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(3) To evaluate 2 2 dx a x− . 

Prerequisite 
( )d sec

dx

θ
= sec θ tan θ. 

First, we have to evaluate I = sec dθ θ . 

Let y = ln(sec θ + tan θ) 
d

d

y

x
= ( )21

sec tan sec
sec tan

⋅ θ θ + θ
θ + θ

 

 = ( )1
tan sec sec

sec tan
⋅ θ + θ ⋅ θ

θ + θ
= sec θ 

∴ y = sec dθ θ = ln|sec θ + tan θ| + C, 
2 2

π π− < θ < . 

Next, we find the integral J = 3sec dθ θ . 

J = 3sec dθ θ = 2sec sec dθ⋅ θ θ  

 = ( )2sec 1 tan dθ⋅ + θ θ  

 = 2sec d sec tan dθ θ + θ θ θ   

 = ( )ln sec tan tan d secθ + θ + θ θ  

 = ( )ln sec tan sec tan sec d tanθ + θ + θ θ − θ θ , using integration by parts 

 = sec θ tan θ + ln|sec θ + tan θ| – 3sec dθ θ  

2J = sec θ tan θ + ln|sec θ + tan θ| + C1 

J = 2

1 1
sec tan ln sec tan

2 2
Cθ θ + θ + θ +  

Let x = a sec θ, then 2 2
x a− = a tan θ, dx = a d(sec θ) 

 2 2 dx a x−  

= ( )2 tan d seca θ θ  

= ( )2 3sec tan sec da θ θ − θ θ  

= 2
2

1 1
sec tan sec tan ln sec tan

2 2
a C
  θ θ − θ θ + θ + θ +    

 

 

= ( )2
2

1
sec tan ln sec tan

2
a Cθ θ − θ + θ +  

=
2 2

2 2 2
2

1
ln

2

x x a
x x a a C

a a

 −
 − − + +
 

 

= ( )2 2 2 2 21
ln

2
x x a a x x a C− − + − + , x ≥ |a| 

If x ≤ –|a|, let y = –x, then dy = –dx 

2 2 dx a x− = 2 2 dy a y− − = ( )2 2 2 2 21
ln

2
y y a a y y a C− − − + − +  

 = ( )2 2 2 2 21
ln

2
x x a a x x a C− − − − − + − +  

 = ( )2 2 2 2 21
ln

2
x x a a x x a C− + − + − +  

x
2 - a 2

a

x

θ
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(4) To evaluate  + xxa d22 . 

Let x = a tan θ, then 22
xa + = a sec θ, dx = a sec2 θ dθ 

  + xxa d22  

=  θ⋅θ d θsecsec 2
aa  

=  θθdsec32
a  

= ( ) 1

2

tanseclntansec
2

C
a +θ+θ+θθ  

 

= 1

22
222 ln

2

1
C

a

x

a
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axax +














++++  

= Cxaxaxax +




 ++++ 22222 ln

2
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2 + x 2
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(1)  −
x

xa
d

1
22

 

Let x = a sin θ, then 2 2
a x− = a cos θ, dx = a cos θ dθ 

  −
x

xa
d

1
22

 

=  ⋅
θ

dθ θcos
cos

1
a

a
 

=  θd  

= θ + C 

 

= C
a

x +






−1sin  

 

(2)  +
x

ax
d

1
22

 

Let x = a tan θ, then 22
xa + = a sec θ, dx = a sec2 θ dθ 

  +
x

ax
d

1
22

 

=  θ⋅
θ

d θsec
sec

1 2

22
a

a
 

=  θd
1

a
 

=
a

1 θ + C 

 

= C
a

x
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+
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−1tan
1

 

 

θ

x

a

a
2 - x 2

a
2 + x 2

a

x

θ


