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jL
Jx+3/x

Let 7 =%x, then x = 1

dr=6£dr, Jx =1, VYx =12
dx 61°dt I

= =6 ——dr
j\/}+%/} jt3+t2 I1+t

=6j(t2—t+l—Ljdt
1+1¢

3 2
=6{t——t—+t—ln|l+t|}+c
3 2

=21 =3t> + 61 —61n|l +1| +c

:2\/;—3 E/;+6 %—61n(1 + 6\/;)+ ¢, where c is a constant.
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2. Breakthrough Calculus and Coordinate Geometry by Y.L. Ng & K.M. Pang
Exercise 3.8 p.103 Question 10

1= j( dr @>b>0)

X +l)2)\/x2 +a’
Let x = a tan 0, dx = a sec” 0 dO, x> + b* = &® tan®0 + b*

- .[ asec” 6d0
(a2 tan’ 9+b2)asec9

3 I secBdO
(a2 tan> O+ bz)

I ( cos 6d6

a’sin’ 0+b* cos® 6)

j d(sin©)
(> —b*)sin® B+5°

3 1 J- d(msinﬂ)
(

 Jat-p* (a® —b)sin? 0+5

= Ja’-b*sinb

\Ja? —b2 j“ P+b?
1

tan™ % + C, by formula 6.4 p.82

b\a® -b?

1 4 b
cos +C
b\a® -b? Vu® +b?

— ; E_Sin‘l b +C, since sin! a +cos! a = n
a® -b* | 2 Jla> =b?)sin® 0.+ b? 2
=_ ! sin”' b +C
bNa® -b* \/(az—bz)x2+b2(x2+a2)
xZ +a2

_lb x*+a’

N —b2 a\x®+b’®

+C
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3. Breakthrough Calculus and Coordinate Geometry by Y.L. Ng & K.M. Pang
Solution to Exercise 3.5 Question 16 p.95
3
+ [—
j x +8x-2 _dx
(x2 +4x+ 9)
x> +8x-2 _ Ax+B Cx+D
Let 2 T 2 2
(x2+4x+9) x"+4x+9 (x2+4x+9)

XC+8x-2=(Ax+B) (> +4x+9)+ Cx+ D

Compare coefficients,
¥iA=1
¥:B+4A=0=B=-4
x9A+4B+(C=8=C=15

1:9B+D=-2=D=34
x +8x -2
d.
J.(x2+4x+9)2 ’
x—4 15x+34
B jxz+4x+9 ¥ j(x2+4x+9)2dx
_ j2x+4 12 _I 30x+60+8 d
X +4x+9 x +4x+9)
_ —f d(x +4x+9)_6j ! +EIM paf &
- x> +4x+9 x> +4x+9 2 (x2+4x+9)2 (x2+4x+9)2
1 dx 15 dx
- Eln‘x2+4x+9‘ -6j(x+2)2+5 " A rare9) +4j[(x+2)2+5}
Jx+2 15 dx

lln‘x2 +4x+ 9‘
2

J5

(Let x +2 =+/5tan 0)

l1n\x2 +ax+9 - 6
2

NG

lln‘x2 +4x+ 9‘
2

J5
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6
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V5

4 x+2

 2(x? +4x+9)

j [(x +2)" + ST

15

NG

4 x+2

_2(x2 +4x+9) "

4 J5sec?6d0
[\/g sec 6} )

45

15

V5

T o rdx9)

> .[ cos” 0do
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+
%ln‘xz +4x+9‘ —itan_1 X+2 15

2\5
_ 1+cos26)d6
B T A eares) s J(eos20

= lln‘x2+4x+9‘ O g E2 . 15 + 25 9+Sm26j +C
2 J5 Js o 2l +4x+9) 25

:lln‘x2+4x+9‘ - itan_lx-'-2 - - 15 + 25 tan_IX+2+sin9cose
2 J5 Js o 2l +4x+9) 25 J5

+C

:lln‘x2+4x+9‘ - 28*/gtan‘”“’z - 15 + Z*ED*/E(X;Z) +C
2 25 Vs 2l +4x+9) 25 (x+2)’ 45
1 285 L x+2 15 2 (x+2)

=—In|x*> +4x+9| — tan ' -~ + = +C
e ey - e 5 2 +ax+9) T 5[y +4x+9)

:lln‘x2 +4x+9‘ - 285 tan ' x+2 + 42x—67 +C
2 25 Vs 10(x? +4x+9)

C:\Users\fL.{&{&\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Indefinite\Notes\3.3_indefinite_example.docx Page 4



Indefinite Integral Examples Created by Mr. Francis Hung

4.  To evaluate J‘tan6 xsec’ xdx .

jsecxdx= In|sec x + tan x| ------ (1)

J =J‘sec3 xdx=JAsec2 xsec xdx =Jsec xd (tan x) =sec x tan x —jtan xd (secx)

J :secxtanx—J.secxtan2 xdx=sec xtan x —J.secx(sec2 X —l)dxzsecxtanx—J.sec3 xdx+jsecxdx

2J:secxtanx+J.secxdx: sec x tan x + In|sec x + tan x| by (1)

