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Let f:[a, b] → ℝ be a continuous function, for all x1 < x2 ∈ [a, b] with f(x1) ≠ f(x2) . 

Then f takes every value between f(x1) and f(x2) somewhere in the interval (x1, x2). 

 

Proof: WLOG assume f(x1) < f(x2). Let f(x1) < k < f(x2). 

Define g: [x1, x2] → ℝ by g(x) = f(x) – k . 

g(x1) = f(x1) – k < 0 

g(x2) = f(x2) – k > 0 

By Bolzano's Theorem, ∃ t ∈ (x1, x2) such that  g(t) = 0 

i.e. ∃ t ∈ (x1, x2) such that f(t) = k 


