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Integration is the inverse process of differentiation. 

If 
( ) ( )d

f
d

F x
x

x
= , F(x) is the primitive function, f(x) is the derivative of F(x), then 

( ) ( )f dx x F x= , f(x) is the integrand, F(x) is the primitive function,  is the integral sign. 

Read ( ) ( )f dx x F x=  as ‘Integrate f(x) dx is equal to F(x).’ 

Example If 
( )2d 3

2 3
d

x x
x

x

+
= + , then ( ) 22 3 d 3x x x x+ = +  

However, 
( )2d 3

2 3
d

x x
x

x

+ + π
= + , and 

2 1
d 3

2
2 3

d

x x

x
x

 + − 
  = +  

Therefore, ( ) 22 3 d 3x x x x+ = + + π  and ( ) 2 1
2 3 d 3

2
x x x x+ = + +  

In general, we add a constant C after the primitive function. e.g. ( ) 22 3 d 3x x x x C+ = + +  

Law of indefinite integrals 

(A) dx x C= +  

(B) If k is a constant, ( ) ( )f d f dk x x k x x=  . e.g. ( ) ( )27 2 3 d 7 3x x x x C+ = + +  

(C) If f(x) and g(x) are integrable function, then ( ) ( ) ( ) ( )f +g d f d g dx x x x x x x= +     . 

(D) If n is real number ≠ –1, then 
1

d
1

n
n x

x x C
n

+

= +
+ . e.g. 

4.5
3.5 2

d
9

x
x x C= +  

(E) 
1

d lnx x C
x

= +  

(F) e dx x
x e C= +  and 

1
e dax axx e C

a
= +  for any non-zero constant a. 

(G) If a > 0 and a ≠ 0 and a ≠ 1, then d
ln

x
x a

a x C
a

= + . 

(H) cos dθ θ = sin θ + C, sin dθ θ = –cos θ + C 

2sec dθ θ = tan θ + C, 2csc dθ θ = –cot θ + C 

sec tan dθ θ θ = sec θ + C, csc cot dθ θ θ = –csc θ + C 

tan dθ θ =
sin

d
cos

θ θ
θ = ( )1

d cos
cos

− θ
θ = –ln|cos θ| + C 

cot dθ θ =
cos

d
sin

θ θ
θ = ( )1

d sin
sin

θ
θ = ln|sin θ| + C 
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(I) Using double formulae cos2 θ =
1 cos 2

2

+ θ
 and sin2 θ =

1 cos 2

2

− θ
 

2cos dθ θ = ( )1
1 cos 2 d

2
+ θ θ =

1 1
sin 2

2 4
Cθ + θ +  

2sin dθ θ = ( )1
1 cos 2 d

2
− θ θ =

1 1
sin 2

2 4
Cθ − θ +  

Using triple formulae cos 3θ = 4 cos3 θ – 3 cos θ  and  sin 3θ = 3 sin θ – 4 sin3 θ 

i.e. cos3 θ = ( )1
cos3 3cos

4
θ + θ  and sin3 θ = ( )1

3sin sin 3
4

θ − θ  

3cos dθ θ = ( )1
cos3 3cos d

4
θ + θ θ =

1 3
sin 3 sin

12 4
Cθ + θ +  

3sin dθ θ = ( )1
3sin sin 3 d

4
θ − θ θ =

3 1
cos cos3

4 12
C− θ + θ +  

Method 2 

3cos dθ θ = 2cos cos dθ ⋅ θ θ = ( ) ( )21 sin d sin− θ θ = 31
sin sin

3
Cθ − θ +  

3sin dθ θ = 2sin sin dθ ⋅ θ θ = ( ) ( )21 cos d cos− − θ θ = 31
cos cos

3
C− θ + θ +  

(J) Using product to sum formulae, sin cos dm nθ θ θ  etc can be found. 

