Hyperbolic Functions
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Reference: Techniques of Mathematical Analysis by C.T. Tranter p. 160 - p.165, p.263 - p.266
Euler’s Function: e = cos x + i sin x; €™ = cos x — i sin x
1 . : 1 . .
cosx=— (" +e™);sinx=— (" —e™
5 ( ) > ( )
etV =e" (cos y+isiny)

Hyperbolic Function: cosh z =l (ec+e™) sech z = ! = 2 -
2 coshz e‘+e™
sinh z =l (et —e™) cosech 7 =— 1 = 2 -
2 sinhz e°—e’*
1 . ,7Z z + -z
tanhz:smhz—e e coth z = 1 e +e

coshz e*+e* tanhz e‘—e’°

cosh z + sinh z = €° cosh z—sinhz=¢€*
Z2 Z4 Z2n Z3 ZS Z2n—1
coshz:1+5+—+---+ +.. sinhz=z+—4+" 44— _+...

41 (2n) 35! (2n-1)

Graphs

L tanh x

e - = e e 0 = e o e > e . e = e - e

’
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1 4
' -6

Relation with real trigonometric functions:

cosh z =cos iz ;
tanh z = —i tan iz ;
sech z=seciz;

sinh z = —i sin iz
cothz=icotiz
cosech z =1 cosec iz

Identities: cosh? z—sinh?z=1
sech? z =1 —tanh®z
cosech? z =—1 + coth? 7

Exercise: Find sinh(—z); cosh(-z); sinh 0; cosh 0 .
Addition Formulae:  sinh(x + y) = sinh x cosh y + cosh x sinh y
cosh(x + y) = cosh x cosh y * sinh x sinh y

tanh x + tanh y

tanh(x £ y) =
() 1+ tanh xtanh y

Double Angle Formulae: sinh 2z = 2 sinh z cosh z
cosh 2z = cosh? z + sinh? z =2 cosh? z— 1 =2 sinh? z + 1
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Hyperbolic Functions

Special manipulation: If x and y are real numbers,

sin(x + iy) = sin x cosh y + i cos x sinh y
cos(x + iy) = cos x cosh y —i sin x sinh y
sinh(x + iy) = sinh x cos y + i cosh x sin y
cosh(x + iy) = cosh x cos y + i sinh x sin y

+z

Created by Mr. Francis Hung

1-z

Inverse hyperbolic function: z is a complex number, tanh™' z :% log [1—J for-1<z<1

sinh™! x = ln(x +/x*+ 1)

cosh™! x =ln(x+\/ﬁ), X

+
tanh™! x :%ln(l—xj ,—1<

1-x

11+ %2
— |, x#%0

X
(x>0, take +; x <0, take —)

+1 =2
sech‘lx=ln(1 I=x

x
+

coth™ x =L 21 x> 1
2 (x-1

cosech™! x = ln{

>1 },O<x£l

x<1

Differentiation: dsinh x =cosh x M = —cosech x coth x
dcosh x — inh x dsech x = —sech x tanh x
dtanh x — sech? x dcoth x = —cosech? x
.4 -1 -1
dsinh” x 1 deosh” x 1 ,forallx> 1
dx N dx Va -1
h! h™
dtan X= 12,for|x|<1 dcot x: 12,|x|>1
dx 1-x dx X
-1 -1 -
dsech”x 1 0<x<1 dcosech x _ ! ,forx#0
dx xV1-x? dx |x|\/1+x2

Integration: The inverse process of differentiation
Isinh xdx=coshx+c

Icosh xdx=sinhx +c¢

Isec h’xdx =tanh x + ¢

j L ety +a? +1

1+ 7
1
dx=Injx +vVx* -1
[

I ! dx=lln—l+x
2

2
1-x -Xx

x—1

In

1 [—
'[xxll—x2 =

X

In

1 [
e

X

1+41-%
1++V1+x?