J :%secxtanx +%ln|secx + tan x| ------ 2)

%((m +n-3)tan"" xsec” x —(m—1)tan"" xsec"” x)

=(m+n-3)(m—-1)tan”? x sec"* x + n(m+n-3) tan™ x sec” x — (m—1)*tan”2 x sec” x — (m—1)(n-2) tan™ x sec" > x
= (m+n-3) tan™2 x sec” x[(m—1)sec’x + n tan’x] — (m—1)tan™2 x sec" > x [(m—1)sec? x + (n—2) tan® x]
= (m+n-3) tan"2 x sec” x[(m—1)(1+tan’x) + n tan’x] — (m—1)tan"2 x sec" x [(m—1)sec® x + (n-2) (sec* x—1)]
= (m+n-3) tan™2 x sec” x[(m+n—1) tan’x + (m—1)] — (m—1)tan”2 x sec"2 x [(m+n-3)sec’ x — (n-2)]
= (m+n-3) (m+n—1)tan™ x sec” x + (m+n-3)(m—1)tan"2 x sec” x— (m—1) (m+n-3)tan"2 x sec" x +(m—1) (n—-2)tan"2 x sec"? x
=(m+n-3)m+n-1)tan" xsec" x + (n—2)(m — 1) tan”2 x sec" > x

(m+n=3)tan"'x sec"x +(m—1)tan™ 'x sec"2x

=(m+n—3)(m+n—1)ftan”’ xsec” xdx+(m—1)(n—Z)J‘tamm_2 xsec” ™ xdx
If 1. :Itan’" xsec” xdx, then

tan"" xsec” x _ (m—-1)tan"" xsec"?x _ (m—1)(n-2)
m+n—1 (m+n—3)(m+n—1) (m+n—3)(m+n—1) m=2.n=2

Im,n =

b =_[tan2 xsecxdx:J.tan xd(secx)=secxtanx—jsec3 xdxzésecxtanx—lln sec x + tan x| by (2)

tan’ xsec’x 3tan’xsecx 3 tan’ xsec’ x tan’xsecx 1
lss = + - I),= + o1
6 4%x6 4x6 ~ 6 8 8 ~
tan’ xsec’ x tan’xsecx 1(1 1
= + -— —secxtanx——ln|secx+tanx|
6 8 8\ 2 2
tan’ xsec’ x tan’xsecx secxtanx 1
= + - +— ln|sec Xx +tan x|
6 8 16 16
t 5 5 5 3 5 5 5 3
an” xsec’ x Stan’ xsec’x 5x3 tan’ xsec’x tan’ xsec’x 3
los = + - 43~ + PR E
10 8x10 8x10 10 16 16
tan’ xsec’ x tan’ xsec’x 3 (tan’xsec’x tan’xsecx secxtanx 1
= + -— + - + —1n|sec X +tan x|
10 16 16 6 8 16 16
tan’ xsec’ x tan’ xsec’x tan’xsec’x 3tan’xsecx 3secxtanx 3
= + - - + - 1n|sec x +tan x|
10 16 32 128 256 256
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5.
Evaluate I

w-x?=x>-1

A
x+Vx? -1

w—2xu+x*=x*-1

W+ 1=2xu

u’+1
X =

2u
dx:u[ﬂZu)—(uz +1)

Created by Mr. Francis Hung

Calculus and Analytic Geometry II by K.S. Ng & Y.K. Kwok P.42 Q5
by using the substitution u = x +v/x> —1.

2 _
7 du=u2 zldu
u u
dx
Let/l=| ——F—
'[x+\/x2—1
1¢1 12—1
I=—I— —du
2'u u
11 1
5o
=%(ln|u|+%j+c
u
1 1
=—Injx +vVx* - 1|+ +c
x+~x> -1
:llnx+\/x2—1+ f ! \t+c¢
2 4x2+2x«/x2—1+x2—1)
1
=—Inlx +~/x* = 1|+ \t+c
2 4" ~1+2x4x* 1)
2 _1_ 2 _
:llnx+ 21l 1 L A2xT —1=2xvx 1')+c
2 4o =1+ 2x/x* -1 ox” =1-2x/x" -1
1 2x* —1-2xvVx* -1
=—In[x+vx* =1+ — ‘ v+
£ I 1 o e g
:%lnx+ x2_1+2x2—1—jx x2_1+c
2 [.2
=§lnx+\/x2—1 +x7_—x x2 _1+c
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Method 2
=
o fx+mdcx_ e
T
=J-(x—m)dx

=%x2 —ItanG(secGtanG)dG,x: sec B, Vx*—1=tan O, dx = sec O tan 6 dO

=%x2 —I(sec3 0 -—sec 6) de
:%x2 —.[sec3 9d9+1n|sec9+tan 9| +C

LetJ =J‘sec3 6d6=jsec 0d (tan 0) =sec Otan 6 —Itan 0d (sec )