e.g. sin 4 cos3 dθ θ θ = ( )1
sin 7 sin d

2
θ + θ θ =

1 1
cos 7 cos

14 2
C− θ − θ +  

e.g. sin 4 sin 3 dθ θ θ = ( )1
cos7 cos d

2
− θ − θ θ =

1 1
sin 7 sin

14 2
C− θ + θ +  

(K) If m is odd or n is odd, then sin cos dm nθ θ θ  can be found. 

e.g. 3 4sin cos dθ θ θ = ( )2 4sin cos d cos− θ θ θ = ( ) ( )2 41 cos cos d cos− − θ θ θ  

 = ( ) ( )4 6cos cos d cos− θ + θ θ = 5 71 1
cos cos

5 7
C− θ + θ +  

(L) If m is odd or n is even, then tan sec dm nθ θ θ  can be found. 

e.g. 3 5tan sec dθ θ θ = ( )2 4tan sec sec tan dθ θ ⋅ θ θ θ = ( ) ( )2 4sec 1 sec d secθ − ⋅ θ θ  

 = ( ) ( )6 4sec sec d secθ − θ θ = 7 51 1
sec sec

7 5
Cθ − θ +  

e.g. 2 4tan sec dθ θ θ = ( ) ( )2 2tan 1 tan d tanθ ⋅ + θ θ  

 = 3 51 1
tan tan

3 4
Cθ + θ +  

Similarly, if m is odd or n is even, then cot csc dm nθ θ θ  can be found. 

e.g. 5 3cot csc dθ θ θ = ( )4 2cot csc csc cot dθ θ ⋅ θ θ θ = ( ) ( )22 2csc 1 csc d csc− θ − ⋅ θ θ  

 = ( ) ( )6 4 2csc 2 csc csc d csc− θ + θ − θ θ  

 = 7 51 2 1
csc csc csc

7 5 3
C− θ + θ − θ +  

e.g. 4 2cot csc dθ θ θ = ( )4cot d cot− θ θ = 51
cot

5
C− θ +  
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(M) sec dθ θ = ln|sec θ + tan θ| + C 

Let y = ln(sec θ + tan θ) 
d

d

y

θ
= ( )21

sec tan sec
sec tan

⋅ θ θ + θ
θ + θ

 

 = ( )sec tan
sec

sec tan

θ + θ ⋅ θ
θ + θ

 

 = sec θ 

sec dθ θ = ln|sec θ + tan θ| + C ⋯⋯ (1) 

J = 3sec dθ θ = 2sec sec dθ θ θ = ( )sec d tanθ θ = ( )sec tan tan d secθ θ − θ θ  

J = 2sec tan sec tan dθ θ − θ θ θ  

 = ( )2sec tan sec sec 1 dxθ θ − θ θ −  

 = 3sec tan sec d sec dθ θ − θ θ + θ θ   

2J = sec tan sec dθ θ + θ θ = sec θ tan θ + ln|sec θ + tan θ| by (1) 

J = 3sec dθ θ  =
1 1

sec tan ln sec tan
2 2

θ θ + θ + θ  ⋯⋯ (2) 

Let y = ln(sec θ – tan θ) 
d

d

y

θ
= ( )21

sec tan sec
sec tan

⋅ θ θ − θ
θ − θ

 

 = ( )sec tan
sec

sec tan

θ + θ ⋅ − θ
θ + θ

 

 = –sec θ 

sec dθ θ = –ln|sec θ – tan θ| + C ⋯⋯ (3) 

sec θ + tan θ =
1 sin

cos cos

θ+
θ θ

 

 =
1 sin

cos

+ θ
θ

 

 =
2

2

2

2
1

1
1

1

t

t

t

t

+
+

−
+

, where t = tan
2

θ
 

 =
( )

( )( )

2
1

1 1

t

t t

+
− +

 

 =
1

1

t

t

+
−

=
1 tan

2

1 tan
2

θ+

θ−
 

 =
tan tan

4 2

1 tan tan
4 2

π θ+

π θ−
 = tan

4 2

π θ + 
 

 

sec dθ θ = ln tan
4 2

C
π θ + + 
 

 ⋯⋯ (4) 
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sec θ – tan θ =
1 sin

cos cos

θ−
θ θ

 

