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1.  Definition F is the focus, x-axis is the principal axis. DD’ is the directrix.

A variable point P(x, y) moves so that L = e (a constant called the ‘eccentricity’ > 1).

where N is the foot of perpendicular from P onto DD’.

In particular, when P moves to A (between B and F) on the principal axis, AF = eAB
Produce FB further to a point A’ such that A’F = eA’B; then A’ is on the curve.

(Note that A and A’ are on the opposite sides of DD’.)

Bisect AA’ at O(0, 0) (called the centre) and let AA’ = 24, then A = (a, 0), A’ = (-a, 0).
Let DD’ be x =d.

[(2) = (D]+2:a=de -+ (4)
Now let P = (x, y), PF = ePN
(x=cf +y* =e(x-d)
(x—ae)+y*=x-2)? by (3)and 4)
e

x? —2aex + a*e* + y* = e*x* — 2aex + a*
@ -Dx*=y*=d**-1)

2 2
X y — : 2
—- =1 Giventhate>1 U e —1>0
a® a’ ‘ez —li ( )
2 2
Let b=ave’—1 >0, then the equation of the locus becomes x_z —Z—z =1 ---.. 5)
a
and b* = (ae)’ - a* => b* = -d*
=Sa+b*=c* e 6)
Replace x by —x and y by —y in (5) respectively, there is no change.
[J The locus is symmetrical about the x-axis and y-axis ------ 7
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2. For any point P(x, y) on the hyperbola, P’(—x, y) is the image of P reflected along y-axis.

2 2
By (7), the locus x_z —Z—z =1 is symmetric about y-axis
a
x2 yZ
0 P’(~x, y) also lies on the curve —- —? =1.
a

Let F’(—c, 0) be the image of F(c, 0) reflected along y-axis.
MM’ x = —d is the image of the directrix DD’ reflected along y-axis.

1 Al

=e (all dashes are images reflected along y-axis)

Al

Then F
P

P is the image of P’, which lies on the curve.
U % =e for any point P on the ellipse.

[ There are two foci F(a, 0), F’(—a, 0) and two directrices DD’: x—d=0and EE’: x +d = 0.
2 2

3. The equation gives x_z =1+ Z—z =1
a

From which x> = a> = x < —a or x = a. A(a, 0) and A’(—a, 0) are the vertices of the hyperbola.
It follows that there is no point between x = —a to x = a.
The curve has two distinct branches.

4.  The latus rectum is the line segment LL’ through F(c, 0) and is perpendicular to the principal

2 2
*r Y -
axis. To find the coordinates of Land L’: < ;2 2 I
x=ae
2 2 2
.. ae .y
By substitution, -=—=1
y aZ b2

y=%bye’ -1
UL =(ae,b\/e2 —1), L :(ae,—b\/e2 —1)
LL’=2b\/e2—1=2bi

a

2
Ll e
a
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5. Geometrical property
Let P, Q be two points on the same branch M A D b /

of a hyperbola. N
N is the foot of perpendicular drawn from P
onto the line DD’. K is the foot of
perpendicular drawn from Q onto the line
DD’. The chord PQ is produced to R on
DD’. Join RF, the line joining P, F is
produced to meet DD’ at S.
Let UQFR=q, ORFS =3, JQRF =0
then PF = ePN, QF = eQK by definition
- PF_PN 9)

QF QK
APNR ~ AQKR (equiangular)

x +d

PF _ PN _ PR PF _ PR

- =t = =22 (10)
QF QK OR QF OR
Apply sine law on APRF': Pr sm o (11)
PR sin B
AFOR, OF _ s'mG ...... (12)
OR sina

(1D)+12) +=(10)=>a =
[ RF is the exterior angle bisector of LIPFQ.
Let P, Q be two points on the different

MAYD

branches of a hyperbola.
N is the foot of perpendicular drawn from P onto
the line DD’. K is the foot of perpendicular

N\

drawn from Q onto the line DD’.
The chord PQ cuts DD’ at R. Join RF.
Let OQFR=0a,PFR=[3,PRF =0
then PF = ePN, QF = eQK by definition
L PE_PN oy
OF QK

APNR ~ AQKR (equiangular)

PF PN _ PR PF _ PR

4 /1

R IR (14)
QF OK OR QF OR
Sine law on APRF: LE =500 (15)
PR smB
QF _sinB x+Hd=0 x-ld=0
AFQR, =—="""...... 16 ,
Q OR sina (16) M D'

(15)+(16) +(14) > a =
U RF is the interior angle bisector of LIPFQ.
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6.  Variation O(0, 0) is the centre of the curve.
2 2

yooox .
The curve —- e =1 is a hyperbola y A

2
a
which opens upward and downward.
The foci are at F (0, ¢), F’(0, —c).