=xvxt -1 —.[secetan2 08d0=xvx*-1-J +.[sec9d9

2J =xvxt -1 +1n|secG+tan9|+C

J:%X\/Xz -1 +llnx+\/x2 —1‘+C

J- —lx —J +Injx++/x* - ‘+C

x++/x7 -
:%xz—%x x? —1——lnx+\/x - +lnx+\/x2—1‘+C
:%xz—%x X -1+= lnx+\/x -1|+C
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6.  Calculus and Analytic Geometry Il by K.S. Ng & Y.K. Kwok P.42 Q6

dx : - 2+1-1
Evaluate j— by using the substitution y =—— .
x—x*+1 X
2+1-1_x+1-
wx +1=+x*+1  (Note that u =~ <M ores 0)
X X

2+ 2ux+1=x*+1
@ = Dx* +2ux=0

1- -2 2(1+u?
2u ;dx = ZE( w (2 M)Eﬂuz (+u2)du
1-u’ (1 u) (l—uz)
N e [ 2u jzﬂ_ 2 _\/4u2+1—2u2+u4_21/l_ 1+2u” +u® _2u—(1+u2)
_l—u2 B B -

1-u? 1-u? (1_u2)2 1-u? 1-u?

X =

(l-u) 1-u_u-1

(l u)(l+u)_ 1+u u+l

u+1 2(1+u) [ u+l 2(1+u2) e 1+u’ 3
R T R [k o e T T
1+’ _ A, B _ C D
T T (M (e e

1+ =A0 —u)*(1 +u) + B(1 —w)(1 +u) + C(1 + u) + D(1 — u)?

Putuz—l:D:l
4

J

Let

xX— \/x +1

Putu=1:C=1
Differentiate and putu=1,2=-2B+C= B = —%

Compare coefficients of > A—D=0=A =l
dx 11 1 1 11
— =2 - + +—0 d
'[x—\jx2+1 J-(4 l-u 2(1—u)2 (l—u)3 4 1+ J !
1 1 1 1
==2| ——In|l—u|— —In|l C
e ) o]
LS SRR B ]

“mu (=) 2]
VxT+1-1 x+1-vx* +1 x—=1++yx* +1
1—-u=1- = ;1+u=—
X X X
1—u_x+1—\/x2+1_(x+1—\/x2+1Xx—1—\/x2+1)_(x—\/x2+1)z—1
1+I/l_x 1+1,X +1_ _2X - _2)C

x —2x\jx +1+x2+1-1 2x —2x\jx +1 \/—

-2x

1 , X . x+1+vx%+1 ) (x+1+\/x +1 ) x+1+4/x%2 +1
x+1+x/ﬁ) 2x 2

I—u |y+1- x2+1)
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N x° w1+l +1 )2 |2x +2x+2+2(x + 1IN x% +1 |
(1—u)2 (x+1 —\x? +1 )2 x+1+vx%+1 )Z (2x)
CxPHxH T+ (e IV +1
2
| dx _x+1+\/x2+1_x2+x+1+(x+1)\/x2+1+ll
e+ 2 2 2

2

Nx?+1-x- —%xx/xz +1+C

J- 1 dc+\/x2+1
x—\/x2 +1 x+\/x2 +1

_ x+Nx*+1
_‘[)c2 —(x2 +1)dx

=—J‘(x+\/m)dx
=-x—;—jmdx

2
=—%—I\/tan29+1secz 0d0, x = tan 6, dx = sec? B dO

nWx?+1-x

+C

1y X
2 2
Method 2

J

dx
xX— \/x +1

2
— —J‘sec3 0do
2

2

=—x——lsecetane—lln|sece+tan9|+C
2 2 2
2

= % %@\/1”2 —%ln\/1+x2+x+c
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7.  Calculus and Analytic Geometry II by K.S. Ng & Y.K. Kwok P.55 Q21
Let m, n be non-negative integers and I, = J-cos'” xsinnxdx .

Prove that form=1,n =1, (m + n)lnn, = mly-1 4-1 — cos™ x cos nx .

(m+ )y —mlp-1 -1 = mj [cos’" xsinnx —cos™ xsin (n - l) x} dx+ n_[ cos™ xsin nxdx
= m_[ cos” x[cos xsinnx —sin (n - 1) x] dx + nj cos™ xsin nxdx
=mj'cos’"_1 x[—];—[sin(n +1)x +sin(n—1)x—2sin (n—l)x:|dx+nlwZ
=%J'cosm_1 xI:sin (n+1)x—sin(n-1) x:Idx+nIm,n
=m_[cosm_1x(cos nxsin x)dx+nlm,n ...... (1)

Let y = —cos™ x cos nx

dy

a= n cos™ x sin nx + m cos™!

X COS nx Sin x

y =1 Inn +m'|-cos'”_1 x(cos nxsin x)dx

UForm=1,n21, (m+ n)lnn=mln1,1—cos™ x cos nx
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8. 1= =]

(4x +64) (x +16)

Letx=4tan 0, then Vx> +16=4sec O, dx =4 sec>06do
_I4S“:9de ! e s9d9=I%§ﬁn9+(? ! G—————— C

4S€C9 128 128 V.X +16

Check

1
Lety=—- +
128 x* +16

Jxl+16-——2 x
dy_ 1 4 2/x* +16
dx 128 x> +16
1 Egrz +16-x2

T128 (x2+16ﬁ
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