 =
1 sin

cos

− θ
θ

 

 =
2

2

2

2
1

1
1

1

t

t

t

t

−
+

−
+

, where t = tan
2

θ
 

 =
( )

( )( )

2
1

1 1

t

t t

−
− +

 

 =
1

1

t

t

−
+

=
1 tan

2

1 tan
2

θ−

θ+
 

 =
tan tan

4 2

1 tan tan
4 2

π θ−

π θ+
 

 = tan
4 2

π θ − 
 

 

sec dθ θ = ln tan
4 2

C
π θ − − + 

 
 ⋯⋯ (5) 

(N) csc dθ θ = ln|csc θ – cot θ| + C 

Let y =ln(csc θ + cot θ) 
d

d

y

θ
= ( )21

csc cot csc
csc cot

⋅ − θ θ − θ
θ + θ

 

 = ( )csc cot
csc

csc cot

θ + θ ⋅ − θ
θ + θ

 

 = –csc θ 

csc dθ θ = –ln|csc θ + cot θ| + C ⋯⋯ (6) 

Let y =ln(csc θ – cot θ) 
d

d

y

θ
= ( )21

csc cot csc
csc cot

⋅ − θ θ + θ
θ − θ

 

 = ( )csc cot
csc

csc cot

θ − θ ⋅ θ
θ − θ

 

 = csc θ 

csc dθ θ = ln|csc θ – cot θ| + C ⋯⋯ (7) 
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2. Method of substitution. 
Let u = g(x) be a differentiable function and f(g(x)) is a well defined integrable function. 

( )( ) ( ) ( )f g' d f dg x x x u u=   

Proof: Let the primitive function be F(x). i.e. 
( ) ( )d

f
d

F u
u

u
=  and ( ) ( )f du u F u=  

( )( ) ( )d d

d d

F g x F u

x x
=   

 =
( )d d

d d

F u u

u x
⋅  (chain rule) 

 = ( ) ( )f 'u g x⋅  

 = ( )( ) ( )f 'g x g x⋅  

( )( ) ( )( ) ( )d f g' dF g x g x x x=  

( )( ) ( )( ) ( )d f g' dF g x g x x x=   

( )( ) ( ) ( )( ) ( )f g' d f dg x x x F g x u u= =   

(O)  −
x

xa
d

1
22

= C
a

x +






−1sin  

Let x = a sin θ, then 2 2
a x− = a cos θ, dx = a cos θ dθ 

  −
x

xa
d

1
22

 

=  ⋅
θ

dθ θcos
cos

1
a

a
 

=  θd  

= θ + C 

 

= C
a

x +






−1sin  

(P)  +
x

ax
d

1
22

= C
a

x

a
+






−1tan
1

 

Let x = a tan θ, then 
2 2

a x+ = a sec θ, dx = a sec2 θ dθ 

  +
x

ax
d

1
22

 

=  θ⋅
θ

d θsec
sec

1 2

22
a

a
 

=  θd
1

a
 

=
a

1 θ + C = C
a

x

a
+






−1tan
1

 

 

θ

x

a

a
2 - x 2

a
2 + x 2

a

x

θ
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(R) 2 2 da x x− = 2 1 2 21
sin

2

x
a x a x C

a

− + − + 
 

. 

Let x = a sin θ, then 2 2
a x− = a cos θ, dx = a cos θ dθ 

 2 2 da x x−  

= 2 2cos da θ θ  

= ( )21
1 cos2 d

2
a + θ θ  

= 21 sin 2

2 2
a C

θ θ + + 
 

 

 

= 21 2sin cos

2 2
a C

θ θ θ + + 
 

= ( )21
sin cos

2
a Cθ + θ θ +  

=
2 2

2 11
sin

2

x x a x
a C

a a a

−
 −+ ⋅ + 
 

, –|a| ≤ x ≤ |a| 

= 2 1 2 21
sin

2

x
a x a x C

a

− + − + 
 

 

 

θ

x

a

a
2 - x 2


