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Theorem 1 (Lagrange form) 

Suppose f(n–1)(x) is continuous on [a, b] and differentiable on (a, b),  

then ∀x ∈ (a, b) ∃ c∈(a, x) such that f(x) = f(a) + 
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Proof: Let g(t) = (t – a)n ; Note: g(r)(a) = 0 for 0 ≤ r < n and g(n)(t) = n! 
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 F, G satisfies the conditions of Cauchy’s mean value theorem 
 then ∃ c ∈ (a, x) such that [F(x) – F(a)]G’(c) = [G(x) – G(a)]F’(c) 

 F(t) = f(t) + f’(t)(x – t) + 
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F’(t) = f’(t) – f’(t) + f ”(t)(x–t) – f ”(t)(x–t) +
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f(x) = f(a) +
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f(a) + 
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−  is called the Taylor Polynomial of degree n – 1. 

( ) ( ) ( )f

!

n
nc

x a
n

−  is the remainder of Lagrange form 

 



Taylor’s Theorem (Cauchy form) Mr. Francis Hung 

C:\Users\孔德偉\Dropbox\Data\MathsData\Pure_Maths\calculus\Mean Value Theorem\5.7_Taylor's theorem.docx Page 2 

Theorem 2 (Cauchy form) 

Suppose f(n–1)(x) is continuous on [a, b] and differentiable on (a, b), 

then ∀x ∈ (a, b) ∃ c∈(a, x) such that  f(x) = f(a) + 
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Proof: Define F(t) = f(x) – f(t) – 
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 By mean value theorem, ∃ c ∈ (a, x) such that 
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 f(x) = f(a) + 
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Corollary (Maclaurin’s Theorem) 

Put a = 0, then ∀x ∈ (a, b) ∃ c∈(a, x) such that f(x) = f(0) + 
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Theorem 3 (Integral form) 1984 Paper 2 Q2, 2003 Paper 2 Q12 
If f is n times continuously differentiable on [a – h, a + h],then  
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1984 Paper 2 Q2c Show that 0 < ln(1 + x) – x + 5432
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Putting f(x) = 1n(1+x)  which is infinitely differentiable on (–1, 1), 
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Similarly, 
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2003 Paper 2Q12 (b) 

Define g(x) =
21

1

x−
 for all x ∈ (–1, 1) . Let n be a positive integer. 

(i) Prove that (1 – x2)g’(x) – x g(x) = 0 . 
Hence deduce that (1 – x2) g(n+1)(x) – (2n + 1) x g(n)(x) – n2 g(n–1)(x) = 0, where g(0) = g . 

(ii) Prove that g(2n–1)(0) = 0 and g(2n)(0) = 
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(i) (1 – x2)g2(x) = 1 
Differentiate both sides w.r.t. x : 
2(1 – x2)g(x)g’(x) – 2x g2(x) = 0 

∵ g(x) ≠ 0, (1 – x2)g’(x) – x g(x) = 0 ⋯⋯⋯(*) 

Use Leibniz rule to differentiate (*) w.r.t. x n times. 
(1 – x2) g(n+1)(x) – 2nx g(n)(x) – n(n – 1)g(n–1)(x) – x g(n)(x) – n g(n–1)(x) = 0 

(1 – x2) g(n+1)(x) – (2n + 1) x g(n)(x) – n2 g(n–1)(x) = 0 ⋯⋯⋯ (**) 
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Put x= 0 in (*), g’(0) = 0 

Put x = 0, n = 1 into (**), g”(0) = 1 = ( )( )
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∴ the statement is true for n = 1 

Suppose g(2k–1)(0) = 0 and g(2k)(0) = 
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Put x = 0, n = 2k into (**): g(2k+1)(0) = (2k)2 g2k–1(0) = 0 

Put x = 0, n = 2k+1 into (**): g(2k+2)(0) = (2k + 1)2 g(2n)(0) = 
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The statement is also true for n = k + 1, by M. I., the statement is true for all n ∈N ∪{0} 
(iii) By Taylor's Theorem (integral form), (replace n by 2n, put a = 0) 
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