L’ Hopital’s Rule
Created by Francis Hung on 26 June 2008 Last updated: February 11, 2022
Let f and g be differentiable on (@ — &, a + 0) \ {a} with g’(x) # 0 on this set. Then

fl
(i) Iff(x) - Oand g(x) - Oasx — aandif lim (x) =/ exists,

R
then limM

exists and equals to /7
X—-a g (x)

(i) Iff(x) - coand g(x) - ©asx — aandif lim (x) =/( exists,

X—-d g (x)
then limM
X-d g(x)

Proof: (i) Take x s.t.a<x<a+d
Now f and g continuous on [a, x] and differentiable on (a, x)
[f(x)and g(x) - Oasx - a]
By Cauchy’s mean value theorem on [a, x]
Lex U (a, x) s.t. [f(x) - f(@)]g’ (cx) = [g(x) — g(@)]f (cx)
Note: g(x) # 0; otherwise [IX [ (a, x) s.t. g'(a) = 0 contradiction

t(x) _f'(c)

Oweget —~-=—+—~ 5/ asx - at+ (cx - a)

g(x) g'(c)

Similarly lim =
e

exists and equals to /.

We() T ()
(i) Given € > 0, first choose x2 [ (a, a + d) s.t. whenevera < x < x2,
f'(x)
-
g'(x)

g(xz) f(xz)
Now choose x1 U (a, x2) s.t. g(x) > max {——=,——=+ whenever a < x < x|

We have <g¢ and gx)>0

9

€ €

Apply Cauchy’s mean value theorem on [x, x2]
Uex U (x, x2) s.t. [f(x2) — f(x)]g’(cx) = [g(x2) — g(x)If (cx)
t(x) _flx), f'a)_g(x)f'(c)

g(x) e(x) g'la) elx)e(e)

f(x) | _[f(x) '( Jogln)f ()
:) @] o) le@ete)

ss+s+s(|£|+e)<(|£|+3)sassumings<1
i)

g(x)

Similarly lim
e

.y asx-»a*
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L Hopital’s Rule
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Rules on infinity ()

o is not a number, for any real number x, —0 < x < 00

(a) 00 + 00 = 00
(b) ocoXoo=00

© —=0
(0]

(d) liml=00; liml=—oo
x-0+ x x-0-x

(e) ow®=o00

(f) a*=owfora>1

(g0 a*=0for0<a<1

(h) 0“=0fora>0,acanbe o

(i) 19=1 for any number a, a # o

Indeterminate Forms

0

(a) 6

) =

© 0xow

(d) o—-00

e) 0°

H

(@ 1°

If limﬁ is in the form —

()

then Tim ) =i (%)

el T e ()

Examples and exercises:
XCOs X —sinx

lim
x-0 _x3
. —xsinx+cosx—cosx
= lim >
x-0 3x
. —sinx
= lim
x-0 3_x
. —COSX
= lim
x-0 3
1
3

0

type —

(typ 0)

(" Hopital’s rule)
0

type —

(typ 0)

(" Hopital’s rule)

Created by Mr. Francis Hung

(0]
or —; (a can be any number or o or —oo)
(0]
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L Hopital’s Rule Created by Mr. Francis Hung

Exercise 1.1 lim%)zcosxJ
x-0  sin”x
- s
Exercise 1.2 lir%ﬂ
X X

x(1+acosx)—bsinx

3 =1,findaand b .

Exercise 1.3 If lim
X - 0 x

?) lim log(x—a)

(00]
— (type —)
x-at]ogle” —e 00

= lim =4 (L’ Hopital’s rule)

= lim ———— (type %)

=lim ————— (L Hopital’s rule)

+ X
Exercise 2.1 lim M

X — 00 X

2
Exercise 2.2 lim w

+Flogle - 1)
3) lim xlog x (type 0 x —0)

x -0+

_ lim 108%
X - 0+

00
(type —)
(0]

s = ==
_

(I Hopital’s rule)

= lim
x>0+ ——

x2

= lim (- x)=0

x -0+

Exercise 3.1 lim(a - x) tan[zﬂj
X—-a a

Exercise 3.2 lim sin (sin x) tan(x - 1—;)

x-0
4) lim I _ ! (type o0 — o)

-2 x=2 log(x—l) P

. log(x-1)-(x-2) 0
=1 =
= 2)loglx —1) (ype )

L
= lim —X~1 (L’ Hopital’s rule)
xo2X—2
- +10g(x—1)
2-x 0

=1i —
o2 x =2+ (x—1)log(x—1) (ype 55)
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L Hopital’s Rule

