Integration formulae

Created by Mr. Francis Hung on 31-10-2018 Last updated: 2022-12-06
Integration is the inverse process of differentiation.
dr
If % =f (x), F(x) is the primitive function, f(x) is the derivative of F(x), then
I f f(x) is the integrand, F(x) is the primitive function, I is the integral sign.
Read J.f )dx = F(x) as ‘Integrate f(x) dx is equal to F(x).’
d (xz + 3x)
Example If ———— =2x+3, then I(2x+3)dx = x> +3x
df 2 +3x- 1

d (x2 +3x+ T[) LA 2

However, T =2x+3,and =2x+3

Therefore, I(2x+3)dx=x2+3x+T[ and J-(2x+3)dx=x2+3x+%

In general, we add a constant C after the primitive function. e.g. J.(2x + 3) dx=x>+3x+C
Law of indefinite integrals

A [de=x+C

(B) Ifkisaconstant, [kf(x)dx=k[f(x)dx.eg [7( 2x+3)dx 7(x* +3x)+C

(C) If f(x) and g(x) are integrable function, then I [f X ]dx J.f dx + J. g(x

n+l 4.5

1+C.e.g. I “dx—zx +C

(D) If nis real number # —1, then jx”dx =2
n+

(E) Iidx=ln|x|+C

1
F I e'dx=¢*+C and Ie"xdx =—e“ +C for any non-zero constant a.
a
(G) Ifa>0Oanda#0anda# 1, then ja*dlea +C.
na

H) Icos 0d6=sin 0 + C, Isin 0d0=—-—cos B+ C
jsecz 0d0=tan 6 + C, Icscz 0d0=—cot 0+ C

Isecﬁtan 8d0=sec 6 + C, Icscecot6d6=—csc 0+C

Itan 6d6 = j sin 6 6= —.[ d(cos8) = —In|cos 8] + C
cos© cos©
[cotBan= =2 ede j 5 (sin8)= Infsin 8] + C
sin 0 sin®
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_1+cos26

()  Using double formulae cos® 8 = and sin® 8 _17cos20

jcosz 9d6=lj(l+cos 26)d9=19+lsin 20+C
2 2 4

J.sin2 6d6=lj-(1—c0s29)d9=19—lsin29+C

2 2 4
Using triple formulae cos 30 =4 cos> 0 -3 cos ® and sin 30 =3 sin 8 -4 sin> 6
i.e. cos’ 0 :i(cos 30+3cos0) and sin® 0 :%(3 sin @ —sin 30)

jcosS Gdﬁzlj(cos 30+3cos G)dezisin39+§sin9+C
4 12 4

jsin3 9d6=lj(3sin 9—sin39)d9=—§cose+icos39+ C
4 4 12
Method 2
jcos3 0do :jcos2 0 dosBdO = I (1-sin?0)d(sin 8) =sin ® —%sin3 0+C
jsin3 GdG:jsin2 0 Ein Gdez—j(l —c0s?0)d(cosB)=—cos 9+%cos3 0+C
(J) Using product to sum formulae, I sinmBcosnBdO etc can be found.

e.g. jsin 40 cos 39d6:lJ‘(sin 76 +sin 6) dG:—icos 79—lcos 0+C
2 14 2

e.g. jsin 40sin 36d6 = —11(00579—005 8)do= —isin 79+lsin 0+C
2 14 2

(K) Ifmisodd or nis odd, then jsin”’ Bcos” 6dO can be found.
e.g. Isin3 Bcos* BdO= —I sin? Bcos* 8d (cos8) = —I (1-cos?0)cos* 8d (cos 0)

=I(—cos4 0+ cos® 0)d(cos0) =—éc0s5 9+%c0s7 0+C

(L) Ifmisodd orniseven, then jtan’” Bsec” 6dO can be found.

e.g. Itan3 Bsec’ 6d6=J.tan2 Bsec’ B {secBtan B) d6=J.(sec2 6-1) Bec* 0d (sech)
:J.(sec6 B -sec’ G)d(sece):%sec7 9—%sec5 8+C
e.g. jtanz Bsec* 8d0= I tan® O[{1 + tan’ 0) d (tan 0)
:ltan3 9+ltan5 8+C
3 4
Similarly, if m is odd or n is even, then jcot’" Ocsc” 8dO can be found.

e.g. J.cot5 Bcsc’ BdO= Icot“ Bcsc? BcscBcotB)dO= —J. (csc?8-1) [sc?8d (csc )
=j(—csc:6 0+2csc* O—csc’0)d(cscO)

