Two Straight Lines
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1. Consider (y —mx)(y —m’x) =0 ------ (1)
(1) represents a pair of straight lines passes through the origin with slope = m, m’.

Expand (1) in general form: ax’ + 2hxy + by> =0 ------ (2)

2
If b # 0, then (lj + ZE(XJ +% =0, which is a quadratic equation in Y .
X X X

2
It gives 2 roots m, m’. The roots are real iff (%) —% >0 W2—ab=20"b>>0

y
\ (y - mx)(y - mx) =0
It may be rewritten as Yom | L-m|=0 ,
X X =
y=mx

= (y-mx)(y-mx)=0

2h a
Sum of roots =m +m’ = —7 , product of roots = m m’ =Z 5

(Note: if b =0, (2) becomes x(ax + 2hy) = 0)

2. The angle between the lines

Suppose 0 = angle between the lines.

tan @ ="
I+ mm'

2 _,a

tan? 6 = (m+m')2 —4mm' _\ b b

(1+mm')2 B (1+aj2
b
2 _ 2 _
tan? 6=M — tan 6:1M
(a+b) (a+b)

If O is acute, choose the sign % so that tan 6 > 0 v, 1 v
If 8 =0, the 2 lines coincide if 4> —ab =0 . v ,f

If 6 =g, the lines are perpendicularif a + b =0 . i Pt

3. The angle bisectors « -/ A

&
Y

Let P(xo0, yo) be any point on the angle bisector. N L
Let M, M be the feet of perpendicular onto y = mx, 2R B
y = m’x respectively, then AOPM LIAOPM' (AAS) T .
PM = PM' angle bisector .

s
s

/ \

'
me_y0=+me_y0 » \ 4

V1+m? V1+m?

c:\users\f|,fE{&\dropbox\data\mathsdata\pure_maths\co-ordinate geometry\2 straight lines\2_straight_lines.docx Page 1



2 straight lines Created by Mr. Francis Hung

mx=y m'x-—y
\/1 +m? \/1 +m'"?
Multiply together to give the pair of straight lines.
2 , 2
(mx=y) _(mx=y) _
2 2 T 0
1+m 1+m'

(1 + m2(m22 = 2mxy + %) — (1 + m) (22 = 2m’xy + y%) = 0

mx—y . mx-y _
\/1+m2 \/1+m'2

The two angle bisectors are =0 and 0

(m? —mHx% + 2(m” — m)(1 —mm’)xy + (m’> —m?)y* =0

—(m + m)x* +2(1 —mm’)xy + (m’ + m)y* =0

__Tthz + 2(1 —%jxy —%h y2 =0

hx* —(a—b)xy —hy* =0

Example 1 Find the equation of 2 straight lines through the origin and are perpendicular to ax?
+2hxy + by* =0

Let y = m3x, y = max be the two straight lines which

are [Jto y = mx and y = m’x respectively. -
1 1
Then mz=——,my=——
m m'
1 1 -3
Sy=—"—Xy="—X
m m'

x+my)x+m’y)=0

X+ (m+m)xy+mm’y* =0 T \

2 2h a -
x“=——xy+—y =0
PR

bx* = 2hxy + ay* =0

Exercise 1 Find the area of the triangle formed by
ax? + 2hxy +by* =0 and y = mx + c.
c*\h* —ab

‘a +2hm+ bm2‘

Answer:

2+ 2hxy + by 2 £ 0

4. Change of origin A ” A

Given the equation ax® + 2hxy + by* = 0 1
Consider the translationx =X +p,y=Y +gq. I /

A

The pair of straight lines will be transformed into o 3
a(X +p)* + 20X + p)(Y + q) + b(Y + ¢)* =0 o

After expansion and grouping like terms, e g
aX? +2hXY + bY? +2gX +2fY +c=0 w22 ¢ bys2 =0
where g = ap + hq, f= hp + bq, ¢ = ap* + 2hpq + bq*

It is the general equation of second degree,

represent a pair of straight lines.
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S.

