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Let f and g be differentiable on (a – δ, a + δ) \ {a} with g’(x) ≠ 0 on this set. Then 

(i) If f(x) → 0 and g(x) → 0 as x → a and if 
( )
( )

f '
lim

g 'x a

x

x→
= ℓ  exists, 

then 
( )
( )

f
lim

gx a

x

x→
 exists and equals to ℓ  

(ii) If f(x) → ∞ and g(x) → ∞ as x → a and if 
( )
( )

f '
lim

g 'x a

x

x→
= ℓ  exists, 

then 
( )
( )

f
lim

gx a

x

x→
 exists and equals to ℓ . 

Proof: (i) Take x s.t. a < x < a + δ 
Now f and g continuous on [a, x] and differentiable on (a, x) 
[f (x) and g(x) → 0 as x → a] 
By Cauchy’s mean value theorem on [a, x] 
∃cx ∈ (a, x) s.t. [f(x) – f(a)]g’(cx) = [g(x) – g(a)]f’(cx) 
Note: g(x) ≠ 0; otherwise ∃α ∈ (a, x) s.t. g'(α) = 0 contradiction 

∴ we get 
( )
( )

( )
( )

f f '

g g '
x

x

x c

x c
= → ℓ  as x → a+   (cx → a) 

Similarly 
( )
( )

f
lim

gx a

x

x→ −
= ℓ  

∴ 
( )
( )

f
lim

gx a

x

x→
 = 

( )
( )

f '
lim

g 'x a

x

x→
= ℓ  

(ii) Given ε > 0 , first choose x2 ∈ (a, a + δ) s.t. whenever a < x ≤ x2 , 

We have 
( )
( )

f '

g '

x

x
− < εℓ  and g(x) > 0 

Now choose x1 ∈ (a, x2) s.t. g(x) > max
( ) ( )2 2g f

,
x x 

 ε ε 
 whenever a < x ≤ x1 

Apply Cauchy’s mean value theorem on [x, x2] 
∃ cx ∈ (x, x2) s.t. [f(x2) – f(x)]g’(cx) = [g(x2) – g(x)]f’(cx) 

( )
( )

( )
( )

( )
( )

( ) ( )
( ) ( )

2 2f f f ' g f '

g g g ' g g '
x x

x x

x x c x c

x x c x c
= + −  

( )
( )

( )
( )

( )
( )

( ) ( )
( ) ( )

2 2f f f ' g f '

g g g ' g g '
x x

x x

x x c x c

x x c x c
− ≤ + − +ℓ ℓ  

 ≤ ε + ε + ε(| ℓ | + ε) < (| ℓ | + 3) ε assuming ε < 1 

∴ 
( )
( )

f

g

x

x
→ ℓ  as x → a+ 

Similarly 
( )
( )

f
lim

gx a

x

x→ −
= ℓ  
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(I) Rules on infinity (∞) 
∞ is not a number, for any real number x, –∞ < x < ∞ 
(a) ∞ + ∞ = ∞ 
(b) ∞ × ∞ = ∞ 

(c) 
∞
1

= 0 

(d) 
xx

1
lim

0+→
= ∞; 

xx

1
lim

0−→
= –∞ 

(e) ∞∞ = ∞ 
(f) a∞ = ∞ for a > 1 
(g) a∞ = 0 for 0 < a < 1 
(h) 0a = 0 for a > 0, a can be ∞ 
(i) 1a = 1 for any number a, a ≠ ∞ 

 
(II) Indeterminate Forms 

(a) 
0

0
 

(b) 
∞
∞

 

(c) 0 × ∞ 
(d) ∞ – ∞ 
(e) 00 
(f) ∞0 
(g) 1∞ 

 

(III) If 
( )
( )

f
lim

gx a

x

x→
 is in the form 

0

0
 or 

∞
∞

; (a can be any number or ∞ or –∞) 

then 
( )
( )

f
lim

gx a

x

x→
=

( )
( )

f '
lim

g 'x a

x

x→
 

 
(IV) Examples and exercises: 

(1)   
30

sincos
lim

x

xxx

x

−
→

 (type 
0

0
) 

= 
20 3

coscossin
lim

x

xxxx

x

−+−
→

 (L’ Hôpital’s rule) 

= 
x

x

x 3

sin
lim

0

−
→

 (type 
0

0
) 

= 
3

cos
lim

0

x

x

−
→

 (L’ Hôpital’s rule) 

= 
3

1−  



L’ Hôpital’s Rule Created by Mr. Francis Hung 

C:\Users\孔德偉\Dropbox\Data\MathsData\Pure_Maths\calculus\limit & L Hopital\Notes\1.10_LHopital_rule_note.docx Page 3 

Exercise 1.1 
( )[ ]

x

x

x 2
2

0 sin

coscos
lim

π

→
 

Exercise 1.2 
( )

x

xe x

x

1
1

lim
0

+−
→

 

Exercise 1.3 If  1
sin)cos1(

lim
30

=−+
→ x

xbxax

x
, find a and b . 