The directrix is DD’ whose equation is

y=d and EE’ whose equation is y = —d, F(0,¢)
where d =< ... 4) . x=d .
‘ D’ D
It is clear that a®> + b> =2 ------ (6) >
o X
E' x=d E
F'(0}-c)

If the centre of a hyperbola is translated to V(h, k), then its new equation is

(c-nf (k) _,
a’ b*

Example 1 Consider the equation 2x> + 4x —3y* + 12y -4 =0
It can be transformed into standard equation by completing the square:
2% +2x) - 3(y*—4y)—4=0
203 +2x+ 1) =307 -4y +4) +6=0
3y-2-2(x+1)7°=6
(-2F _(e+1f
\/52 \/52
It is a hyperbola which opens upward and downward with centre at (-1, 2), a =2,b=43.
A=d*+b?=2+3=5=c=45

e_ﬁ_ﬁ goa 2
a 2’ e \/5

7.  Parametric equations

— 2 2
{f} _ ZiZIclg ------ (18) are the parametric equations of x_z —% =1, where 0 is a parameter.
= a
—_ 2 2
Similarly {;C) ;l;tsirég ------ (19) are the parametric equations of % —% =1.
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8.  Equation of chords using parameters.

Let A(a sec d, b tan O), B(a sec 3, b tan [3) be 2 points of the hyperbola. Then the equation of
y—btan btana —btanf3
x—asecf3  asecd —asecf3

AB is

y—btanf b(giﬁﬁ—iﬂ%)ﬁtosacosﬁ
)EcosO(cosB

x—asecf3 a(

cosa cosf3

y—btan[3 _b(sinO(cosB—cosasinB)
x—asecf3 a(cosp-cosa)

y—btan[3 _ bsin( B)

x—asecf 2asm°‘—+Bsm—‘3

y—btanp _2bsin > cos 4P

x—asecf  2asin TB sin *3*

y—btan3 _Dcos s
x—asecB asin®

. o+ btanf3 . a+ a- sec a-
lsm B— Bsm I3=£cos B_a Bcos P

2 b 2 a 2 a 2
fcosa—_ﬁ—lsina—w—seCBcos _B—tanBsinO(—-'-I3
a b 2 2
a-B . .. a+P
=secf3| cos——— —sinBsin——
fcos 5P -sinsin 7P
=secf3 COS(B—G—-FBj—sinBsina—-FB
2 2
=sec[3cosBcosO(+I3=cosO(+[3
2 2
UJ The equation of chord is —cos a-p Z ;B=COSGT+B ------ (20)
a

9.  Equation of tangent at 0.
As B - a =8, equation of chord AB becomes a tangent at P with parameter 6.

The equation of tangent at 0 is given by il —% sin@ =cos 0
a

— YsecO-2tanB=1 .- ©3))
a b

If (x0, yo) lies on the hyperbola, then xo = a sec 6, yo = b tan 6.
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10. Suppose the tangent at P(a sec 0, b tan 0) cuts the directrix at 7, then PT bisects OFPF’ and

UPFT = 90°.
. .X y M N D
Equation of tangent at P is —sec®—=tanB =1
a
To find T let x :g, then y =bcot e[sece —1)
e e
T[g,écsc 6(1 - ecos 9)) 2 P
e e |
bescB(1-ecos6) bcsce(l—ecose) Fle M| T
mrr = = 7) o ¢
“4—qe a(l—e)
— btan®  bsin®
" dsecO-ae a(l - ecos )
bcesc 9(1 —ecos0) bsin6
MrpXmpr = 7 X
a(l—e) a(l—ecos@) x+d=0| x-d=0
P _cma _ae-a | D
az(l—ez) az(l—ez) az(l—ez)
U TFUPF