I cosechxcoth xdx = —cosech x + ¢
Isec hx tanh xdx = —sech x + ¢

Icos ech’xdx = —coth x + ¢

+c=sinh ' x+c¢

+c=cosh'x+¢

+c=tanh ' x+¢

+c=—coth' x+c¢

+c=-sech'x+c

+c=—cosech'x+c¢
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Hyperbolic Functions proofs Created by Mr. Francis Hung.

Z2 Z4 Z2n
coshz:1+5+—+---+

41 Ca)

cosh z =% (ef+e™)

2 n 2 n
=l(1+z+z_+...+Z_+...j+l(1—z+Z_—...+(—1)" Qz_+j
2 2! 2 2! n!

n!
2 4 2n
=1+Z_+Z_+...+_Z +...
2 4 (2n)
3 5 2n-1
SinhZ=Z+Z—+Z—+"'+Z—+"'
35! (2n-1)

1
sinhz=—(e*—¢e™*
2( )

2 n 2 n
=l(1+z+Z_+...+Z_+...)—l(1—z+Z_—...+(—1)"|:_|Z_+...j
2 2 2! n!

2! n!
Z3 ZS Z2;1—1
s S S S S S
35l (2n-1)
cosh z=—cos iz sinh z = —i sin iz
| , ) T .
cos iz =— (' & 4 g7 ) —isiniz=—i3— (e - k)
2 2i
1 1
=—(e“+¢f =——(e*-¢
5 ( ) 5 ( )
=cosh z =sinh 7
tanh z = —i tan iz cothz=1icotiz
i'(eillk _e—illk) l(eiﬁk +e—imz)
—itaniz:—iEizl’— icotiz=iEl%—
7(61'517, +e—i|1k) 7(61'517, _e-iﬁk)
2i
(e -e) (e +ed)
(e +e7) (e -e°)
=tanh z =coth z
sech z =sec iz cosech z =i cosec iz
1
sec iz = - icoseciz=id——
Ccosiz siniz
2 i 1
- = -
&, il . .
e +e i(etﬁk_e—tﬁk)
2 2i
e +e = —#: cosech 7
=sech z (e -¢7)
cosh? z —sinh?z =1 sech’?z=1—tanh?z
1 1 Z _ 72 Z _ 72
LHS. =— (% + €9 —— (¢ — %) | — tanh? z =(1+ ¢ ¢ j(l— ¢ ¢ j
4 4 et +et et +et
:i [(e*+e9)? = (7 — e )] o 2€ - 2e" _( 2 jz
= 1=RHS. cret ete” lette”
=sech” z
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h?z=-1 h?
cosecn” 7 + ZCit _ZZ - Sinh(—Z) :% (efz _ eZ) — _% (eZ _ e*Z) = —sinh z
—1 + coth? z :(ez e_z 1](61 e_z ‘1j
e —e e —e

cosh(—z) =% (e*+e*)=coshz

2e° 2e° 2 2
= z -z E z -z = z -z . 1 0 -0 1 0 -0
ec—e’ e —e e —e sinh0=—(e"-¢e")=0;cosh0=—("+e")=1
= cosech’® 7 2 2
sinh(x * y) = sinh x cosh y * cosh x sinh y
sinh x cosh y + cosh x sinh y

=l(ex —e™) E—]l—(e’ +e“’)+l(e" +e™) Ell—(e’ ~e7)
2 2 2 2

=l(e" —e)e? +e™) +i(e" +e ) (e’ =)

:l(e)ﬁy —e T ¥ — Y ) +l(ex+y Fo Y — gt — e—x—y)
4

4

=l (ex+y _ e—x—y )
2

=sinh(x + y)

The proof of sinh(x — y) = sinh x cosh y — cosh x sinh y is similar and omitted.
cosh(x + y) = cosh x cosh y * sinh x sinh y
cosh x cosh y + sinh x sinh y

=l(e')C +e™) E]l—(ey +e) +l(e]r —e™) E]l—(e’ —e™)
2 2 2 2
=l(e" +e) (e’ +e'y)+%(e”‘ —e)(er —e7)
:l(e)ﬁy Fo Y 4 o8 oY ) +l(ex+y —e T =Y 4 e-x—y)

