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1. 
3

dx

x x+  

Let t = 6 x , then x = t6 

dx = 6t5 dt, 3
tx = , 23 tx =  
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 = ctttt ++−+− 1ln6632 23  

 = ( ) cxxxx ++−+⋅− 663  1ln6 6 32 , where c is a constant. 
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2. Breakthrough Calculus and Coordinate Geometry by Y.L. Ng & K.M. Pang 

Exercise 3.8 p.103 Question 10 

I = 
( )2 2 2 2

dx

x b x a+ +  (a > b > 0) 

Let x = a tan θ, dx = a sec2 θ dθ, x2 + b2 = a2 tan2θ + b2 

I = ( )
2

2 2 2

sec d

tan sec

a

a b a

θ θ
θ + θ  

 = ( )2 2 2

sec d

tana b

θ θ
θ +  

 = ( )2 2 2 2

cos d

sin cosa b

θ θ
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 = 
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( )2 2 2 2

d sin

sina b b

θ
− θ +  

 = 
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2 2

2 2 2 22 2

1 d sin
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a b

a b ba b

− θ
− θ +−   

 = 
2 22 2

1 du

u ba b +−  , u = θ− sin22
ba  

 = 
b

u

bab

1

22
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1 −

−
 + C, by formula 6.4 p.82 

 = 
22

1

22
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1
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b
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−  + C 

 = ( ) 



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
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−
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2

π
 

 = – ( ) ( )
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222222

1
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−  + C’ 

= –
22

22
1

22
sin

1

bx

ax

a

b

bab +
+

−
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3. Breakthrough Calculus and Coordinate Geometry by Y.L. Ng & K.M. Pang 

Solution to Exercise 3.5 Question 16 p.95 

( )
3

22

8 2
d

4 9

x x
x

x x

+ −

+ +
  

Let ( )22

3

94

28

++

−+

xx

xx
 ≡ 

942 ++
+
xx

BAx
 + ( )22 94 ++

+

xx

DCx
 

x3 + 8x – 2 ≡ (Ax + B)(x2 + 4x + 9) + Cx + D 

Compare coefficients, 

x3: A = 1 

x2: B + 4A = 0  B = –4 

x: 9A + 4B + C = 8  C = 15 

1: 9B + D = –2  D = 34 

( )
++

−+
dx

xx

xx
22

3

94

28
  

= 
2

4
d

4 9

x
x

x x

−
+ +  + 

( )22

15 34
d

4 9

x
x

x x

+

+ +
  

= 
2

1 2 4 12
d

2 4 9

x
x

x x

+ −
+ +  + 

( )22

1 30 60 8
d

2 4 9

x
x

x x

+ +

+ +
  

= 
( )2

2

d 4 91

2 4 9

x x

x x

+ +
+ + – 6

2

1
d

4 9
x

x x+ + +
( )

( )
2
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d 4 915

2 4 9

x x

x x

+ +

+ +
  + 4

( )22

d

4 9

x

x x+ +
  

= 94ln
2

1 2 ++ xx  – 6
( )2

d

2 5

x

x + +  – ( )942

15
2 ++ xx

 + 4

( )
22

d

2 5

x

x + +
 

  

= 94ln
2

1 2 ++ xx  –
5

2
tan

5

6 1 +− x
 – ( )942

15
2 ++ xx

 + 4

( )
22

d

2 5

x

x + +
 

  

 (Let x + 2 = θtan5 ) 

= 94ln
2

1 2 ++ xx  –
5

2
tan

5

6 1 +− x
– ( )942

15
2 ++ xx

 + 4
2

  4

5 sec d

5 sec

θ θ

 θ 
  

= 94ln
2

1 2 ++ xx  –
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2
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5

6 1 +− x
 – ( )942

15
2 ++ xx

 + 24 5
cos d

25
θ θ  
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= 94ln
2

1 2 ++ xx  –
5

2
tan

5

6 1 +− x
 – ( )942

15
2 ++ xx

 + ( )2 5
1 cos 2 d

25
+ θ θ  

= 94ln
2

1 2 ++ xx  –
5

2
tan

5

6 1 +− x
 – ( )942

15
2 ++ xx

 + 






 θ+θ
2

2sin

25

52
 + C 

= 94ln
2

1 2 ++ xx  – 
5

2
tan

5
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 – ( )942
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2 ++ xx

