Equation of tangent of a circle at P(xo, yo) on the circle.
Created by Mr. Francis Hung on 20220508. Last updated: 2022-05-08.

Given a circle with equation C: x> + y* + Dx + Ey + F = 0.
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The cerntre is G =(—3, —5) , radius is r =\/(3j +(Ej — F (assume that D*> + E>—4F =0.)
Let P(xo, yo) be any point on the circle. i.e. x; +y; + Dx,+ Ey, + F =0 ------ (*)
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Then the equation of tangent is: x,x +y,y +E(x+x0) +3(y + yo) +F=0.
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Proof: Slope of GP =
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Slope of tangent through P = == 2
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By point-slope form, the equation of tangent through Pis y -y, =-— 1%: (x - xo) .
Yot )
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(xo+3j(x_xo)+(yo+3)(y_yo):0
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xox+yoy+§(x+xo)+§(y+yo)+F-(x§+y§+on+Eyo+F)=0

D E
x()X+y()y+5(X+xo)+E(y+yo)+F:0 By (%))

The proof is completed.
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The chord of contact
If P(xo, yo) lies ooutside the circle C, then the equation

D E P(x0.y0)
x()X+y()y+5(X+xo)+E(y+yo)+F =0

becomes the contact of contact.

B(x2,y2)

Two external tangents can be drawn through the external point P(xo, yo).
Suppose the coordinates of the points of contact are A(x1, y1) and B(x2, y2).

Then, by the above result, the equations of PA and PB are:

PA: x1x+y1y+§(x+xl)+§(y+yl)+F=0 ------ (D)

PB: x2x+y2y+§(x+x2)+§(y+y2)+F=0 ------ 2)
“* PA and PB pass through P

0 xlxo+yly0+§(x0+xl)+§(y0+yl)+F:0 ...... (3)
xzxo+y2y0+§(x0+x2)+§(yo+y2)+F =0 - 4

. . D E
Consider the equation: x,x +y,y +5 (x + xo) +3(y + y(,) +F =0

Clearly it is a linear equation, so it is a straight line.
Put x = x1, and y = y1, it becomes equation (3). U This straight line passes through (x1, y1).
Put x = x2, and y = y», it becomes equation (4). [l This straight line passes through (x2, y2).

U The equation of the chord of contact is: x x + y,y +§(x + x(,) +§(y + yo) +F=0.
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Radical axis of two circles
Given the following two different circles:

Ci:xX*+y*+Dix+Ey+Fi1=0
Co:xX*+y* +Dix+Exy+ F2=0
Consider C1 — C2: (D1 = Do)x + (E1 — Ex)y+ F1— F2=0.

The equation is linear in x and linear is y, so it is a straight line. This line is called L, the radical axis.

(1) The radical axis passes through a line which is perpendicular to the line joining the centres
of C1 and Ca.
Proof: L: (D1 —Dy)x+ (E1 —E)y+ F1—F>=0
Centres G —&,—ﬂ , G2 —&,—ﬂ
2 2 2 2
_Ey B
D, -D, o2 2
E-E, _D, D
2 2
D-D), £i-E) _
E,-E, D —D,

Product of slopes =—

[J They are perpendicular.
(2) If C1and C: intersect at P(x3,y3) and Q(x4,y4), then PQ is the radical axis.

X +y D+ Ey, +F =0 oon (5)
X;+y;+Dx, +Ey, +F =0 - (6)
X +y;+Dx, +E,y, +F, =0 --ee 7
X, +y, +Dyx, +E,y, +F, =0 - (8)
(5)=(D): (D, =D,)x, +(E,—E,) y, +F,—F, =0 ----- ©)
6)—(8): (D,—D,)x, +(E, —E,)y, +F,—=F, =0 - (10)

By (9), the radical axis L passes through (x3, y3).
By (10), the radical axis L passes through (xs, y4).
The proof is completed.
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