=l(ex+y + e—x—y)

2
= cosh(x +y)
The proof of cosh(x — y) = cosh x cosh y — sinh x sinh y is similar and omitted.
tanh(x + y) = tanh x * tanh y sinh 2z = 2 sinh z cosh z
TEYE tanh x tanh y sinh 2z = sinh(z + )
. = sinh z cosh z + cosh z sinh z
hix+ sin
tanh(x + y) =M =2 sinh z cosh z
cosh(x+y) cosh 2z = cosh? z + sinh? 7 =2 cosh? 7 -1 =2 sinh? z + 1
_sinh xcosh y +cosh xsinh 'y |cosh 2z = cosh(z + )
~ cosh xcosh y +sinh xsinh y = cosh z cosh z + sinh z sinh z
sinh xcosh y N cosh xsinh y =cosh® z + sinh? z +++-- *)
_coshxcoshy coshxcoshy = cosh? z + cosh? z —1, using cosh? z — sinh? z = 1
" coshxcosh y . sinh xsinh y =2 cosh2z—] «e--- (#5)
coshxcoshy coshxcoshy =1 + sinh? z + sinh® z, sub. the identity into (*)
_ tanh x+tanh y =2sinh?z41 -+ (%)
1+tanh xtanh y
tanh x —tanh
The proof of tanh(x — y) = amh X —tanh y
1 —tanh xtanh y
is similar and omitted.
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Hyperbolic Functions proofs

sin(x + iy) = sin x cosh y + i cos x sinh y

_ e—i(x+iy) ) :i (e—y+ix
l

i(x+iy)

— ')

sin(x + iy) :i.(e
2i

sin x cosh y + i cos x sinh y

2i

1 ( y+ix
4
2

==(
4i

_i( —y+ix _ y—ix)
—2l e e

cos(x + iy) = cos x cosh y —i cos x sinh y

cos(x + iy) :%(ei(”‘*iy) +¢7 ) :%(e‘y*”‘ +e' )

. 1 . .
__my-ix ) _ ( y+ix 4oV _
e —4l e e

_ey—ix +e—y+ix

_y-ix

e’ 4o )

= sin(x + iy)

cos x cosh y — i sin x sinh y

Created by Mr. Francis Hung

Lie-e) B (e +e)+itd (e o) (e -e)
2 2 2

_e-,v-iX)

—y+ix
e y

=l(ei" +e7™) Ell—(ey +e7) —iEIl—_(e”‘ —e™) Ell—(ey —e™)
2 2 2i 2

— e,v-ix —e

l(eyﬂ'x +ey—ix +e—y+ix +e—y—ix)_l(ey+ix

z(ey—ix +e—y+ix)

=%(ey—ix + e-.vﬂ'X) =cos(x + iy)

—y+ix + e—y—ix )

sinh(x + iy) = sinh x cos y + i cosh x sin y
sinh(x + iy) = sinh x cosh iy + cosh x sinh iy

= sinh x cos y + cosh x EI;—(e”’ —e")

. . 1 iy iy
= sinh x cos y + i cosh x Elzf(e’ —e”)
i

=sinhxcos y+icoshxsiny

cosh(x + iy) = cosh x cos y + i sinh x sin y
cosh(x + iy) = cosh x cosh iy + sinh x sinh iy

= cosh x cos y + sinh x E—l;—(ei)’ -e")

. . . 1 iy iy
= sinh x cos y + i sinh x Elzf(e’ —e”)
i

=sinh x cos y + i sinh x sin y

+

tanh™! z:llog *2) for—i < z<1

2 1-z
Lety=tanh™ z, then z=tanhy

e -1
Z: . —y= Zy
e +e e’ +1

@ +1)z=e”-1
el —z)=1+z2

e’ —e”’

GZy:H_Z
1-z
+
2y=log(l—zj
1-z

sinh™! x = ln(x + m)

Let y =sinh™! x, then sinh y = x

1

2( )

e -2xe’—1=0

e =x+vx +1 or x—/x’+1
ve>0and x—Vx +1<x—x=0
O e =x++x>+1 only
y=sinh‘1x=ln(x+\/x2+1)