 + 







θθ++− cossin

5

2
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25

52 1 x

+C 

= 94ln
2
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2
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 – ( )942
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2 ++ xx

 + 
( )

( ) 52
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52
2 ++
+⋅

x

x
+C 

= 94ln
2

1 2 ++ xx  – 
5

2
tan

25

528 1 +− x
 – ( )942
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2 ++ xx

 + 
( )

( )94

2

5

2
2 ++

+
xx

x
+C 

= 94ln
2

1 2 ++ xx  – 
5

2
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528 1 +− x
 + ( )9410

674
2 ++

−
xx

x
 + C 
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4. To evaluate 6 5tan sec dx x x . 

sec dx x = ln|sec x + tan x| ⋯⋯ (1) 

J = 3sec dx x = 2sec sec dx x x = ( )sec d tanx x = ( )sec tan tan d secx x x x−   

J = 2sec tan sec tan dx x x x x−  = ( )2sec tan sec sec 1 dx x x x x− − = 3sec tan sec d sec dx x x x x x− +   

2J = sec tan sec dx x x x+  = sec x tan x + ln|sec x + tan x| by (1) 

J = xxxx tansecln
2

1
tansec

2

1 ++  ⋯⋯ (2) 

( ) ( )( )1 1 2d
3 tan sec 1 tan sec

d
m n m n

m n x x m x x
x

− − −+ − − −  

=(m+n–3)(m–1)tanm–2 x secn+2 x + n(m+n–3) tanm x secn x – (m–1)2tanm–2 x secn x – (m–1)(n–2) tanm x secn–2 x 
= (m+n–3) tanm–2 x secn x[(m–1)sec2x + n tan2x] – (m–1)tanm–2 x secn–2 x [(m–1)sec2 x + (n–2) tan2 x] 
= (m+n–3) tanm–2 x secn x[(m–1)(1+tan2x) + n tan2x] – (m–1)tanm–2 x secn–2 x [(m–1)sec2 x + (n–2) (sec2 x–1)] 
= (m+n–3) tanm–2 x secn x[(m+n–1) tan2x + (m–1)] – (m–1)tanm–2 x secn–2 x [(m+n–3)sec2 x – (n–2)] 
= (m+n–3) (m+n–1)tanm x secn x + (m+n–3)(m–1)tanm–2 x secn x– (m–1) (m+n–3)tanm–2 x secn x +(m–1) (n–2)tanm–2 x secn–2 x 

= (m + n – 3)(m + n – 1) tanm x secn x + (n – 2)(m – 1) tanm–2 x secn–2 x 
(m+n–3)tanm–1x secnx +(m–1)tanm–1x secn–2x  

= ( ) ( ) ( )( ) 2 23 1 tan sec d 1 2 tan sec dm n m n
m n m n x x x m n x x x

− −+ − + − + − −   

If Im,n = tan sec dm n
x x x , then 

Im,n =
( )
( )( )

( )( )
( )( ) 2,2

211

13

21

13

sectan1

1

sectan
−−

−−−

−+−+
−−−

−+−+
−+

−+ nm

nmnm

I
nmnm

nm

nmnm

xxm

nm

xx
 

I2,1 =
2tan sec dx x x = ( )tan d secx x = 3sec tan sec dx x x x−  = xxxx tansecln

2

1
tansec

2

1 +−  by (2) 

I4,3 = 1,2

333

64

3
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sectan3

6

sectan
I
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×
−

×
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8

1
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6

sectan
I

xxxx −+  

 = 






 +−−+ xxxx
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tansecln
2

1
tansec

2
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8

1
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6
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 = xx
xxxxxx
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16

tansec
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sectan 333
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I6,5 = 3,4
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
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
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256
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sectan 3333555

+−+−−+  
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5. Calculus and Analytic Geometry II by K.S. Ng & Y.K. Kwok P.42 Q5 

Evaluate 
2

d

1

x

x x+ −  by using the substitution u = x + 12 −x . 