=lim -1
x—.21+1+10g()€—1)
_-1
2
Exercise 4.1 lim(ﬁ —cot fj
x-0\ x a
. . [ 2x
Exercise 4.2 hm(— secx —tan x
x>0 TT

2

Exercise 4.3 lim| ~ _21 + e‘
2x”  2xsinhx

x-0

(5) Evaluate lirr(}(cosx)%%

Lety= (cos x)/r2

loglcos x
log y = ogleosx)
X
. _ .. logcosx
iglog y =liny-2£ 22
. —tanx
=lim
=0 2x

log lin(}y:—l

2
i y=e’
Exercise 5.1 1}{%(1 +sin x)colx
Exercise 5.2 lirg x%
Exercise 5.3 lim (x—a)™
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Created by Mr. Francis Hung

(L Hopital’s rule)

j , where sinh z =% (e*—e™).

0
type —
(typ 0)

(L Hopital’s rule), (type %)

(L Hopital’s rule)

(type 1%)
(type )
(type 0°)
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L Hopital’s Rule solution Created by Mr. Francis Hung

b
Exercise 1.1 limL)zcost (type 9)
x-0  sin“x 0
—lim— sin[(%)?os x]% (_ sin x) (L Hopital’s rule)
x=0 2sinxcos x
= ElimM (" Hopital’s rule)

4 x-0 COS X
T J§in§ .

:Z cosO_Z

— VA
Exercise 1.2 limm
x-0 X

,
Note that lim (1 +x)" :1im(1+lj

x -0+ y-oo y

:lim(l +lj =e
n— 0 n

y
and lim (1 + x)%‘ = lim (1 +1J

x-0- y - =00 y

=lim(1—1j , Where y = —

Z—0 z

lim Lj
-\ 7 —]

z-1
=1lim| 1+Lj 1+Lj
z-0 z—1 z—1

1 z-1
=lim 1+—j a
7o00 z—1

=lim 1+lj ,wheren=z-1

n-e\n
=e
0 lim(1+x) = lim(1+x)"=e
Now lety = (1 + x)%
Iny= ln(l +x)
X

Differentiate w.r.t. x

l' _ i ln(l + x)
y X
x—(1+x)In(1+x) y
‘= 1 AR *
Y x? (1 + x) [ﬂ ¥ x) ®
. e— (1 + x)%f e—e_0
lim———— ===
fim = (type —==71)
=lim- L3 (1 + x)%‘ (L’ Hopital’s rule)
x=0 dx
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L Hopital’s Rule solution

:_limx—(1+x)ln(1+x)[ﬂl+x)%

x-0 x2(1+x)
__elxi%x-(l;a)inx(rx)

. 1-1-In(1+x)

m—
x=0  2x+3x?

=elim—ln(1 * x)

¥-02x +3x2
1

1+x

=elim
=02 +6x

Exercise 1.3 If 1lim

x(1+acosx)—bsinx

3

x-0 X
. (I+acosx)—axsinx—bcosx _
lim 5 =
x-0 3.X'
. 1+(a—b)cosx—axsin x
lim ( ) 5 =1
x-0 3x

Mr. Francis Hung

(by (*))
0

type —

(typ 0)

(" Hopital’s rule)
0

type —

(typ 0)

(L Hopital’s rule)

=1, find a and b. (type %)

1, (L Hopital’s rule)

In order that the limit exist, and equal to 1, it must be of the type g

Ul+a-b=0......... (D)

1—cosx—axsinx 0
lim =1, (type —
lim i (typ 0)
. SInX—asinXx—axcosx
lim =1,
x-0 6x
lim(l—a)smx—axcosle’
x-0 6x
. (1-a)cosx—acosx+axsinx _
lim =
x-0 6
lim (1-2a)cos x +axsin x ~1
x-0 6
(1-2a)

=1......... 2

p (2)

5
a=——

2

Sub.into (1),b=1+a :—%

+ X
Exercise 2.1 lim M

X -0 X

X

(" Hopital’s rule)

0
type —
(typ 0)

(L Hopital’s rule)

(00]
(type —)
00

(L Hopital’s rule)

(0]
(type —)
(0]

(L Hopital’s rule)
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L Hopital’s Rule solution

2
Exercise 2.2 1irr711 loy;nxz
+~logx 1)

2tan xsec” x
2
(e-2F
(x-12)

=lim —
x-2SIN XCOS X
. . X7
=lim —— im —2
r-FSINX x-%COSX
=lim——=-1
x-F=sIlnx
. . Tx
Exercise 3.1 hm(a—x)tan —
xX-a 2a
. tan(X®
=llm (2(1)