Condition for a general equation of second degree to represent a pair of straight lines
Consider ax® + 2hxy + by* + 2gx + 2fy + ¢ =0------ (*)

Suppose it represent a pair of straight lines which intersect at (p, q)

Perform the translationx =X +p,y=Y + ¢
aX+pP+2hX+p) Y+ @) +b(Y + ¢ +2eX+p)+2f (Y +q) +c=0

Since it represents a pair of straight lines passes through the new origin, it must be reduced to
aX? +2hXY +bY?* =0

coefficientof X =0=ap+hg+g=0------ (1)
coefficientof Y=0=hp +bg+f=0----- (2)
constant = 0 =ap’> +2hpq +bg* +2gp + 2fg+c =0 ------ 3)

(3):plap +hg+g)+qhp +bg +f) +gp +fg+c=0
=>gp+fg+c=0----- 4)
- .. p _ g _ 1
Solving (1) and (2): hf—bg_gh—af_ab—h2 ...... (5)
Sub. p, g from (5) into (4): g(hf — bg) + f (gh — af) + c(ab — h*) =0
= abc + 2fgh —af*—bg*> —ch* =0
a h g

It may be rewrittenas A= |h b f|=0, which is called the discriminant.
g f ¢

Equation (5) determines (p, ¢) provided that ab — h> # 0.
If equation (*) represents a pair of parallel straight lines, then it is equivalent to:
(mx—y+c)(mx—y+c2)=0
(mx—=y)? + (c1 + c2)(mx —y) + cic2=0
Expand it and compare it with (*) gives:
ﬁ=m2, ﬁ=—m, 2—g=m(cl +c2), ﬁ
b b b b
ab — h? = b*m* -b*m* =0

abc + 2fgh — af * — bg® — ch?

= —(c1 +c, ), % =c¢,c,; provided that b # 0

+ 32 40 ¥ B3 (e 4 V2
=b’m’cic2 + b(c1 + ¢2) bm(cl CZ)b —b n (Cl 62) —b n (Ci c2) —bPcicom® =0
Therefore A =0

a h g
Conclusion: ax? + 2hxy + by* + 2gx +2fy +c=0,A= |h b f
g f ¢
A=0 A£0
ab-h*#0 ab-h*=0 It is NOT a pair

. . : : i f straight lines.
It represents a pair of straight lines|It represents a pair of parallel lines. OF Straight ines

intersect at (p, ). a
p:hf—bg :gh—af SlOpC:i z
ab—n* ab—h? Sign is taken as the opposite of 4.
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Example 2 Consider x* + 2xy + y* = 2x -2y —15=0
Herea=1,h=1,b=1,g=-1,f=-1,c=-15

It is easy to show that ab —h*>=0and A =0

[ It represents a pair of parallel lines.

Completing the squares (x + y)> —2(x +y) —15=0
x+y-5x+y+3)=0

Exercise 2 Consider x> —4xy + y* — 10x + 8y + 13 =0
(a) Prove that it represent a pair of straight lines;
(b) Find the point of intersection.

(c) Find the angle between them.

Answers (b) (1,-2), (c) 6 =g

Exercise 3 (a) Find the value of ¢ for which 11x* + 20xy — 4y*> — 84x — 24y + ¢ = O represents a
pair of straight lines;
(b) find their separate equations;
(c) find the equation of bisectors of the angle between these lines.
Answers (a) ¢ = 108; (b) 11x -2y — 18 =0, x + 2y — 6 = 0, (c) (11x-2y—18)* — 25(x+2y—-6)> =0
6.  Rotation of axes by 0 (in anti-clockwise direction)
Let OP =r, 0XOx =0, OPOX = a, then JPOX =0 + q.
{X =rcosa { x=rcos(0+a)= (cochosO( —sinBsina)

Y =rsina =rsin 9+O() r(sinBcosa +c059s1n0()
x=XcosB- Ysme cose —sin 0

=
y= Xsm9+Ycose sin@ cos@ \Y

P(xy) = P(X,Y)