(u – x)2 = x2 – 1 
u2 – 2xu + x2 = x2 – 1 
u2 + 1 = 2xu 

x =
u

u

2

12 +
 

dx =
( ) ( )2

2

2 1
d

2

u u u
u

u

⋅ − +
=

2

2

1
d

2

u
u

u

−
 

Let I =
2

d

1

x

x x+ −  

I =
2

2

1 1 1
d

2

u
u

u u

−⋅  

 =
3

1 1 1
d

2
u

u u

 − 
 
  

 = c
u

u +






 +
22

1
ln

2

1
 

 = ( ) c

xx

xx +
−+

+−+
2

2

2

14

1
1ln

2

1
 

 = ( ) c
xxxx

xx +
−+−+

+−+
1124

1
1ln

2

1
222

2  

 = ( ) c
xxx

xx +
−+−

+−+
12124

1
1ln

2

1
22

2  

 = ( )
( )
( ) c

xxx

xxx

xxx
xx +

−−−
−−−⋅

−+−
+−+

1212

1212

12124

1
1ln

2

1
22

22

22

2  

 = ( )[ ] c
xxxx

xxx
xx +

−−+−
−−−+−+

141444

1212
1ln

2

1
2224

22
2  

 = c
xxx

xx +−−−+−+
4

1212
1ln

2

1 22
2  

 = c
xxx

xx +−−+−+
2

1

2
1ln

2

1 22
2  
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Method 2 

2

d

1

x

x x+ − =
2

2 2

1 1
d

1 1

x x
x

x x x x

− −⋅
+ − − −  

 = ( )
2

2 2

1
d

1

x x
x

x x

− −
− −  

 = ( )2 1 dx x x− −  

 = ( )21
tan sec tan d

2
x − θ θ θ θ , x = sec θ, 12 −x = tan θ, dx = sec θ tan θ dθ 

 = ( )2 31
sec sec d

2
x − θ − θ θ  

 = 2 31
sec d ln sec tan

2
x C− θ θ + θ + θ +  

Let J = 3sec dθ θ = ( )sec d tanθ θ = ( )sec tan tan d secθ θ − θ θ  

 = 2 21 sec tan dx x − − θ θ θ = 2 1 sec dx x J− − + θ θ  

  

2J = Cxx +θ+θ+− tansecln12  

J = Cxxxx +−++− 1ln
2

1
1

2

1 22  

2

d

1

x

x x+ − = CxxJx +−++− 1ln
2

1 22  

 = Cxxxxxxx +−++−+−−− 1ln1ln
2

1
1

2

1

2

1 2222  

 = Cxxxxx +−++−− 1ln
2

1
1

2

1

2

1 222  
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6. Calculus and Analytic Geometry II by K.S. Ng & Y.K. Kwok P.42 Q6 

Evaluate 
2

d

1

x

x x− +  by using the substitution u =
x

x 112 −+
. 

ux + 1 = 12 +x   (Note that u =
x

x 112 −+ ≤
x

x 11−+
= 1 for x > 0) 

u2x2 + 2ux + 1 = x2 + 1 
(u2 – 1)x2 + 2ux = 0 

x =
21

2

u

u

−
; dx =

( ) ( )
( )

2

22

1 2
2 d

1

u u u
u

u

− − −
⋅ ⋅

−
=

( )
( )

2

22

2 1
d

1

u
u

u

+

−
 

12 +− xx = 1
1

2

1

2
2

22
+









−
−

− u

u

u

u
= ( )22

422

2
1

214

1

2

u

uuu

u

u

−

+−+−
−

=
2

42

1

212

u

uuu

−
++−

=
( )

2

2

1

12

u

uu

−
+−

 

 =
( )

( )( )uu

u

+−
−−

11

1
2

=
u

u

+
−−

1

1
=

1

1

+
−

u

u
 

2

d

1

x

x x− + =
( )

( )
2

22

2 11
d

1 1

uu
u

u u

++ ⋅
− −

 =
( )

( )
( ) ( )

2

2 2

2 11
d

1 1 1

uu
u

u u u

++− ⋅
− + − =

( ) ( )
2

3

1
2 d

1 1

u
u

u u

+−
− +  

Let 
( ) ( )uu

u

+−
+

11

1
3

2

≡
( ) ( ) u

D

u

C

u

B

u

A

+
+

−
+

−
+

− 1111 32
 

1 + u2 ≡ A(1 – u)2(1 + u) + B(1 – u)(1 + u) + C(1 + u) + D(1 – u)3 

Put u = –1: D =
4

1
 

Put u = 1: C = 1 

Differentiate and put u = 1, 2 = –2B + C  B =
2

1−  

Compare coefficients of u3: A – D = 0  A =
4

1
 

2

d

1

x

x x− + =
( ) ( )2 3

1 1 1 1 1 1
2 d

4 1 4 12 1 1
u

u uu u

 
− ⋅ − + + ⋅ 

 − +− − 
  

 = ( ) ( )
Cu

uu
u +








++

−
+

−
−−−− 1ln

4

1

12

1

12

1
1ln

4

1
2

2
 

 =
( )

