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Theorem 1 (Lagrange form)

Suppose f*~D(x) is continuous on [a, b] and differentiable on (a, b),

w1 (1) ()
then Ox O (a, b) OcO(a, x) such that f(x) = f(a) + zf—('a)(x—a)r +f—sc)(x—a)”
= ! n!

Proof: Let g(t) = (t— a)" ; Note: g”(a) =0 for 0 < r < n and g"(f) = n!

-1 £(1) -1 o7
Define F(r) = (1) + #(x—t)r ; G() = g(n) + g—St)(x—z)’ :
1 r. 1 r.

r= r=

F, G satisfies the conditions of Cauchy’s mean value theorem
then Lc U (a, x) such that [F(x) — F(a)]G’(¢) = [G(x) — G(a)]F’(¢)
f(n—1) ( t)

F(¢) = f £’ f(Z)(t) )Y+t -\
) =D+ Ox-0+ — (x=1)" +-- W(x t)
, ) ) » ’ ®) (t) 2 £©) (t) 2 £ (t) n-1
F() =) - (1) + £ () (x—1) — £ (t)(x—t)+T(x—t) —T(x—t) + +(n_1)!(x—t)
£ (4 .
) n—(l))!(x_t)
()
G<r>=(gn_(lt)) (x=1)" = (n’fl),(x—t)"‘1 = n(x — 1!
n-1 f(’) (a) . a4 . f(") (C) -
f(x)—f(a)—m = (x=a) |n(x-c) =|(x-a) —0}(n_1)‘(x—c)
i £(7) ()
=@+ f r(!“) (x—a) +1 nfc) (x-a)". QED.
n-l f(’) (a) .
f(a) + Z ' (x—a) is called the Taylor Polynomial of degree n — 1.
r=1 r.
f(") (c)
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Taylor’s Theorem (Cauchy form) Mr. Francis Hung

Theorem 2 (Cauchy form)
Suppose f"V(x) is continuous on [a, b] and differentiable on (a, b),

-1 £(7)
then Ux U (a, b) Ucl(a, x) such that  f(x) =f(a) + z&(x —a) + ( 1)'
r=l1 r. n—1j)!
-1 £(7)
Proof: Define F() = f(x) — f(¢) — z f (t )

r=1

(x=1)

r!

e Py
F (1) =—m(x—t)

By mean value theorem, Uc U (a, x) such that

£) (a)

n—

1
1

(x=a) £ () (c)

0—f(x)+f(a)+; mr - e
x—a - (n—l)!(x c)
f(x) = f(a) + nz_lf(r) (4) (x=a) + (c) (x-a)(x-¢)"”".QED.

r=1 r!

Corollary (Maclaurin’s Theorem)

n-1 f(’) (0) f(") (C)
Put a = 0, then Ux U (a, b) Ocl(a, x) such that f(x) = f(0) + ' x"+ x".
1 r .

r= n!
Examples
3 5 2n-1
sin x = x—x_+x_—...+(_1)n X ‘.
35! (2n-1)
2 4 2n
Cos x = l—x—+x_—...+(_ )n X
20 4 (2n)!
S 2n-1
tan~! x = x—_+x_—...+(_1)n—l X o
3.5 2n-1
€”x=1+x+ —+——...+_+.__
20 3! n!
23 .
In(1+x)= x—x_+x__...+(—1)”x_+...;|x|<1(1n2: 1—l+l—--~+(—1)"l+.,,)
2 3 n 5*3 ;
2 .3 .
Al == e ()T <
2 3 n
— 2 3 "
In 1_x =2 x—x_+x__...+(_1)n—1X_+“. ;|x|<1
1+x 2 3 n
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Taylor’s Theorem Integral form Mr. Francis Hung.

