 Z_l

=eX]l=e
1

To evaulate lin(l)(l + y)y .
y-

We find the left-hand limit and the right-hand limit

1

lim (1 + y)’
y-0

By changing variable, w =l
y

Asy—>0+,W—>00
1

lim (1+y) = lim[l + ij = ¢ (So the right-hand limit is ¢)
y-0° wosl
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Limit on e

1

) : ) 1 1
lim (1 + y)“ , change variablew=—,asy - 07, w=— - —0o0

y=0 y y

= lim (1 + lj = e (the base of the exponential function)
W — —00 w
* left-hand limit = right-hand limt
1

O lim(1+y) =e

y-0
2<e =2.71828--- <3
If y=c"=(2.71828:-)

Then we have the three index laws
(1) e*[BP=e"?

(2) ef+el=—=¢*"

(3) Ifcisareal number then (&%) =¢e%
4) =1

(5) ev=t

e
Revision on y = 10" and y = logio x .
10° = 1000, then log 1000 = 3
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y=log,, x (called the Napoleon logarithms) is the inverse function of y = 10*

Similarly, we define if x =¢€", theny = log, x
This function is called the natural logarithms.
E.g €*3=9.97 (cor. to 3 sig. fig.)

Then log,9.97 = 2.3 (correct to 1 decimal place)
Usually, we write log,x as y=Inx=/nx

When x =0 or x <0, y = In x is undefined.
y = In x is defined for x > 0 only

Graph of y = In x, using change of base formula, y =log, x = log; Y
0og

44 log(x)
fix)=

10g(2)
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Limit on e

The three laws of y =In x
IfM,N>0

(1) InM+1InN =1In(MN)
2) In(M-N)= ln(%j

(3) Ifnisany real number, In M"=nln M
4 Inl1=0

B5) Inx= log x (change of base formula)

loge
Theorem 5.5 on p.5.37
lim< 1o
x-0 X
Method 2

2 n
Recall the formula e* = lim(l + 24 el j
1o 1 2 n!

This formula will be proved in university.

2 n
. X X X
lim 1+~ +—+..-+~— -1
Coet—-1 . nee 12 n!
lim =lim
x-0 X x-0 X
C(x x? x"
lim = +—+.--+—
Con=e 11 D) n!
=lim
x-0 X
) 1 x x"!
limx| -+ +---+
T I L) n!
=lim
x-0 X
(1 x x"!
lim| —+ —+---+
~on=o 11 D) n!
=lim
x-0 1
) I x"!
=lim| lim| —+—+---+
n-el x-0( 11 21 n!
=1
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