+
y=tanh™! z :%log[l <

—J for-1<z<1
1-z
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cosh™ x:ln(x+\/x2 _1), forx=>1 tanh~! x=lln(1+—xj l<x<l
Lety= cosh™ x , then x = cosh y 2 \1-x

Let y=tanh™ x, then x = tanh y

1
=— (& > i i >
X > (e’ +¢7), y is well defined only when x > 0 ol —e ¥ -]

X = =
e?—2xe’+1=0 et +e ¥ +1

e’ =x++x’ -1 or x—+x" -1 xe¥ +x=e¥ -1
> > x+1=e*(1-x)
c(xtdx =D)(x—=Ax"-1)=1 1+ x

eX=—T>0=>-1<x<1

1 - -
U x—\/x2—1=—=(x+\/x2—1) I=x
x+x -1

1+x
_ 2z=ln(—j
e =x++x =1 or (x+ /xz—l)l 1-x .
/ - - X
y=In(x+ Xz—l)orln(x+\/x2—1) 1 z = tanh 1X=§ln(mj,—l <x<1
y=In(x+vx*—1)or-In(x++/x>—1)

y is well defined only when x = 1 or x < -1
It is convenient to adopt the positive sign and to

write y = cosh™! x = In(x ++/x* —1)
+ o2 +Al1 =2
#j,xio Sechllen{ﬁ

+
cosech™ x =In (1 —

X

J,O<x£1
X

_ -1 _
Let y = cosech™ x, then cosech y = x Lety =sech™ x, then sech y = x

2 2€y 2 Zey

Y,y 2y _ X = I
2ye zey e Ol e P +1]
X€7—2& —X= xe¥-2e+x=0

63’:M>0 ey_lixll—x2
P — =Nt
1-+1+x°

x
When x>0, 1 +x*> 1 = ————— <0 (rejected) 1++/1- 22 d—\/l—xz _1
X =
x x

>0=-1<x<1,x#0

+4/1+x7 -l
When x <0, u<0(rejected) 1-v1-x* (1+\/1—x2j
x =

X X
ln[1+\/1+x2j

ifx>0 1+y1-%7
X

When x <0,
1-v1+x 2 2
; +4/1- +/1-
m[ j if x <0 y:h{l J1-x J o _ln{l Ji xJ

X
X X

X <0 (rejected)

y =cosech™! x =

It is convenient to adopt the positive sign and to

. 1++41-x°
write y = sech™ x =ln[—x
X

J,O<x£l

1 +1 Ve oM+l
coth! x=—In| 222 |, |x| > 1; let y = coth™ x = x = coth y =< e_‘:ez
2 \x-1 e'—e’ e’ -1
+
xe2y—x=e2y+1:>ezy(x—1):x+1:>ez>’:x—1>0,x<—lorx>1
-
I, (x+1
=—In| — |, 4] > 1
y=gi 2]
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Lety = sinh™! x, then sinh y = x
"+ cosh? y —sinh?y=1

N coshy=i\/l+sinh2 y =i\/1+x2

coshyﬂzl

dx
dy_ 1 1
dx coshy ~J1-42

The slope of the graph of y =sinh x> 0 O x

. dsinh_lx= 1

dx NESS

dsmhx: cosh x dcoshx: sinh x
dsinhx d [1( N _x)} dcoshx d [1( N _x)}
=—| —\e +e =—|—\e —e¢e
dx dx|2 dx dx[2
:l(e)‘ —e™) =l(e)‘ +e)
2 2
=cosh x =sinh x
dte(ljr;hx= sech? x dc%:;chx= —cosech x coth x
dtanhx d (e" —e_"j dcosechx_i( 2 j
dx _E e*+e dx dx\le —e™
(e +e) ~(e =e) -2 >l +e™)
) (e +e) (et =e
2 X +e—x
4 —— ¥
_m e)( _e_X eX _e_x
e hze = —cosech x coth x
=sech” x
dszc;hx: —sech x tanh x deoth x = —cosech x
dsechx:i( 2 j dcothx_i e te ™™
dx dx\e" +e* dr  dxle'—e™
=—% fe* —¢™) (e ~e) =(e+e)
(ex +€_x) X -x)?
X -x (e -e )
__ 2 i £ —e_ L 4
e'+e " e te” = (x_ _X)z
= —sech x tanh x ¢ e2
=—cosech” x
. -1 -1
dsinh X _ 1 dcosh *_ ! forall x> 1
dx \/1+x2 dx \/xz -1