(2)  
( )

( )axax ee

ax

−
−

+→ log

log
lim  (type 

∞
∞

) 

=

ax

xax

ee

e

ax

−

−
+→

1

lim  (L’ Hôpital’s rule) 

= ( )axe

ee
x

ax

ax −
−

+→
lim  (type 

0

0
) 

= ( ) xx

x

ax eaxe

e

+−+→
lim  (L’ Hôpital’s rule) 

=
a

a

e

e
= 1 

Exercise 2.1 
( )
x

e
x

x

+
∞→

1log
lim  

Exercise 2.2 ( )2

2

2

log

tanlog
lim

2
π→ −π

x

x

x

 

(3)  xx
x

loglim
0+→

 (type 0 × –∞) 

=
x

x

x
10

log
lim

+→
 (type 

∞
∞

) 

=
2

1

1

0
lim

x

x

x −+→
 (L’ Hôpital’s rule) 

= ( )x
x

−
+→0

lim = 0 

Exercise 3.1 ( ) 






 π−
→ a

x
xa

ax 2
tanlim  

Exercise 3.2 ( ) 






 π−
→ 2

tansinsinlim
0

xx
x

 

(4)  ( )







−
−

−→ 1log

1

2

1
lim

2 xxx
 (type ∞ – ∞) 

=
( ) ( )

( ) ( )1log2

21log
lim

2 −−
−−−

→ xx

xx

x
 (type 

0

0
) 

=

( )1log
1

2

1
1

1

lim
2 −+

−
−

−
−

→
x

x

x
x

x
 (L’ Hôpital’s rule) 

= ( ) ( )1log12

2
lim

2 −−+−
−

→ xxx

x

x
 (type 

0

0
) 
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= ( )1log11

1
lim

2 −++
−

→ xx
 (L’ Hôpital’s rule) 

=
2

1−  

Exercise 4.1 






 −
→ a

x

x

a

x
cotlim

0
 

Exercise 4.2 






 −
ππ→

xx
x

x

tansec
2

lim
2

 

Exercise 4.3 







+− −

→ xx

e

x

x
x

x sinh22

1
lim

20
, where sinh z =

2

1
(ez – e–z). 

(5) Evaluate ( ) 2
1

coslim
0

xx
x→

. 

Let y = ( ) 2
1

cos xx  

log y =
( )

2

coslog

x

x
 

y
x

loglim
0→

=
20

coslog
lim

x

x

x→
 (type 

0

0
) 

 =
x

x

x 2

tan
lim

0

−
→

 (L’ Hôpital’s rule), (type 
0

0
) 

 = 







−

→ 2

sec
lim

2

0

x

x
 (L’ Hôpital’s rule) 

log y
x 0
lim

→
=

2

1−  

y
x 0
lim

→
= 2

1−
e  

Exercise 5.1 ( ) x

x
x

cot

0
sin1lim +

→
 (type 1∞) 

Exercise 5.2 xx
x

1

lim
∞→

 (type ∞0) 

Exercise 5.3 ( ) ax

ax
ax

−

+→
−lim  (type 00) 
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Exercise 1.1 
( )[ ]

x

x

x 2
2

0 sin

coscos
lim

π

→
 (type 

0

0
) 

 =
( )[ ] ( )

xx

xx

x cossin2

sincossin
lim 22

0

−− ππ

→
 (L’ Hôpital’s rule) 

 =
( )[ ]

x

x

x cos

cossin
lim

4
2

0

π

→

π
 (L’ Hôpital’s rule) 

 =
0cos

sin

4
2
π

⋅π
=

4

π
 

Exercise 1.2 
( )

x

xe x

x

1
1

lim
0

+−
→

 

Note that ( ) xx
x

1

1lim
0

+
+→

=

y

y y 







 +
∞→

1
1lim  

 =
n

n n







 +
∞→

1
1lim = e 

and ( ) xx
x

1

1lim
0

+
−→

=

y

y y 







 +
−∞→

1
1lim  

 =
z

z z

−

∞→







 − 1
1lim , where y = –z 

 = ( )z

z
zz 1

1
lim

−∞→
 

 =
z

z z

z









−∞→ 1
lim  

 = 








−
+









−
+

−

∞→ 1

1
1

1

1
1lim

1

zz

z

z
 

 = 1
1

1
1lim

1

⋅








−
+

−

∞→

z

z z
 

 =
n

n n







 +
∞→

1
1lim , where n = z – 1 

 = e 

∴ ( ) xx
x

1

1lim
0

+
+→

= ( ) xx
x

1

1lim
0

+
−→

= e 

Now let y = ( ) xx
1

1+  

ln y =
( )

x

x+1ln
 

Differentiate w.r.t. x 
( )
2

1 1ln'

x

x

y

y
x

x +−= +  

y' =
( ) ( )

