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Calculus by Michael Spivak p.328-329 Q26-Q27
Jr

The following two questions guide you to find J:O e dy = -
Q26 (a) Use the reduction formula for .[sin” xdx to show that

IO% sin” xdx = 2 -1 IO% sin” ™ xdx .

n
(b) Now show that
Inz sin?M xdx==-—.=..... 2n
357 2n+1
I 51n2"xdx—z.l.§.§ ..... 2n—1
4 2n

224466 2m 2 |, sin”xdr

0

7T
2 133557  2n-1 2”+1j%sin2"“xdx'
0
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. . . . T
(c) Using the fact that 0 < sin?"*! x <sin®" x < sin**! x for 0 <x <E’

J-%sinz" xdx 1

show that 1 < -
2 i 2n+l

n—o| |

hence show that lim(—-—-—-—-—-_.--.._.

(d) Show also that lim{i- 246 2n }=\/E

o) fp 1-3:-5---(2n-1)

Q27 (a) Show that J-;(l—xz)n == ...

and J’ 1 o m 13 _
0(1+x2)” 2 24 2n—2
(b) Prove, using the derivative, that
1-x2<e™ for0<x<I,

2
and e < for0<x.

1+x

(c) Integrate the n™ powers of these inequalities from 0 to 1 and from 0 to oo, respectively.

Then use the substitution y = Jnx to show that

2 4 2n . ©° _ o yis 13
\/ZE ....... <I e}dygjoeydygj*/zi .......

5 2n+1 4

Jn

(d) Use Problem 26(c) to show that J:O e dy = -
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Gamma 0.5 function

Q26 (a) IO% sin” xdx = jo% sin"™" x-sin xdx

(b)

(c)

2
:_.[o sin”™" xd (cos x)

Lo % 1A Co
=_sin" 1xcosx‘o2 +JO cos xd(sin" " x)

% -
=(n-1 I cos? x-sin"? xdx

RN
—_

1—sin? x)sin”"2 xdx

NS

I " sin"2 xdx — IO% sin” xdx}

J% sin"™ xdx—(n—1) IO% sin” xdx

n
J‘Asin2n+1 dx = 2n J.% znil)CdX
0 2n+170
_ 2n 'Zn—2J‘% 213 3 4y
2n+1 2n—170
_ 2n _2”_2_2’1_4.....%-J%sinxdx
2n+1 2n-1 2n-3 3
_246 | 2n
357 2n+1
J‘%SinM xdx _ 2n _IJ'%SiHZn—Z xdx
0 2n 0
=2n—1 . 2n-3 I%Sinzn—z xdx
2n 2n-27°
2L 223 L Psin® wax
2n 2n-2 2
_m 135 2l
2246 2n
{ o, 135 2n-]
jsm xdx=2246 2n

224466  2m  2n | sin”xdy

7T
2 133557 2n-1 2"+1j%sin2"”xdx
0

. . o T
0<sin?!'x<sin?x<sin?'xfor0<x<-=.
173 172 Yo o
0 <_[0 sin®"*! xdx<jo sin®" xdx <IO sin®"™ xdx

0

j%sinz” xdx J‘%sinz”*1 xdx
1< <0

2 2
'[0 sin®"* xdx '[0 sin®"* xdx
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J.O% sin®” xdx Jj sin®"™" xdx
1< <

- , by (a)

I/ sin®™ xdx 2" jésinz”_1 xdx

0 2n+1J

J'V . on

sin”” xdx 1

1 </—< 1+—

J.O sin®"*! xdx 2n

I%sinz” xdx 1
liml <lim . <1l+lim—=1
n—w n—o J'02 Sin2n+1 xdx n—» Qn
J‘ysinz” xdx