Example 3 Consider 15x> — 16xy —48y* =0
(a) Rotate the axes by 6;
(b) find 0 so that the product term is absent from the equation.
(@) 15(Xcos 8 — Ysin 8)* —16(Xcos 8 — Ysin 8)(Xsin 8 + Ycos 8) —48(Xsin 8 + Ycos 8)> =0
(b)  coefficient of XY is =30 cos 0 sin 8 — 16(cos’0 — sin’0) — 96(sin O cos 8) =0
8sin>0—63cos BsinB@—8cos>’B=0
(8 sin B + cos B)(sin 6 — 8 cos 0) =

tan 0 = 8 or —é = 0=282°54" or 172°54".

c:\users\f|,fE{&\dropbox\data\mathsdata\pure_maths\co-ordinate geometry\2 straight lines\2_straight_lines.docx Page 4



2 straight lines Created by Mr. Francis Hung

7.  Invariants Apply the rotation by 8 to ax® + 2hxy + by? =0
a(Xcos B — Ysin 0)? + 2h(Xcos 8 — Ysin 8)(Xsin 8 + Ycos 8) + b(Xsin 8 + Ycos 8)> =0
It is in the form a'X? + 2A'XY + b'Y? =0
where @’ = a cos?0 + 2h cos O sin 0 + b sin’ 0,
h’ = —a cos 0 sin 8 + h(cos® B —sin® B) + b cos Bsin B,
b’ = a sin*@ — 2h cos O sin 8 + b cos” 6.

It can be easily shown thata'+b'=a+b ------ (D)
’:am+hsin26+bl_cosze = a;b +(a;b00529+hsin26j
b’ =aﬂ—hsin29+bl+COSZG = a;—b —(a;bcos29+hsin29j

n =—%(a —b)sin 20+ hcos 20

. (a+bY (a-b oY T . 2
ab -n°= " cos20+hsin20 | — —E(a—b)sm29+hc0529

ab-n*=ab-h*----- (2)
(1) and (2) are the invariants of the rotation.

Example 4 Find the equation of the pair of straight lines joining the origin to the intersection
of ¢ x+ my+ n=0 with the curve ax’ + by’ = 1.
Let (x, y) be the intersection point, then A
ax® +by* =1----- (1)
_lxtmy _ 1oeeeen(2)

<

n

Ix+my+n=0

Ix +myj2

n

(H=2)? ax’+by? :(

It is a second degree equation in the form
Ax* +2Hxy + By’ =0

Also it passes through the intersection

points.
UJ It represents pair of straight lines axA2+byA2 = 1
through the origin and the intersection

points.
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Exercise 4
(a) Show that S: 12x% — 25xy + 12y* + 7x + 7y — 49 = 0 represents a pair of straight lines;
(b)  Another pair of straight lines are drawn through the origin and parallel to those of S. A

parallelogram is formed. A

(1)  Show that the parallelogram is a y

rhombus;

(i1) determine its area.

Ans (b) (i) Vertices (0,0), (4,3), (7,7), (3,4).
(ii) area = 7 sq. units.

Example 5 Given 22x% — 15xy + 2y = 0.
Find the equation of the pair of straight lines

referred to its angle bisectors as axes.

d Ve -
Apply the rotation by 6.

22(Xcos B — Ysin 8)? — 15(Xcos 8 — Ysin 8)(Xsin 8 + Ycos 8) + 2(Xsin 8 + Ycos ) =0 ---(¥)
Now the equation of lines referred to the angle bisectors is of the form (Y — mX)(Y + mX) =0
= Y? - m*X? =0, coefficient of XY =0

= —44 cos B sin B — 15(cos> B —sin’B) + 4 cos>’Bsin B =0

3tan’0-8tanB-3=0

BtanB+ 1)(tanB-3)=0

tan 9:—l or 3.
3

when tan 6 = —% , (*) becomes 22(X-Ytan 0)> — 15(X—Ytan 0)(Xtan0 + Y) + 2(Xtan6+Y)? =0

1
3
22(9X2 + 6XY +YH) - 15(8XY - 3X> +3Y) + 2(X*> - 6XY +9Y>) =0
245X2-5Y?’=0=49X>-Y2=0

when tan 8 =3, 22(X -3Y)’ - I5(X - 3Y)3X +Y) + 23X +Y)’ =0
= X2-49Y%=0

22(X + %Y)Z 15X + Y)(—%X +Y)+ 2(—%)( +Y)? =0

&
Y

22x/2-15xy42y"2=0
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