Let y = cosh™ x, then cosh y = x
"+ cosh? y —sinh?y=1

N sinhy=i\/cosh2 y-1 =i\/x2 -1

. dy
sinhy—=1

Y dx
dy 1 . 1

dx_sinhy__\/XZ_l
The slope of the graph of y=coshx>0 0 x> 1
1

= forx> 1
sinh y \/XZ -1

icosh_1 x=
dx
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dtanh™ x 1
dx 1-x*
Let y = tanh™ x, then tanh y = x

sech? yg= 1
dx

for |x| < 1

dy 1

dx sech’y

B 1

" 1-tanh’ y

1

1=

The slope of the graph of y =tanh x > 0 U x
dtanh™ x 1

deoth™x 1
L s
dx 1-x
Let y = coth™ x, then coth y = x

—cosech? yﬂ= 1
dx

dy -1

dx co sech’y
-1
" coth? y-1
1
1=

The slope of the graph of y = cothx <0 U x

decoth™x 1

+x\/1-x°
The slope of the graph of y=coshx> 0,0 <x <1
The slope of the graph of y=sechx <0,0<x<1

O —~ for x| <1 O = = X >1
dx 1-x dx 1-x
dsech™'x 1 dcosech™x -1
- 0<x<1 = forx#0
dx xv1-x* dx | x| V1+ x?
Lety =sech™! x, then sech y = x Let y = cosech™ x , then cosech y = x
dy dy
—sech y tanh y—=1 —cosech y cothy—=1
y y A y y dx
__ A by__
dx sechytanhy dx cosechycothy
_ -1 _ -1
+xy/1—sech’y +x4/1+cosech’y
-1 -1

+x/1+x°
The slope of the graph of y =sinh x> 0 U x
The slope of the graph of y = cosech x <0, x #0

dx=sinh ' x+¢

x+\/x2+1‘+c

1
N

=In

dcosech™x 1 dcosech™x -1
0 =— ,0<x<1 = ,x#0
dx xl=-x* dx |x|\/1+x2
j ! dlenx+\/x2+1‘+c:sinh1x+c j ! dlenx+\/x2—1‘+c:cosh1x+c
1+x° V' -1
- -1
dsinh X _ 1 dcosh X _ 1 forall x> 1
dx \/1+)c2 dx \/xz—l

dx=cosh'x+c¢

:ln(x+\/ﬁ)+ c

7

1+x

1-x

J. ! dx:%ln +c=tanh ' x+c¢

1-x7
-1
d tanh X _ 12,f0r|x|<1
dx 1-x
1+x

0 J. lzdx:tanh’1x+c: l1n[—}+c
2

1-x 1-x

+
J. 21 dx:—llnx—l+c:—coth’1x+c
x -1 2 |x-1
dcoth™ x 1
= = x> 1
dx 1-x
+
J. 21 dx:—coth’1x+c:—llnx—l+c
x -1 2 |x-1
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1++1-x°

X

dx=-In +c=-sech'x+c

I;
wi-x*

dsech™x _ 1

=— ,0<x<1
dx xV1-x?
j;dx=—sech‘1x+c
1-x2

n1+Jl—x2

X

=-1 +c

1 1+y1+x2 )
j—dx =—In|———{+c =—cosech™! x 4+c
1+ x? X
dcosechx -

J

dx
1

a1+ x?

forx#0

1
V1+x? ’

dx=—cosech™' x+¢

1++/1+x?

X

|

=—In +c
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