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Example 1
y = |sin x| is periodic with period =t

G(x) = J.:|sin t| dz, Show that G(x) is not a periodic function.
If 0 < x <7, then for all # such that 0 < ¢ <x, |sin ¢| = sin .
G(x) = J.O |smt|dt=_[0 sintdt=—cosx+cos 0=1-cosx
G(m) = J.On|sint|dt= l—cosm=2

G@n) = [[[sinddr + [

sinf|dt =2+2=4

G(3m) =6, G(4r) =28, ---., G(nm) = 2n where n is any integer.

If G(x) 1s a periodic function, then there is a positive constant T such that G(x + T) = G(x)
If T > =, let m be the greatest positive integer such that T=mmn +a, where 0 <a<mn
Letx=n—a,G(x+T)=G((x) = G(r—a+mn+a)=G(n—a)
G(m+1)n)=G(nr—a)
2(m+1)=1-cos(nm—a)
2m+2=1+cosa
2m+1=cosa
contradict to the fact that -1 <cosa <1
Ifthe period T<m
However, letx=n—-T,G(x+T)=G(x) = G(n—T+T)=G(r-T)
G(n)=G(nr-T)
2=1-cosT
cos T=-1
T=mn
contradict to the fact that T <n
If T =mn, let x = m, then G(x + T) = G(x)
= G(n + ) = G(n) = 4 = 2, contradiction

Therefore G cannot be a periodic function.
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Example 2 (Advanced Level Pure Mathematics Calculus and Analytical Geometry 11 by K.S.Ng, Y.K. Kwok p.86 Q7)

c+a

(a) Iffis a continuous periodic function of period 2¢, show that J.j f (x)dx =

—c+a

a is a real constant.

f(x)dx , Where

(b) Iffisan even periodic function of period 27 , evaluate the definite integral J.:Tf (x) sin xdx .

() _[_C:ja f (X)dX:I_Cc+a f(x)dx +I x)dx, for the 2" integral, let u = x — 2¢

=" f(x)de+ [ F u+2c)du=j £(x)de+ [ F (u)du

—c+a —c+a

=" f() dx+j’”“f (x dxzj._ccf(x)dx

—c+a

(b) _[Oznf (x)sinxdx= J.On (x)sin xdx +I )sin xdx, for the 2" integral, let v =21 — x

jnf(x) sin xdx + f(27t—v) sin(2n—v)(—dv)

0

i

:L’If (x)sinxdx + ( v)(—sinv)dv - fis periodic with period 2
= f(x)sm xdx — I f(v)sinvdy - fiseven
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