( ) ( ) xx
xx

xxx 1

1
1

1ln1
2

+⋅
+

++−
 …… (*) 

 
( )

x

xe x

x

1
1

lim
0

+−
→

 (type 
0

0

0
=− ee

) 

= ( ) xx
dx

d

x

1

1lim
0

+−
→

 (L’ Hôpital’s rule) 
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=
( ) ( )

( ) ( ) xx
xx

xxx

x

1

1
1

1ln1
lim

20
+⋅

+
++−−

→
 (by (*)) 

=
( ) ( )

( )xx

xxx
e

x +
++−−

→ 1

1ln1
lim

20
 (type 

0

0
) 

=
( )

20 32

1ln11
lim

xx

x
e

x +
+−−−

→
 (L’ Hôpital’s rule) 

=
( )

20 32

1ln
lim

xx

x
e

x +
+

→
 (type 

0

0
) 

=
x

e x

x 62
lim 1

1

0 +
+

→
 (L’ Hôpital’s rule) 

=
2

e
 

Exercise 1.3 If  1
sin)cos1(

lim
30

=−+
→ x

xbxax

x
, find a and b. (type 

0

0
) 

1
3

cossin)cos1(
lim

20
=−−+

→ x

xbxaxxa

x
, (L’ Hôpital’s rule) 

1
3

sincos)(1
lim

20
=−−+

→ x

xaxxba

x
 

In order that the limit exist, and equal to 1, it must be of the type 
0

0
 

∴ 1 + a – b = 0 ……… (1) 

1
3

sincos1
lim

20
=−−

→ x

xaxx

x
, (type 

0

0
) 

1
6

cossinsin
lim

0
=−−

→ x

xaxxax

x
, (L’ Hôpital’s rule) 

1
6

cossin)1(
lim

0
=−−

→ x

xaxxa

x
, (type 

0

0
) 

1
6

sincoscos)1(
lim

0
=+−−

→

xaxxaxa

x
, (L’ Hôpital’s rule) 

1
6

sincos)21(
lim

0
=+−

→

xaxxa

x
 

1
6

)21( =− a
………(2) 

a =
2

5−  

Sub. into (1), b = 1 + a =
2

3−  

Exercise 2.1 
( )
x

e
x

x

+
∞→

1log
lim  (type 

∞
∞

) 

 =
1

1

1

lim

x

x

x

e
e

⋅
+

∞→
 (L’ Hôpital’s rule) 

 =
x

x

x e

e

+∞→ 1
lim  (type 

∞
∞

) 

 =
x

x

x e

e

∞→
lim = 1 (L’ Hôpital’s rule) 
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Exercise 2.2 ( )2

2

2

log

tanlog
lim

2
π→ −π

x

x

x

 (type 
∞
∞

) 

 = ( )
( )2

2

2

2

2

2
tan

sectan2

lim
2

π

π→

−
−π

x

x
x

xx

x
 (L’ Hôpital’s rule) 

 =
( )

xx

x

x cossin
lim 2

2

π

→

−
π

 

 =
x

x

x xx cos
lim

sin

1
lim 2

22

π

→→

−
⋅

ππ
 (type 

0

0
) 

 =
xx sin

1
lim

2 −π→
= –1 (L’ Hôpital’s rule) 

Exercise 3.1 ( ) 






 π−
→ a

x
xa

ax 2
tanlim  (type 0 × ∞) 

 =
( )
xa

a
x

ax
−

π

→ 1

2tan
lim  (type 

∞
∞

) 

 =
( )

( )2
1

2

2

2 sec
lim

xa

a
x

a

ax
−

ππ

→
 

 =
( )

( )
a
xax

xa

a 2

2

2

cos2
lim

π→

−⋅π
 (type 

0

0
) 

 =
( )

( ) ( )
aa

x
a
xax

xa

a 222 sincos2

2

2
lim

πππ→ ⋅−
−−⋅π

 (L’ Hôpital’s rule) 

 =
( )
( ) ( )

a
x

a
xax

xa

22 sincos2

2
lim

ππ→

−
 

 = ( )
a
xax

xa
π→

−
sin

lim2  (type 
0

0
) 

 = ( )
a
x

a
ax ππ→

−
cos

1
lim2  (L’ Hôpital’s rule) 

 =
π
a2

 