Let OF’PT = a, OTPF = 3, PT is produced to cut x-axis at G, UPGF =@.
To find G, put y =0 in ﬁsece—%tane =1 = G=(acos6,0).
a
GF’ =acos 0+ ae=a(cos 0+ e), FG =ae —a cos 0 =a(e — cos 0)
PF :\/(a secO+ae) +(btanB) =+/a’ sec’ B+2a’esecO+a’e’ + (a2e2 —az)tan2 0

=\/az(sec2 0—tan’ 6)+ 2a’esecB+a’e’ +a2e2(l +tan’ 9)

=va’ +2a’esecO+a’e’ +a’e’ sec’ O =\/(a +aesecB) =a(l + e sec 0)

PF=\/(asec:9—ae)2 +(ptan6) =a(esecO—1) (- e>1,sec8> 1, PF> 0)

Apply sine law on APGF, re = ﬂ
PF  sin@
ale —cos0) _ S%IIB s cos B = s?n B 23)
alesecO-1) sing sin @
Apply sine law on APGF’, G = 51'n a
PF'  sin@
+ . .
a(cose e) _ 51.n0( ~ cos B 51'n0( ...... 4)
a(l +esecB) sing sin @
Compare (21) and 22) => a =3
U PT bisects LUFPF”.
2 2
11. Let P(a sec 6, b tan 8) be a point on x_2 —% =1, then the difference of the focal distances is
a

a constant = 2a.

PF=\/(asec:9—ae)2 +(btan6) = a(e sec 8- 1)
PF° :\/(asec9+ae)2 +(btanB) = a(e sec B + 1)
|PF — PF’| =|a(esec 8+ 1) —a(e sec 0 - 1)| =2a
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12. Condition for tangency.

Let €x + my + n = 0 be a tangent, then it is proportional to Y sec8-Ltan0B=1.
a

. secB _ tan® _
ie. =- =

_1
al bm n
b

al
=secO=——,tan 0 =—
n n

g 2 b 2
sec’B—tan’0=1= (a_j _(_mj =1 = (ab)* - (bm)* =n*
n n

= (bm)* + n* = (ab)* ------ (25)
13. Equation of tangents, given slope m.

.. . X
Let y = mx + k be a tangent, then it is proportional to —sec0— Y tan@=1.
a

. secH _tanB _ 1
ie. = =——

am b k

:secG:—@,tan6=—2
k k

am b

2 2
sec’8—tan’B=1= (7) —(;) =1 = @m)?-b0*=k

= k=%x\a’m’ -b’
0 Given a slope m, equation of tangents are y = mx++a’m*> —-b> ----- (26)

. b b
Note that when a’m? — b* 20, i.e. m =— or m <——, two tangents can be found.
a a

b b
When —— <m <—, no tangents can be drawn.
a a

14. The locus of the feet of perpendiculars from the foci to a tangent is the auxiliary circle with
centre at O(0, 0) and radius = a.

Equation of tangent: y — mx =+~ a’m* —b> - 27) tangent

The perpendicular line through F is my + x = ae --- (28)
The perpendicular line through F’ is my+x = —ae --- (29)
Q7+ (28)%: (1 + m*)(x® +y%) = d’e® — b* + a’m? F'(-c, 0

=2 b+ Pm? [

=a*+a*m® = (1 + m*a®

> +y'=d

Similarly, eliminating m from (27) and (29) gives x* +y* = a°.
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15.

16.

The product of 2 perpendiculars from the foci is b2.
Using the formula (26) in section 13, equation of tangent is y = mx*~a’m” —b’

m(ae)i\/azm2 -b? 9 m(— ae)i\/azm2 -b* |

By distance formula, QF, RF’

\/1+m2 «/1+m2 ‘
B a’m’ —b* —mzazez|_|azm2 -b* —m2c2| B
= " ‘_‘ o ,ae=c¢
2.2 2
O 1+m? ’ B

a
2
S A E A N A R S )
a X a X

Let y = mx + k be an oblique asymptote.

mzlimlzlim(ib‘/%—%J:ié
Xo® X Foo a x a

(Similarly, m = lim l=ié)
X—-0 x a
2 _ 2 2
k=lim (v =2%) =lim (ﬁw-az -@jzéhm Bttt I
X 00 a X -0 a a a x-® lxz_az +)C

X a > a a) a-xx*

2 _ 2 2
k=lim (v + 2% ) =lim (—éx/xz -d +@j:2 lim (uj: 0

[J The two asymptotes are y =2x ...... Bl)and y = —éx ------ (32)
a a

B (0.b)
Q
F'(-C 0) A'(-a,0) A(a90) F C,O)
B ¥0,-b)

AA’ is called the transverse axis (2a).