Theorem 3 (Integral form) 1984 Paper 2 Q2, 2003 Paper 2 Q12
If f is n times continuously differentiable on [a — A, a + h],then

=S gy [0 (B,

= k! (n-1)!
3 _ 1 X _ L\l o (m)
Proof: Let I, = WL (X l) f (t)dt,mZ 1
1 px m m+ 1 px m m
Lnst = %L (x=1)" 1)(t)dt=% (x-1) dt" (1)
1 m o(m . I px (m mo. .
= %[(x—t) fl )(t)l)—% Of( )(t)d(x—t) (integration by parts)
1 mge\m 1 * m= m
=~ )(0)+—(m_1)!f0 (x=e)"" £ (1) ar
(m)
_, M0,
m!
(n1)
IL,=1. f—(()) n-l
(n-1)!
(n—2) (n—l)
— In—2 _f (0) xn—Z f (O) xn—l
(n-2)! (n-1)!
— Il _ f(l) (0) x— _f(n_Z) (0) xn—Z _ f("_l) (O) xn—l
1! (n-2)! (n-1)!

1 x - X X
On the other hand, I; = FI (x—t)1 L) (t)dr =J'0 £ '(z)d;=j0 df (1) = f(x) - £(0)

0

L= ) - £0) - () (0 =
0 =100 = 0) - == X - (i) _ o) X
f(l) (0) f(n_Z) (0) n-2 f(”_l) (O) n-1 1 x (n) n-1
f(x) = f(0) + o X oeee + o) X7+ = X +(n_1)!Lf (t)(x-1)

1984 Paper 2 Q2c¢ Show that O <In(1 +x) —x + %xz —%x3 +%x4 <%x5, for0<x<1

Putting f(x) = In(1+x) which is infinitely differentiable on (-1, 1),
1) (n-1)!
1+x

(1+x)
F 0 1, In(1+x) =In 1 LHNEE A
< < = - — 44
or any x<1,In(l+x)=In1 +x N
. e o148
Since 15 _ZJ-O (x—t) (1+t)5 dt
>0as (x—1)*, (1+x)>0fors0(0,x)
2 3 4
Omln(l+x)-x+2 -2+ =750
2 3 3
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Taylor’s Theorem Created by Mr. Francis Hung

5 5
Similarly, 16:%j:(x_t) C) Yy <o
! +

2
0 1n(1+x)—x+%——+—=16 +<—
2003 Paper 2Q12 (b)
1
V1-x?

(i) Prove that (1 —x?)g’(x) —x g(x) =
Hence deduce that (1 —x?) g"D(x) — 2n + 1) x g”(x) - n> g"V(x) =0, where g¥ = g .

Define g(x) = for all x J (-1, 1) . Let n be a positive integer.

2
) (2n):
(ii) Prove that g?"(0) = 0 and g®”(0) = (WJ .
2" \n!)

. = C L oyt on)
(iii)) Using (a), prove that g(x) = ;22" (2n—1)!j0 (x t) g (t)dt

i) A-x)gw=1
Differentiate both sides w.r.t. x :
2(1 - x)g(x)g’ (x) — 2x g*(x) =0
v g #0, (1-x)g'(x) —x g) =0 -ooovvee (*)
Use Leibniz rule to differentiate (*) w.r.t. x n times.
(1 —x%) g"*D(x) - 2nx g"(x) — n(n — Dg" P(x) —x g”(x) —n g" P(x) =0

(1 _x2) g(n+l)(_x) _ (2n + 1) X g(n)(x) _ n2 g("*l)(x) =0 ceeernnes (**)
2
y [ [2x0)
i) gO0)=1= ( 50 Ol)j

Putx=01n (*), 2°(0)=0

2
|
Putx=0,n=11into (**), g”(0)=1= ( 212'1')j

[ the statement is true for n = 1

2
(2k)

Suppose g?-D(0) = 0 and g?(0) = (Wj
2k k1)

Put x = 0, n = 2k into (**): g***D(0) = (2k)> g?*1(0) = 0

2 2
. 2% +1)! (2k +2)
Put x = 0, n = 2k+1 into (¥*): g**2(0) = (2k + 1)? g?7(0) = (2 = | +n
¢ ¢ 2% k) R4 Jie+1):
The statement is also true for n = k + 1, by M. L., the statement is true for all » LIN {0}
(i) By Taylor's Theorem (integral form), (replace n by 2n, put a = 0)

2nl

=5 e [ 0 D

—_

[ (2k) ! ]
=S (2)(k ) 2% 4 1) J'X(x—t)z"_lg(z”)(t)dz

I

= ==
—_ [=)

S T [(eme)" g (1) e
per i (2n-1)
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