:—lcsc7 9+zcsc5 G—lcsc9+C
7 5 3

e.g. jcot“ Bcsc’ 0dO = —j cot* Bd (cotB) = —écot5 8+C
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(M) jsec 0d0=In|sec 6 + tan B + C
Let y = In(sec O + tan )

b =—E@sec9tan9+sec2 9)
d0 secB+tanB

secO+tan0
_ fs

" secO+tan0
=sec O

jsec 0d0=1In|sec O +tan B| + C ------ (1)
J =J‘sec3 Eld9=.[sec2 Osec0do =jsec 0d (tan 6)=sec6tan6—jtan 0d (sec8)
J:secﬁtanﬁ—jsecﬁtan2 0do
:secetane—jsece(secz6—1)dx
=secOtan 0 - J sec’ 0d0 + I sec 8d0
2J =secBOtan 9+jsec Bd0 = sec O tan O + In|sec 6 + tan 6| by (1)

ec 9)

J:J‘sec3 6do :%secetan9+%ln|sec9+tan9| ------ ()

Let y = In(sec 6 — tan 0)

Q —[@secetane sec 9)
d0 secOb-tanO

_secO+tan0
————[{—sec)

" secO+tanB
=-sec O

jsec 0d0=—In|sec 6 —tan 6| + C ------ 3)
1 sin©
+
cosO® cosO
_1+sin9
"~ cosO
2t
1+¢°
1-¢*
1+¢°
_ {1+
- (1-1)(1+17)

1+tan9
2

sec B +tan O =

0
, Where ¢t =tan 5

===

l—tang
2

T 0
tan — +tan — Tt e
:#:m(#_j
4 2

Tt
1—tan—tan —
4

(T[ ej
tan| —+—
4 2
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secB—tan O = ! _smG
cos® cosB

_1—sin9

cos 0

o
__1+7
1=

where ¢t =tan —
2

jsec 8d0=—1n

)
tan| ———
4 2

(N) Icsc 0d0 =In|csc B —cot B + C

Let y =In(csc 0 + cot 0)

dy =; [@—cso Bcot B —csc? 9)
d0 cscB+coth

_cscB+cotB {-csc)

" cscB+cotf

=—-csc O

jcsc 0d6 = —In|csc B + cot B + C ------ (6)
Let y =In(csc 8 — cot 0)

dy :;[ﬂ—csc Bcot O+ csc? 9)
d0 cscB-cotb

_cscB-cotb Eﬂcsc 9)

" cscB-cot®
=csc O

jcsc 8d6 = In|csc® —cot O] + C ------ (7)
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2.  Method of substitution.
Let u = g(x) be a differentiable function and f(g(x)) is a well defined integrable function.

T (e (+) e (x)ax = [ (u)au

Proof: Let the primitive function be F(x). i.e. dI;flu) =f (u) and jf (u)du =F (u)
dF(g(x)) _ dF(u)
dx dx
=dljlftu) dz (chain rule)
=t (u)2'(x)
=f(g(x)) & ()
dF (g (x)) =1 (g (x))e'(x)dx
Jar (s (x)) =t (2 (x))2 (x)dx

©

Let x = a sin 6, then Va>—x* =acos O, dx=a cos 6 dO

[

2 2
Vva - —x

L& cos0 dO

=jacose

=[a6

=0+C

=sin_1[£J+C
a

P) J‘;dx=ltan_l[£j +C

x> +a’ a a
2 2
Letx=atan 0, then V¢ TX =gsec B, dx =a sec? 0 dO

1
s

[hsec’0dO

=J‘a2 sec’ O
=ljde

a
=19 + C=ltan_l[£j+C

a a a

C:\Users\f|{%{#&\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Indefinite\Notes\3.1_Integration formulae.docx

Page 5



Integration formulae Created by Mr. Francis Hung

(R) I\/a —x’dx= (a sin l—+x\/az—x2j+C.

a
Let x = a sin 6, then Va>—x* =acos O, dx=a cos 6 dO
JVaz—xzdx

=J‘a2 cos”0do

=la2J.(1+cos29)d9
2
=la2 (9_'_ sm29j+c
2 2
:%az(e 2sin 6COSG)+C 2(@+sinBcosB) +C

[ 2 _
=la2(sin X J+C,—|a|£xs|a|

it
a dad

2
=%(a2 sin”' X + xa/a? —x2j+C

a

C:\Users\f|{%{#&\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Indefinite\Notes\3.1_Integration formulae.docx Page 6