By squeezing principle, hm/— =1.
'[0 sin*"*" xdx

224466 21 2n fosmzxdx

T
2 133557 2n12n+1J’ in2™! xdx

% .
T 224466 2 2 ], st

2 133557 ol 2nal [P
IO sin“"" xdx

%

IO sin®” xdx
%

I sin®™*! xdx

0

. (224466 2n 2n ..
=lim| Z.2. 2. 2.2.Z..... . lim
>e\13 3557  2n—1 2n+l)nes

[ (224466 2 2\ =m
\133557 2n-12n+l) 2

d) By E=222266 . 2n j sin®” xdx
e TR R B 2n+1J‘0 e

%o o
n .. 246 2n , josmzxdx
1111 : hmy—
2 me]l 35 2n—1 \/2n+1 n%oojozsin2n+lxdx

%o o
246 22 A2 fo sin” xdx
- lim

Jr=limZ.- 2.2
o] 3§ 2n— 1 [2n+1 naooj' Slnznﬂ xdx
0

=1)
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Q27 (a) Iol(l—x2)ndx,letx=cos9,dx=—sin9d9;x=0,9= ;x=1,0=0.

|

Iol(l -’ )" dx = __[;(1 —cos’ e)n sin 6dO

= ["sin®" 60
246
357 2041

by Q26(b)

w;dx,letx=cot9,dx=—csczed9;x—>0+,9—>£ ;x> 0,0 0"
"(1+47) 2

——dx=- ;ncsczede
0 (1+x2) %(l+cot26)
=J‘%%csc2 0do
0 csc™" O
—["sin* 0do
n 135 2n-3
2246 2n—2
(b) Letf(x)=e ™ +x*—1
f(x)=-2x e+ 2x
=2x(1 —e’xz)
£)=0=>x=0

2
ForO0<x, e" >e=

by Q26(b)

et <]
=1-e">0
= 2x(1-e*)>0
=f’x)>0
.. £7(x) is strictly increasing for x > 0
f(x) > (0)
e+ —1>0
1-x*<e™ for0<x<1.
Let g(x) = 1+ x2 —¢"
g’ (x)=2x—2x e

=2x(1 —e" )
g0)=0
Forx>0, e >e'=1
1-e <0=g'(x) <0
.. g(x) is strictly decreasing for x > 0
g(x) <g(0) forx>0
1+x2<e”
2 1

< 2
I+ x

—X

2
e < for0<x.

1+x
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(c) By(b),1-x*<e™ for0<x<1and e‘x2£1+ forx>0.
x
= (1-x)'<e™ for0<x<1and e < forxz0,
(1+x2)n
:;J.l(l—xz)ndx_j nxdx and I ’”dx<_[ —ndx ...... (*)
0 0 (l+x )

y= Jnx, dx—Tyx 0,y=0x=1,y= \/;x—)OO,y—)oo
g o dy © 2. e 2 dy
J.OQ dx—jo e’ ﬁ and J.O e dx—jo e’ ﬁ

1 (oo 1 e
—EL e’ dy and ——njo e’ dy
* 1 _ 2 < 1 —nx nx *® 1
By (), [ (1-#") dv<| e™dx<["e dxsjo (1+x2)ndx
2 46 2n 1 . 1l ¢» ». w135 2n-3
el dy<— Ydy<s .o 2 T
357  2n+l \/Zjoe Y \/Zjo Y0046
2 4 2n © . m ~13  2n-3
LU dy<| eV dy<s=An—Z. 22 o
\/_3 5 2+l I R AW 2m—2 )
N

(d) Use Problem 26(c) to show that Iow e dy =

(d) Take limit as n — oo in (**)

1im(ﬁ3.i ..... 2n j [[erat. hm(\/—l _______ 2n—3j

35  2n+l P 4 2n-2

pof L 24620 o <[ e < An 135 (2n-1) b 2n

oo 135 (2n—1) = 2n+1 " 90 2\ 1 24621 e 2n-3
Jr 1 _n

_<J' edy< . =NT > ; by the result of 26(d)

2 Jn
n

By squeezing principle, I: e dy = S
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