Second Problem on Integration
Created by Mr. Francis Hung on 20220212. Last updated: 26 February 2023

Aids to Advanced Level Pure Mathematics Part 1 p.189 Q29

(a) Two sequences {a,} and {b,} of positive numbers are related as follows:
b1 > a1, anr1 =+Ja,b, , bun = ;Lb” (n>1)
Prove that both sequences converge to the same limit 7, say.
2
(b) Ifb>a>0,show that the function f given by u = f(¢) = ab+1 , te(0,00) is strictly decreasing
on the interval (0, Jab ] and strictly increasing on the interval [\/% ,0). Hence find an explicit
expression for each of the inverse function of f.
(¢) Let/(a, b)=J-E do ,0<a<b.
* Ja’ cos> 0 +b*sin’ 0
. .. P 2 2 . 2 ab+ t2
By making the substitution t=\/ a”cos”0+b7sin"0 andu = YR show that
¢
Ka, b) = [(\/ab, “;bj .
z do .
(d) Let K(an, by) =J-2 where the sequences {a.} and {b,} are given by
0 \/a,f cos’ 0+b, sin” O
ai =\/£, b1 =4 ;bl , An+1 =4/a,b, , byt = ;rb” foralln>1.
Using (a), show that I(a, b) = I(ax, by).
. z do T
(e) Using (a) and (d), show that |2 =—,
'fo Ja*cos’ 0+b°sin’ 0 2/
Solution
a,+b
(a) bp+1 — apr1 =1 5 “ —,/anbn

2 Vanbn - anbn =0

:>bn+1 Zan+1
=>by>2a,Vn2>1

by —bu+1 = bn_a” +b,1
2
:bn —a, >0
2
:>bn an+1

an+1 — an =+la,b, —an
Ja, 5, ~a,)

:>an+1 Zan
R b1> ce >bn>bn+1 >an+1 >an> ce >a1 .

The sequences {a,} is monotonic increasing and bounded above by b1 and {b,} is monotonic
decreasing and bounded below by a; .
.. Both sequences converge.

Let lima, =k, limb, =m
n—»0 n—>o0
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byey = a, a,+b,

" = limb,,, = lim

n—>0 n—>0

_ktm = k=m, let the common limit be /.

(b) f() == =T

£°(f) ——2"—b+; let (1) =0, £ = ab, t =\Jab
t

£(1) = (t ++ab J¢—~/ab)

If te(O,\/a_ b1, £’(t) <0 = f(¢?) is strictly decreasing.
If te[@ ,0), £°(f) > 0 = () is strictly increasing.

=ab+z‘2
2t
£ —2ut+ab=0
t=u+\u*—ab
© Ia.b)=[? ® 0<a<bh,
0 Ja? cos* 0+bsin’ 0

t=\/a2 cos20+b%sin’0= £ =0a?cos’ 0+ bh?sin O
tdt

2t dt = (-2a” cos 0 sin 6 + 2b” sin 6 cos 0) d6 = dO = ————
(b —a )smecose

0=0,t=a;0=—,t=b.

=
—
ey

bz—t2=b2cosz6—a200526=(b2—a2)00528:>cos9—\/7
Ka. b) ZJ.j tdet _J'
() [ ) =)

b’ -a* \b*-d’

N

£ —a*=b*sin® 0 — a? sin® 0 = (b* — %) sin* @ =sinf = ——

)

dr

l(a, b) = v + &
RN s I”J(bz—f)(f—az)

2
_ab+t i —ab fora<t<iab:t=u-+ul—ab for Nab<t<b.

2t

tzaauza—;b;f=\/£,u=@;t=b,u=a;b.
udu (u—\/uz—ab)du - rdu

\/uz—ab o \/uz—ab __\/uz—ab’

udu _(u+\/u2 —ab)du  tdu

whent=u+vu?—ab,dt=du+ = = .
\/u2 —ab \/u2 —ab \/u2 —ab

When ¢t = u —u’ —ab ,de=du—
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-2 -a)= P+ P b~

I 447

5\2
=12 a2+b2+2ab—4(ab2+t j }
t

= 2(a + by — 4]

dl b dr
I(a, b +
(a,5)= J. \/ B az) J.JE\/(bz_tz)(tz_az)
B tdu tdu
_J’Jf u —ab +J'a+h Nu® —ab
s e[ (arby -] e (arb) -]
J_a+b du J.a+b du
J_\/u —-a \/ a+b 2} J_\/u —-a \/ a+b 4u}
_ J'a;b du
Jab b 2
\/uz—ab\/4|:(a;L j —uz}
a+b
a+b
‘/ —u’ ,/
=1( ab,a;b j by the formula (¥).
> do +b ,+b,
(d) Ian, bn)—joz \/as cos2e+b}fsin29;m:@’blzalZ l,an+1=1/anbn ,bn+1=a 5 ,n>1.

To show I(a, b) = I(an, b,) by mathematical induction on 7 .
By (c), X(a, b) =1[JE, “;” j

= Il(a1, b1)
The formula is true for n = 1.
Suppose I(a, b) = I(ax, br) for some positive integer k.
Use the result of (c¢) and replace a by ax, b by by.

L(a, br) =I(1/akbk , % ;b" J

= I(a+1, bi+1) by the definition.
. I(a, b) = I(ak+1, bi+1) by induction assumption.
The formula is also true for n =k + 1 if it is true for n = k.
By the principle of mathematical induction, /(a, b) = I(ax., b,) for all positive integer n.
do

jo Ja? cos? 0+ b sin 0

(e)

= I(a, b) = I(an, bn) = 1( lima,,limb ] 1(¢,0)
—>®0 n—>

do _lfig0=™

—| 2
jo VPP cos?0+*sin0 (70 20
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