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Let f:[a, b] » R be continuous on [a, b] and differentiable on (a, b).

Then Lt U(a, b) such that £’(c) :M.

—-da

Proof: Consider the auxiliary function g(x) = f(a) — f(x) + 2_ a [f (b) -f (a)]
-a

Then g(x) is continuous on [a, b] and differentiable on (a, b).

gla)=gb)=0.

oy _£(b)=f(a)
By Rolle's Theorem, L U (a, b) s.t. g’(c¢) = 0 and hence f ’(¢) =———+.

Cauchy Mean Value Theorem

Let f and g be differentiable on (a, b) and continuous an [a, b],
then e O(a, b) such that  [£(b) - f(a)]g’(c) = [g(b) — g@)]If (c) .
Proof: Define h(x) = f(x)[g(D) - g(a)] - g()[f(D) - f(a)]
Then h is continuous on [a, b] and differentiable on (a, b) .
We have h(a) = f(a) g(b) — g(a)f(b)
h(D) = f(a)g(b) - g(a)f(b)
0 h(a) = h(b)

By Rolle’s Theorem, Lk U (a, b) s.t. h’(c) = 0 and result follows.
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Example 1

a a
0 4
n+l n

If tot Dl g =0,
2

1

prove that the equation aox” + aix™™ + ... + an-1 x + a, = 0 has at least one root between 0 and 1.

ax"  ax" a _x*
Let f(x) =—"—+—"—+...+ "1 +q x.
n+l n 2

Then f(x) is a polynomial which is continuously differentiable everywhere.

a

f(0)=0and f(1) =

a a, .
+_l+...+”_1+an =0 (glven)
n+tl n 2

By mean valued theorem, [ [J(0, 1) such that f’(¢) =0

1

f’lc)=aoc*"+ard"+ - +ap-1c+an=0

i.e. the equation aox" + a1x"™' + -+ 4+ an,_1 x + a, = 0 has at least one root (c) between 0 and 1 .

Example 2
By using mean value theorem on f(x) = cos x (in radians) with a :g +%, b ZE’
prove that 1 s cos61° >l—l.
2 360 2 180
f(x):cosx,a:l[ + l,b: I
180 3
Vs Vs m
f(a) =1 () {3 i) (3)
Uc O (b, a) such that ———~ =1’(¢) = =-sin ¢
a-b 3
180
isin30° <isinc :l—cos61° <isin90°
180 180 2 180
—<—-cosbl’'<— = l——> cos 61° >l—l
360 2 180 2 360 2 180
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Example 3
(a) Iff’(x)existsin 0 < a < x < b, show that there exists ¢ L(a, b) such that

f(b) - f(@) = ¢ £(c) In 2|
a
(Hint: Let g(x) = [f(6) — f(a)] In> — f(x) m2)
a a

1 1
(b) By taking f(x) =x", deduce that lim n(a" —lj =Ina fora>0.

n-—o

(@ Let g() = [f(B) — f(@)] In > —f(x) n2
a a

2(@) =~ f@ In 2; g(b) = - (@) In 2
a a
By Rolle’s Theorem, there exists ¢ U(a, b) such that g’(c) =0

[f(b) — f(a)] 1 f’(c) lnéz 0
c a

f(b) —f(a)=ct’(c) lné.
a
(b) Whena=1,LHS=RHS =0

1 1
Whena > 1, n(a” —1)= ncf’(c)lna=c"Ina, for some cld(1, a).

1

Thenc=(1+hy)"=1+nhy+--->1+nh,

C__1>hn>()
n

lim <=L> lim A > lim 0

n— o n n — 0 n — 00

By squeezing principle, lim#h, =0
0 limcr =1

n—o

lim n[ai —1) ~Ing

1 1
When0<a<1, n(a” —1j= c¢"In a , for some cl(a, 1) .

1
%>1:> lim%zl:limc”:l

c" C

0 1imn[ai —1) ~Ing

n—o
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Mean Value Theorem for Integrals
Calculus Volume 2 Second Edition by Tom M.APOSTOL p.154, 219

Theorem 1 If f is continuous on [a, b], then for some c in [a,b] we have I hf (x) dx=f(c)(b—a)

Proof: Let Max(f(x)) =M, Min(f(x)) =m .
m<f(x)sM

mb-ay< [ £(x)dv< M- a)

ms —['f(x)dx <M

b—-a
By the intermediate-value theorem, there exists a constant c: a < ¢ < b, such that

1 b
P f(x)dr=flo)

[t (x)dx=fe)b - a)

Theorem 2 Weighted Mean-Valued Theorem for Integrals

Assume f and g are continuous on [a, b] . If g is never changes sign in [a,b], then there

exists ¢ [[a,b] such that Lbf (x)g(x)dx=f (C)J.jg(x)dx

Proof: If g(x) = 0 for all x U [a,b], then J.bg (x)dx =0

Let Max(f(x)) = M, Min(f(x)) = m.
mg(x) < f(x) g(x) < Mg(x)

mJjg(x)deLbf(x)g(x)dngﬂg(x)dx ............ (*)

if [ g(x)dx=0, then g(x) = 0 for all xfa, b].