X—-a

a—x
2sec’(2)
=hm 2a Sec 2a
X-a 1
(a=x)?
2
. T da- x)
=lim— >
¥-a2q Cos (2%)

T -2

—x)

lim ™ (a
_PE} 2a - ZCOS(Z—T“C‘l)sin(ﬂ)EiL

2a
_tim_ e =)

x-a 2cos(%)sin(2%)

. a—XxX
~ ()
-1

=2lim - —
X-a zCOSijj

Exercise 3.2

x-0

limsin (sin x) tan(x - 1—;)
= lirrol sin(sin x) [ﬂ— cot x)

_ lim sin (sin x)

=0 tanx
—lim cos(sin )zc)cos X

=0 sec’x
=-limcos(sin x)cos® x = —1

x-0

Exercise 4.1 1im(ﬁ - Cotﬁj

x-0\ x a

. atan: —x
=lim————

*=0 xtan-

Mr. Francis Hung

o0
(type —)
o0

(L Hopital’s rule)

0
type —
(typ 0)

(L Hopital’s rule)
(type 0 x o)

o0
(type —)
o0

0
type —
(typ 0)

(L Hopital’s rule)

0
type —
(typ 0)

(" Hopital’s rule)

(type 0 x —o)

0
type —
(typ 0)

(L Hopital’s rule)

0
type —
(typ 0)
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L Hopital’s Rule solution

2
) asec >3 -1 )
=lim L (L Hopital’s rule)
*-0 tan* + xsec” * [J

2
. tan” %
=lim——— (. seczf—l = tanzt—’j
*-0tan- +-sec” -

. sin” =
=lim—
*=0sin- cos= +

i 21 —cos )
x-0 lgin2x 42
1-cos2* 0

- (type 6)

243 2%
=lim—~ e 0 (L Hopital’s rule)

2020028 42
x~0 2cos 2 + 2

Exercise 4.2 lim(2 sec x —tan xj
X —>TEI T[
—lim 2x —Tsin x (type 9 )
-3 TICOSX 0
= limz_ﬂ—w (L Hopital’s rule)
x-3 —TIsIn x

Exercise 4.3 lim| 2 _21 + e' , where sinh z :l (et —e™).
2x~  2xsinhx 2

(x —1)sinh x + xe™

x=0 2x*sinh x

(x-1)3 (ex - e_x)+ xe "
T -0 2x? @(e" —e_x)
—lim (x - 1)(ex - e_x):i- 2xe™”
x-0 2x2(ex—e X)

—lim (x - l)e" + (x -lil)e_x

x-0 2x2(ex—e ")

_lim(x—l)ezx+x+1 (type 9)
a0 2 (e -1) 0
2x + _ 2x +
:llim ¢ 2(x l)e ! (L Hopital’s rule)

2 x-0 2x(ez" —1)+ x° (Zez")

1. (2x-1)e* +1 0
=—Ilim type —
4(—% pe )

2x + _ 2x
=i 26 * (2 IZ)EM?Z (L Hopital’s rule)
4 -0 (2x+1)e ! +2(x +x)e -1
~Liim dxe”
450 (207 +4x+1)e* -1
X 0
=lim type —
=02x* +4x+1—-e (typ 0)

Mr. Francis Hung
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L Hopital’s Rule solution Mr. Francis Hung

1
=lim—— L Hopital’s rule
=0 4x+4+2e 7 ( P )
_1
6
Exercise 5.1 lirrol(l +sin x )™ (type 1)
Let y = (1 + sin x)*°**
log y = cot x log(1 + sin x)
g
log y = log(l sin x)
tan x
b
limlog y =limM (type 0 )
x=0 x=0 tan x 0
:lim% (L’ Hopital’s rule)
¥~0gec” x
. COS’ X
=lim — =
¥-01+sinx
loglirroly: 1= lirroly: e
Exercise 5.2 lim x* (type ©°)
Lety= x%‘
log y = log x
X
limlogy = limloﬁ (type 2)
X — 00 X — 00 x 00
1
:lim?: 0 (L Hopital’s rule)
loglimy =0 = lirroly=e°= 1
Exercise 5.3 lim (x —a)™ (type 0°)
Lety=(x-a)¢
log y = (x — a)log(x — a)
lim log y = lim loglx~a) (type —)
x-a+t x-a+t - (0]
1
log lim y = lim — (L Hopital’s rule)
h T e
=- lim(x—a) =0
limy=e’=1
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