Integration Example - symmetry

Cambridge University Mathematics Entrance Examination 2015 Q6
Created by Mr. Francis Hung on 20230226

. 1 1 2
(i) Show that sec’| —m——X |[=——.
4 2 1+4sin X
. 1 .
Hence integrate ——— with respect to Xx.
1+sin X
. o n . Tt
(i1)) By means of substitution y =  — X, show that IO xf (sm X)dx _EJ.O f (sm X) dx,
where f is any function for which these integrals exist.
T X
Hence evaluate J. —dx.
0 14sin X
3 2
(i) Evaluate |22 gy
* (1+sin X)
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(i)  sec’ ln—lx _ 1
42 2 ( 1 1 j
cos’| —m——x
4 2
- 1 — (double angle formula cos 20 =2 cos? 0 — 1)
—|1+cos2| —m——X
[ cos (4 m ﬂ

=—tan (%n —% x) +C , where C is a constant

(i) Lety=m-—X thenx=mn—-Yy; dx=-dy; whenX=0,y=m; whenx=m,y=0.

dx—J‘: xf (sin x)dx
2J‘0n xf (sin X) dx= TEJ‘OT[ f(sin X)dx
J'On xf (sin x)dx =§I:f(sin X) dx

Let f(x) =

, then by the above result,
1+sin

n _n
J-O 1+sin X _EIO 1+s1nX

m 11\
—tan| —mT——X
2 4 2

0

by the result of (a)

I
I
TN
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X3

iii) Consider | =| —————dx.
(i) J‘(1+smx)
Lety=m—x, then X =m —Yy; dX=—dy; when Xx=0,y =mn; when x=m,y =0.
I=J0 (n—y) (~d ):J-nn3—3n2y+3ny2—y3d :J'nn3—3n2X+3ﬂ?X2—X3 ix
v [1+sin(n— y):'2 0 (1+siny)’ 0 (1+sinx)’
3 3 3 2
jn X dx J _J‘n 31X de:J‘n T —37 X2 dx
(1+s1nx) 1+s1nx) 0 (1+sin X) 0 (1+sin X)

2

(
J = 2X° —3mx’ j

——dx-3n j—dx
(1+s1nx l+sz l+sz)
= [ dx-3n7 j ;dx by the result of (ii)
0 (1+smx 1+smx)

T en 1
SR N
2 JO (1+sinx)2

——%J.O sec ( n——deX by the result of (i)

3
=—n—j sec{ln—lxj 1+tan2(lﬂ:—lxj dx
g Jo 4 2 4" 2

3 T

o T X T T

=—I 4seczu(1+tan2u)du,u=———;x=0,u=—;x=1r,u=——;dx=—2du
4 4 2 4 4

n 3 3
TC—J.“,T 1+tan’ u tanu)=—n—(tanu+ltan3uj4
4= 4 3 E

_ n_ 1_1]
4 3
2 3

3
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