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(i) Show that 2 1 1
sec

4 2
x   

 
=

2

1 sin x
. 

Hence integrate 
1

1 sin x
 with respect to x. 

(ii) By means of substitution y =  – x, show that  
0

f sin dx x x


 =  
0

f sin d
2

x x

 , 

where f is any function for which these integrals exist. 

Hence evaluate 
0

d
1 sin

x
x

x



 . 

(iii) Evaluate 
 

3 2

20

2 3
d

1 sin

x x
x

x

  

 . 
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(i) 2 1 1
sec

4 2
x   

 
=

2

1
1 1

cos
4 2

x   
 

 

 =
1

1 1 1
1 cos 2

2 4 2
x

        

 (double angle formula cos 2 = 2 cos2  – 1) 

 =
2
1

1 cos
2

x   
 

=
2

1 sin x
 

1
d

1 sin
x

x = 21 1 1
sec d

2 4 2
x x   

   

 = 2 1 1 1 1
sec d

4 2 4 2
x x         

     

 =
1 1

tan
4 2

x C    
 

, where C is a constant 

(ii) Let y =  – x, then x =  – y; dx = –dy; when x = 0, y = ; when x = , y = 0. 

 
0

f sin dx x x


 =      
0

f sin dy y y

     

 =    
0

f sin dy y y

  

 =    
0 0

f sin d f sin dy y y y y
 
    

 =    
0 0

f sin d f sin dx x x x x
 
    

 
0

2 f sin dx x x


 =  
0

f sin dx x


  

 
0

f sin dx x x


 =  
0

f sin d
2

x x

  

Let f(x) =
1

1 sin x
, then by the above result, 

0
d

1 sin

x
x

x



 =
0

1
d

2 1 sin
x

x


  

 =
0

1 1
tan

2 4 2
x


        

 by the result of (a) 

 = tan tan
2 4 4

           
=  
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(iii) Consider I =
 

3

20
d

1 sin

x
x

x



 . 

Let y =  – x, then x =  – y; dx = –dy; when x = 0, y = ; when x = , y = 0. 

I =
 

 
 

3
0

2 d
1 sin

y
y

y

 


   
 =

 

3 2 2 3

20

3 3
d

1 sin

y y y
y

y

      

 =
 

3 2 2 3

20

3 3
d

1 sin

x x x
x

x

      

  

 

3

20
d

1 sin

x
x

x



 +
 

3

20
d

1 sin

x
x

x



 –
 

2

20

3
d

1 sin

x
x

x

 

 =
 

3 2

20

3
d

1 sin

x
x

x

   

  

 

3 2

20

2 3
d

1 sin

x x
x

x

  

 =
   

3 2
2 20 0

1
d 3 d

1 sin 1 sin

x
x x

x x

 
  

    

 =
   

3 2
2 20 0

1 1
d 3 d

21 sin 1 sin
x x

x x

 
   

    by the result of (ii) 

 =
 

3

20

1
d

2 1 sin
x

x




  

 =
3

4

0

1 1
sec d

8 4 2
x x

     
   by the result of (i) 

 =
3

2 2

0

1 1 1 1
sec 1 tan d

8 4 2 4 2
x x x

                
  

 =  
3

2 24

4

sec 1 tan d
4

u u u







 , u =
4 2

x
 ; x = 0, u =

4


; x = , u =

4


 ; dx = –2du 

 =    
3

24

4

1 tan d tan
4

u u






  =

3 4
3

4

1
tan tan

4 3
u u






    
 

 

 =
3 1 1

1 1
4 3 3

                 
 

 =
32

3


  