C
u

u

uu
+

+
−+

−
−

− 1

1
ln

2

1

1

1

1

1
2

 

1 – u =
x

x 11
1

2 −+− =
x

xx 11 2 +−+
; 1 + u =

x

xx 11 2 ++−
 

u

u

+
−

1

1
=

11

11

2

2

++−

+−+

xx

xx
=

( )( )
x

xxxx

2

1111 22

−
+−−+−+

=
( )

x

xx

2

11
2

2

−
−+−

 

 =
x

xxxx

2

1112 222

−
−+++−

=
x

xxx

2

122 22

−
+−

= xx −+12  

u−1

1
= ( )

( )
( )11

11

11 2

2

2 +++

+++⋅
+−+ xx

xx

xx

x
=

( )
x

xxx

2

11 2 +++
=

2

11 2 +++ xx
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( )2
1

1

u−
− = ( )

( )
( )22

2
2

2
2

2

11

11

11 +++

+++⋅
+−+

−
xx

xx

xx

x
=

( )[ ]
( )2

222

2

112222

x

xxxxx +++++−  

 =
( )
2

111 22 +++++− xxxx
 

2

d

1

x

x x− + =
( )

Cxx
xxxxxx +−+++++++−+++

1ln
2

1

2

111

2

11 2
222

 

 = Cxx
x

xx ++−−−+ 1
2

1

2
1ln

2

1 2
2

2  

Method 2 

2

d

1

x

x x− + =
2

2 2

1 1
d

1 1

x x
x

x x x x

+ +⋅
− + + +  

 = ( )
2

2 2

1
d

1

x x
x

x x

+ +
− +  

 = ( )2 1 dx x x− + +  

 =
2

2 1d
2

x
x x− − +  

 =
2

2 2tan 1sec d
2

x− − θ + θ θ , x = tan θ, dx = sec2 θ dθ 

 =
2

3sec d
2

x− − θ θ  

 = C
x +θ+θ−θθ−− tansecln

2

1
tansec

2

1

2

2

 

 = Cxxxx
x +++−+⋅−− 22

2

1ln
2

1
1

2

1

2
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7. Calculus and Analytic Geometry II by K.S. Ng & Y.K. Kwok P.55 Q21 

Let m, n be non-negative integers and Im,n = cos sin dm x nx x . 

Prove that for m ≥ 1, n ≥ 1, (m + n)Im,n = mIm–1,n–1 – cosm x cos nx . 
 

(m + n)Im,n – mIm–1,n–1 = ( )1cos sin cos sin 1 d cos sin dm m mm x nx x n x x n x nx x− − − +    

 = ( )1cos cos sin sin 1 d cos sin dm mm x x nx n x x n x nx x− − − +     

 = ( ) ( ) ( )1
,

1
cos sin 1 sin 1 2sin 1 d

2
m

m n
m x n x n x n x x nI

− ⋅ + + − − − +    

 = ( ) ( )1
,cos sin 1 sin 1 d

2
m

m n

m
x n x n x x nI

− + − − +    

 = ( )1
,cos cos sin dm

m n
m x nx x x nI− +  …… (1) 

 
Let y = –cosm x cos nx 
d

d

y

x
= n cosm x sin nx + m cosm–1 x cos nx sin x 

y = n Im,n + ( )1cos cos sin dmm x nx x x−
  

–cosm x cos nx = n Im,n + (m + n)Im,n – mIm–1,n–1 – n Im,n by (1) 
∴ For m ≥ 1, n ≥ 1, (m + n)Im,n = mIm–1,n–1 – cosm x cos nx 



Indefinite Integral Examples Created by Mr. Francis Hung 

C:\Users\孔德偉\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Indefinite\Notes\3.3_indefinite_example.docx Page 11 

8. I =

( )
3

2 2

d

4 64

x

x +
 =

( )
3

2 2

d

8 16

x

x +
  

Let x = 4 tan θ, then 162 +x = 4 sec θ, dx = 4 sec2 θ dθ 
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