(otherwise [ikoll(a,b) such that g(xo) > 0,

since g is continuous, (g > 0, (B > 0 s.t. |x — xo| < & = |g(x) — g(x0)| < €
—£ < g(x)—glxo) <€

—€ + g(x0) < g(x) < € + g(xo)

letS:%g(xo) >0, then %g(xo)<g(x)<%g(x0),for all x: |x —xo| < O

b Xo+0 . . .
L g(x)dx 2 L - (x)dx > 0, which leads to a contradiction.)

[le(x)dr.c= 2"

a

In this case, jhf(X)g(x)dx:jbde: 0= f(a;'bj

if [ g(x)dxz0, then [ g(x)dr>0;divide (%) by [ g(x)dr.
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b
. L ffx)g(x)dx <
[, g(x)ax
By the intermediate-value theorem, there exists a constant c: a < ¢ < b, such that
[t (x)g(x)dx

J ()

I:f(x)g(x)dx=f(6)fjg(x)dx

If g(x) <0, we can arrive at the same result if we apply on —g(x) 20 .

=1(c)

Theorem 3 Second Mean Value Theorem for Integrals
Assume g is continuous on [a, b], and assume f has a derivative which is continuous and

never change sign in [a, b] . Then there exists cl[a, b] such that

[7f (x) g (x)dx=f) [ g (x)dr+ f0) [ g (

Proof: Let G(x) = j dt since g is continuous, we have G’(x) = g(x)

Therefore integrating by parts gives

j x)dx= j Ilf( )dG(x)

= f(b)G(b) - j"f '(x)G(x)dx (-~G(a)=0)

b
By Theorem 2, we have L f '( )G( )dx G(c)_[ dx for some cU[a, b] .
= G(o)[f(D) - f(a)]

[t (x) g (x)dx= £5)G(b) ~ GOI(b) ~ f(a)]
=1(6) [ g (r) e~ [£6) ~ f@)] [ g

= f(a) j x)dx + (b) j
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HKAL Past Paper 1995 Paper 2 Q13(b)

Let F(x) be a function with a continuous second derivative such that F’(x) 20and F’(x)=2m > 0

for a < x < b. Using Theorem 3 with f(x) =— F'E ) and g(x) = —F’(x) cos F(x),
X
b 4
show that I cosF(x)dx <—.
a m
F"(x) . . .
f’(x) =——~=> 0 for all x U[a, b], so f(x) satisfies the conditions in Theorem 3 .

[ cosF(x)dx=fa) [ g (x) dx+ fb) j x)dx, for some c[[a,b]

=—; J: —F'(x)cosF(x)dx—

F'(a)

I e, |

(a)L F (x)cosF(x)dx+WL F (x)cosF(x)dx
1

(

] L"cosp(x)dp(xp#b) [/ cosF(x)dF (x)

ﬁ [/ ~F(x)cos F(x)dx

FV

=$sin F(x)‘; +#b)8in F(x)‘f

J-bcos F(x) dx‘ = F'za) |:sin F(c) —sin F(a):l + F'zb)

|:sin F(b) —sin F(c)]

smF ‘ ‘smFa‘ ‘smF ‘ ‘smF )‘
<
Fl]  F] FE T FE)
<4
m

(¢c) (i) Show that J.; cos (x" ) dx < _[01 cos ()c"+l ) dx

Hence show that hmJ- cos( )dx exists.

n—o

(i1) Using (b), or otherwise, show that lim .[ cos( )dx exists.

n-o

(i) PForO<sx<1,x"=x",
0 < cos(x") € cos(x™)

_[Olcos (x")dx < J.Olcos (x"”)dx
The sequence {Ll cos (x" ) dx} is monotonic increasing which is bounded above by 1 .

By Monotonic convergent Theorem, hmJ- cos( )dx exists.

n—o
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(i) LetF(x)=x";1<x<2m.

Fornz22, FP(x)=nx"'2n>0and F’(x) = n(n — Hx">>0

4
S_
n

LBy (b),

2T "
L cos x"dx|

= lim

n—o

Ilzncos x”dx‘ =0

2T
= lim| cosx"dx=0

n-—o

lim 2T[cos(x”)dx =lim 1cos()c”)dxﬂim

n-o nood0 n-oodl

2T[cos(x” )dx

= lim 1cos(x”)dx

noodl

U The limit exists.
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