Examples on reduction formulae
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1987 Paper 2 Q4

1 n
(a) For any non-negative integers m and n, let B(m, n) = _[ . x" (l — x) dx.

Show that B(m, n) =LIB(m +1,n—1) foranym>0,n>1.
m+

15!
Hence, or otherwise, deduce that B(m, n) =M .
(m +n+ 1)!
(b) (i) Evaluat j‘x4(1‘x)4 dx
i valuate | ————dx.
L
(i1)) Using (b)(i) and (a), show that L < 22_ < L
s ’ 1260 7 630
1

(@ Bomn)=[ " (1-x) dv=— [ (1-x) dx"

m+1
n ! 1 n
=#[(1—x) x'"“o—jox’"“du—x) }
—m’:ljolx”’”(l—x)"1dx=m’:13(m+1,n—1).
B(m,n)=m’ilB(m+1,n—1)=m’il-;;;B(mu,n—z):.--
_ 1! 1 In! !
T e P 0= (Zf,;)!'(mﬂﬂ)L
B(m, n)=%.

b) (1) x*(1-—x)*=x*1 —dx+6x* -4 +xH) =x*—4x® + 6x5 — ax" + x5
¥ 4’ +5x — 4’ + 4
¥+ 1) x8—4x7 + 6x° —4x° + x*

x® + x°
— 4’ —4x°
—4x’ —4x°
5x° + x*
5x° +5x*
— 4y
— 4t — 4x?
4x?
4x> + 4
-4
x* (1 - x)4 4

=x0— A’ + 5 — 4’ +4 -

1+ x?

4
x (I-x
jl—( ) dx= Ol(x(’—4x5+5x4—4xz+4—1 : de
+X
1 7 6 5 4 3 -1 1
=l=x"——=Xx"+x —Ex +4x—4tan” x

0
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(ii)

)c“(l—)c)4 <x4(l—x)4
2 T 1+x7
4 _ 4 4 _ 4
j1x (1 x) dejlx (1 ;c)
0 2 0 I+x

4 _ 4
1X(l—f)dst(4,4)

<x*(l-x)' foro0<x<1
1
dxs_[ox4(l—x)4dx

1
—B(4,4)<
2 (4.4) Io l+x

114141 1 1x4(1—x)4dx<4!4!_ 1

= ——B(4,4)<
1260 2 9! 2 (4.4) I
1 22 1
<= _r<

1260 ~ 7

o 1+x 9! 630

T 630
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P _m+n+l
2. For any positive integers m, n > 1, let J,  E—

(m, n) 2 J.Z m(l X) dx

(a) Find J(u-1,7) in terms of Jiu,n-1).
(b) Using (a) or otherwise, find Jo-1,2) + Jnn-1) in terms of n.
(c) Hence deduce the value of lim J,—1,1) .

@  Ju- 1n)—w.[2 "(1—x)"dx
2
1
jz (1= x)"dx
1 xn
— 2 _ n >
njo (1-x) d(n
1 1
— _ n2 2 11 -l
X (1 x) O+n-[02x (1-x)""dx
1
_F—FJ(n,n—l)

(b) J(n—l’n) + J(n,n—l) J‘ x" 1(1 x) dX+nI (1 x)n ldx

—n.[l[x” '1-x)" +x" (1 x)" lex
Zn.[oi "1(1 x) 1(1—x+x)d.x
ZnJ‘(} (- x)nildx

Let 1 Z.[ng”’l(l—x)"*1 dv andu=1-x,thenx=1-u

Whenx=0, u= l;Whenx=%,u=l;dx=—du

1

Inl—jozx”l( "ldx I 1 u ’1(—du)

—I 1- un u”’ldu=Lx”’l(l—x) “dx

2

21,11—j2 1= x’”dx+j X7 (1-x)"" dx

:J'O x"(1- x)”f1 dx=B(n-1, n—-1)

_ (n=1)!(n—-1)!

(n—1+n—1+1)!

by the result of example 1(a)

[(n=1)T _ (n=1)tn!

2(2n-1)! 2(2n-1)!

Jo-10) Y -1y =n
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1 _ (n—=1)n!

© ot o = Jomtm F Jom1n =25 2(2n-1)!

—1)n!
2 J(}’l_l,}’l) == 1 +(n—1)'n'

2" 2(2n-1)!
1, (n-1)n!
Jo1) = +
(n=1,n) H2n+l 4(21’!—1)!
lim 1.0 = lim 211+ 1X2><'~~><(71—1)><1><2><--~><n
n—® n—oo | 2 4X1X2X"-X(”_1)X”X(n+1)x'~~><(2n—1)
L x2xex(n=1)
4 noo (I’l+1)><---><(2n_1)
Let a, = l><2><...><(n—1) then a, > 0

(n+1)x---x(2n-1)
L . 1x2x--x(n—1)xn

- _(n+l)><---><(2n—1) (n+2)x--x(2n—=1)x2nx(2n+1)

a
:2n(2n+1):2><2n+1>1
n(n+1) n+l1
o An > Aptl

{ax} 1s monotonic decreasing which is bounded below
By monotonic convergent theorem, lim a, exists.

n—x0

Let lima,=m

n—»0
1

m_. a2+l 2T o -

If m#0,then 1 =—=Ilim —=1im 2x =21lim " — 4, which is a contradiction
m n—o g n—>w n+ n—»0 1
n+l 1 +—
n
lima,=0

Consequently, lim Jy-1,,) = 0.
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