BB’ is called the conjugate axis (2b), it has no real intersection with the curve.
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17.

Rectangular hyperbola
If a = b, the asymptotes are the lines x + y =0 and x — y = 0, which are at right angles.

The hyperbola is then said to be rectangular or equilateral.

To find the eccentricity, a® + b* = ¢? = a*¢*

2a% = a*e?

e=+2

The equation may be

Let P(x, y) be a point on x> — y? = @ «+++- (33)

Let N be the foot of perpendicular from P on the line x + y = 0.
ON + PN

V2
PN -ON

V2

(33): P —y* = :%(ON +PNY —%(PN -ON) =d’

x = ON cos 45° + PN sin 45° =

y = PN sin 45° — ON cos 45° =

2 ONEN = a*
If we take the asymptote ON as the new X-axis, and the at
other asymptote (x — y = 0) as the new Y-axis, then the 1

. ) xy =k?®
new equation of the rectangular hyperbola, referred to its y 2

asymptotes, is in the form: XY = k2, where k? =%a2 ) T

With this system, the asymptotes are given by 2
X=0orY=0.
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18.

19.

20.

Parametric equations
X =kt
ko (35) are the parametric equations of xy = k.

Chord, tangent and normal.

LetA (ktl,kj ,B (ktz,kj be two points on the rectangular hyperbola xy = k*.
tl t2
-k k_k _
Equation of chord AB is given by: Y o nTn o ke, 1) - L
x—kt, kt,—kt, kept,(t,-1,) 11,

hhy—kti +x—ktr=0
(0 The equation of chord is: x + titoy — k(t1 + £2) =0 ------ (36)

As B - A, the equation of tangent at A is x + >y — 2kt =0 ------ (37)

—k
Equation of normal is given by: y—kt =1
X —Kt
which is equivalent to £x —ty —kt* + k=0 ------ (38)
Example 2 Find the parameter of the point in which the normal at ¢ meet the curve again.
Let the required parameter be 7,.
Compare the normal £x —ty —kt* + k=0 ------ (38) and chord: x + thhy —k(t + 12) =0 ------ (36)

Since they are identical,

Example 3 Find the locus of mid points of chords xy = k* which are parallel to the diameter
y=mx.
Let the chord be x + tit2y —k(t1 + 12) =0 ------ (36)

Itisparalleltoy:mx:m:—L.
tltZ
k k(1 1) k_t+t
The mid-point is x =—(¢, +¢,) -+ 39),y=—| —+—|=—0E—2 ...t 40
P 2(l ) 39,y Z(t1 tzj 2 1, “0)
. y_ 1
(40) +(39): L=—=-
x ot

[ The locus is y = —mux. It is called the conjugate diameter.
Example 4 If (xo, yo) lie on xy = k%, then xo = kt, yo =£.

t
The equation of tangent at ¢ is : x + >y — 2kt = 0

%+ (kf)y -2k =0

1
E(xyo +xoy)= S
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Example 5 If PP’ is a diameter of a rectangular hyperbola and the normal at P meet the curve
again at Q, show that PQ subtends a right angle at P’.
PP’ passes through O(0, 0), PQ = normal at P.

Try to show that LIPP’Q = 90°

Let the parameter of P be t.

Then since PP’ passes through O, parameter of P’ = —t

By example 2, parameter of Q is ——.

_kt:;_% 1 2
mpp X mop =— X————L=—X|=1" |= -1
t —r%+kt t

O PP OQP

21. There are at most 4 normals pass through a given point (p, q).

1CH

The normal at (kt,kj isPx—ty—kt*+k=0
t

8

It passes through (p, q): 'p —tq —kt* + k=0 ‘]
= kt*—pP +qt—k=0 N
It is a polynomial equation of degree 4, which A
has, in general at most 4 (real) roots in ¢ (t1, 2, =
13, ta).

hbhttg=-1

If 11, 12, 13, 14 are real, 3 lies on one branch and

one on the other, (say) t1, 2, t3 is positive and #

is negative or t1, 2, t3 is negative and the #s is

positive.
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