Exercise 3.2 ( ) 






 π−
→ 2

tansinsinlim
0

xx
x

 (type 0 × –∞) 

 = ( ) ( )xx
x

cotsinsinlim
0

−⋅
→

 

 =
( )

x

x

x tan

sinsin
lim

0→
−  (type 

0

0
) 

 =
( )

x

xx

x 20 sec

cossincos
lim

→
−  (L’ Hôpital’s rule) 

 = ( ) xx
x

3

0
cossincoslim

→
− = –1 

Exercise 4.1 






 −
→ a

x

x

a

x
cotlim

0
 

 =
a
x

a
x

x x

xa

tan

tan
lim

0

−
→

 (type 
0

0
) 
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 =
aa

x
a
x

aa
x

x x

a

12

12

0 sectan

1sec
lim

⋅+
−⋅

→
 (L’ Hôpital’s rule) 

 =
a
x

a
x

a
x

a
x

x 2

2

0 sectan

tan
lim

+→
 (∵

a
x

a
x 22 tan1sec =− ) 

 =
a
x

a
x

a
x

a
x

x +→ cossin

sin
lim

2

0
 

 =
( )

a
x

a
x

a
x

x +
−

→ 2
2
1

2
2
1

0 sin

cos1
lim  

 =
a
x

a
x

a
x

x 22

2

0 sin

cos1
lim

+
−

→
 (type 

0

0
) 

 =
aa

x
a

a
x

a

x 222

22

0 cos

sin
lim

+→
= 0 (L’ Hôpital’s rule) 

Exercise 4.2 






 −
ππ→

xx
x

x

tansec
2

lim
2

 

 =
x

xx

x cos

sin2
lim

2 π
π−

π→
 (type 

0

0
) 

 =
x

x

x sin

cos2
lim

2 π−
π−

π→
 (L’ Hôpital’s rule) 

 =
π

− 2
 

Exercise 4.3 







+− −

→ xx

e

x

x
x

x sinh22

1
lim

20
, where sinh z =

2

1
(ez – e–z). 

 =
( )

xx

xexx
x

x sinh2

sinh1
lim

20

−

→

+−
 

 =
( ) ( )

( )xx

xxx

x eex

xeeex
−

−−

→ −⋅
+−⋅−

2
12

2
1

0 2

1
lim  

 =
( )( )

( )xx

xxx

x eex

xeeex
−

−−

→ −
+−−

20 2

21
lim  

 =
( ) ( )

( )xx

xx

x eex

exex
−

−

→ −
++−

20 2

11
lim  

 =
( )

( )12

11
lim

22

2

0 −
++−

→ x

x

x ex

xex
 (type 

0

0
) 

 =
( )

( ) ( )xx

xx

x exex

exe
222

22

0 212

112
lim

2

1

+−
+−+

→
 (L’ Hôpital’s rule) 

 =
( )
( ) xexx

ex
x

x

x −+
+−

→ 22

2

0

112
lim

4

1
 (type 

0

0
) 

 =
( )

( ) ( ) 1212

2122
lim

4

1
222

22

0 −+++
⋅⋅−+

→ xx

xx

x exxex

exe
 (L’ Hôpital’s rule) 

 = ( ) 1142

4
lim

4

1
22

2

0 −++→ x

x

x exx

xe
 

 =
xx exx

x
220 142

lim −→ −++
 (type 

0

0
) 
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 =
xx ex 20 244

1
lim −→ ++

 (L’ Hôpital’s rule) 

 =
6

1
 

Exercise 5.1 ( ) x

x
x

cot

0
sin1lim +

→
 (type 1∞) 

Let y = (1 + sin x)cot x 
log y = cot x log(1 + sin x) 

log y =
( )

x

x

tan

sin1log +
 

y
x

loglim
0→

=
( )

x

x

x tan

sin1log
lim

0

+
→

 (type 
0

0
) 

 =
x

x
x

x 2
sin1

cos

0 sec
lim +

→
 (L’ Hôpital’s rule) 

 =
x

x

x sin1

cos
lim

3

0 +→
= 1 

y
x 0
limlog

→
= 1  y

x 0
lim

→
= e 

Exercise 5.2 xx
x

1

lim
∞→

 (type ∞0) 

Let y = xx
1

 

log y =
x

xlog
 

y
x

loglim
∞→

=
x

x

x

log
lim

∞→
 (type 

∞
∞

) 

 =
1

lim
1
x

x ∞→
= 0 (L’ Hôpital’s rule) 

y
x 0
limlog

→
= 0  y

x 0
lim

→
= e0 = 1 

Exercise 5.3 ( ) ax
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Let y = (x – a)x – a 
log y = (x – a)log(x – a) 
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