ArcLength Example
Created by Mr. Francis Hung on 20110422 Last updated: February 26, 2023
Given x° + y* = 3axy, find the arc length of the loop.
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Letx=rcos0,y=rsin 0
7 cos® 0 + 77 sin’0 = 3ar? sin O cos O

_ 3asinOcosO
cos’ 0+sin> 0
dr ; (cos3 0+sin’ 9) (cos2 0 —sin’ 6) —3sin O cos 6(—0052 0sin 0 +sin” O cos 9)
—=3a
do (cos3 0+sin’ 6)2

_ 34 cos’ 0 —sin’ 0+ 2cos’ Osin’ 0—2sin> Ocos’ O

(cos3 0+ sin’ 6)2
cos’ 6(cos2 0+ 2sin? 6)— sin® E)(sin2 0+ 2cos? 8)

= 3a
(cos3 0+ sin’ 6)2
_ 34 cos’ 6(1 +sin? 6)— sin® 9(1 +cos’ 9)
(cos3 0 +sin’ G)Z

cos® O —sin’ B+ cos’ Bsin’ O —sin’ Hcos” O
(cos®+sin 6)2 (cos2 0 —sinOcosO +sin’ 6)2
(cos®—sin 9)(0052 0 +sinBcos O +sin’ 9)+ sin® ©cos” B(cos O —sin 6)
(cos2 0+ 2sinOcosO +sin’ 6X1 —sinBcos0)’
(cos© —sin 9)(1 +5sinOcos O +sin” O cos’ 6)
(1+2sinBcosO)(1—sin O cos 9)2

= 3a

= 3a

= 3q

Letu=sin20=2sin0 cos O = sin 0 cos 0 = u

2
, (drY 3asinOcosh \’ (cose—sine)(1+sin9c056+sin29c0529)
ro+| — = ﬁ + 3a

do cos” 0 +sin” O

) (1+2sinBcosO)(1—sin Ocos 6)2

3au\’
_ (2j 4942 (cosB—sin 9)2(1+sin9cos(9+sin2 0cos’ 9)2
(1+2sinBcos6)(1 —sin Ocos 6)2 (1+2sinBcos 6)2 (1-sin®cos 9)4
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2 (gjz(l+u)(l—§j2 +(1—u{1+§+u42j2
(l+u)2(l—gj4

_ 9,2 uz(1+u)(2—u)2 +(1—u)(4+2u+uz)Z
(+uf 2—u)'

, —6ut —8u’ +16

((+u)2—u)

T Q.3
Arc length = J. r +(er dO:I2 9042~ 28u +1?d9
do 0 (1+u) (2-u)

3a\/__[ —3sin* 20 —4sin’ 26+8de
1+sm29) (2—sm29)
3a\/_

= 9a

= O9q

=v/=3sin* o —4sin’ o +8

= J —da, . =20
2 %" (1+sina)(2-sina)
) 2 2
Lett=tang,smoc= —tz, o= itz;a=0,t=0;a—>n,t—>oo
2 1+¢ 1+¢

—3(”)4—4( 2 j3+8
3a\2 Iw 1442 1+ 2dt
2 J0 2t 2t 2 1+
1+ 5 2— 5
1+¢ 1+¢

IR \/ 3161 —4-87 (1422 )+ 8(1+7)’

Arc length =

d
(1+2047) (2426 ~21) t

\/ 6 =4’ (148 )+ (1+7 )
s, (1+e) (1=t +22)

_ ., J-w\/t AL — 48 —AF + 417 +1

(1+t)

=3a(1.63916), by using the software Mathematica
=4.91748a

dr

dr
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