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Calculus by Michael Spivak p.328-329 Q26-Q27 
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(b) Prove, using the derivative, that 
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(c) Integrate the nth powers of these inequalities from 0 to 1 and from 0 to , respectively. 
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(d) Use Problem 26(c) to show that 
2

0
d

2
ye y

  
 . 



Gamma 0.5 function Created by Mr. Francis Hung 

C:\Users\85290\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Definite\note\4.08_gamma0.5.docx Page 2 

Q26 (a) 
2 2 1

0 0
sin d sin sin dn nx x x x x

 
    

 =  2 1

0
sin d cosn x x


  

 =  221 1

0 0
sin cos cos d sinn nx x x x


     

 =   2 2 2

0
1 cos sin dnn x x x


   

 =    2 2 2

0
1 1 sin sin dnn x x x


   

 =   2 22

0 0
1 sin d sin dn nn x x x x

 
       

2

0
sin dn x x



 =    2 22

0 0
1 sin d 1 sin dn nn x x n x x

 
     

n
2

0
sin dn x x



 =   2 2

0
1 sin dnn x x


   





 22  

0 

2 

0 
sin

1
sin xdx

n

n
xdx nn  

(b) 
2 22 1 2 1

0 0

2
sin d sin d

2 1
n nn

x x x x
n

 
 

   

 =
2 2 3

0

2 2 2
sin d

2 1 2 1
nn n

x x
n n





    

 =
2

0

2 2 2 2 4 2
sin d

2 1 2 1 2 3 3

n n n
x x

n n n

 
    

     

 =
12

2

7

6

5

4

3

2




n

n  

2 2

0
sin dn x x



 =
2 2 2

0

2 1
sin d

2
nn

x x
n




  

 =
2 2 2

0

2 1 2 3
sin d

2 2 2
nn n

x x
n n


 


   

 =
2 0

0

2 1 2 3 1
sin d

2 2 2 2

n n
x x

n n

 
   

   

 =
n

n

2

12

6

5

4

3

2

1

2




   

2

2

2

0

2 1

0

sin d

sin d

n

n

x x

x x









=

12

2

7

6

5

4

3

2
2

12

6

5

4

3

2

1

2









n

n
n

n




 

2

2

2

0

2 1

0

sin d2 2 4 4 6 6 2 2

2 1 3 3 5 5 7 2 1 2 1 sin d

n

n

x xn n

n n x x







        

 



  

(c) 0 < sin2n+1 x < sin2n x < sin2n–1 x for 0 < x <
2


. 

0 <
2 2 1

0
sin dn x x


 <

2 2

0
sin dn x x



 <
2 2 1

0
sin dn x x


  

1 <

2

2

2

0

2 1

0

sin d

sin d

n

n

x x

x x









<

2

2

2 1

0

2 1

0

sin d

sin d

n

n

x x

x x












 



Gamma 0.5 function Created by Mr. Francis Hung 

C:\Users\85290\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Definite\note\4.08_gamma0.5.docx Page 3 

1 <

2

2

2

0

2 1

0

sin d

sin d

n

n

x x

x x









<

2

2

2 1

0

2 1

0

sin d

2
sin d

2 1

n

n

x x

n
x x

n














, by (a) 

1 <

2

2

2

0

2 1

0

sin d

sin d

n

n

x x

x x









< 1+
n2

1
 

1lim
n


2

2

2

0

2 1

0

sin d
lim

sin d

n

n n

x x

x x




 




 1+
nn 2

1
lim


= 1 

By squeezing principle, 

2

2

2

0

2 1

0

sin d
lim

sin d

n

n n

x x

x x




 




= 1. 

From (b), 

2

2

2

0

2 1

0

sin d2 2 4 4 6 6 2 2

2 1 3 3 5 5 7 2 1 2 1 sin d

n

n

x xn n

n n x x







         

 



  

2

2

2

0

2 1

0

sin d2 2 4 4 6 6 2 2
lim

2 1 3 3 5 5 7 2 1 2 1 sin d

n

n n

x xn n

n n x x




 

 
              

 




  

 =

2

2

2

0

2 1

0

sin d2 2 4 4 6 6 2 2
lim lim

1 3 3 5 5 7 2 1 2 1 sin d

n

n n n

x xn n

n n x x




  

           



  

 
212

2

12

2

7

6

5

6

5

4

3

4

3

2

1

2
lim

















 n

n

n

n
n

  

(d) By (b),

2

2

2

0

2 1

0

sin d2 2 4 4 6 6 2 2

2 1 3 3 5 5 7 2 1 2 1 sin d

n

n

x xn n

n n x x







        

 



  

2

2

2

0

2 1

0

sin d2 4 6 2 1
lim lim

2 1 3 5 2 1 2 1 sin d

n

n n n

x xn

n n x x




  


     

 



  

12

2

12

2

5

6

3

4

1

2
lim







 nn

n
n

  (
2

2

2

0

2 1

0

sin d
lim

sin d

n

n n

x x

x x




 




= 1) 

 =  



























n
n

n

nn 1
2

2

12531

26421
lim




 

  












 12531

26421
lim

n

n

nn 


 



Gamma 0.5 function Created by Mr. Francis Hung 

C:\Users\85290\Dropbox\Data\MathsData\Pure_Maths\calculus\Integration\Definite\note\4.08_gamma0.5.docx Page 4 
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